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PREFACE. 


In a recent treatise on Optics is the statement that “ any effect 
which is periodic and which is propagated at a finite velocity is 
wave motion.** One can understand how entirely meaningless 
this statement is if one con.siders the Gatling gun, the effects of 
which are jxrriodic and propagated at a finite velocity. In fact, 
periodicity is a thing which exists only in bounded sy.stems (oscil- 
lating .sy.stems) and whicli sometimes escapes into space ; perio- 
dicity is by no means an essential feature of wave motion. In- 
deed, in many cases, it is impossible to assign a definite velocity 
to wave motion, as every one knows who is familiar with the dis- 
tinction l>etween what is called group velocity and wav e velocity, 
and as any one can understand from the discussion of wave dis- 
tortion in Art y. In the mathematical formulation of wave 
motion, however, periodic functions must be employed if one is 
to make use of Fourier’s series or of h'ourier’s integral /or the 
coli'ulation of actual uumcrical results in any given ease/ and it is 
on account of this mathematical necessity that the idea of peri- 
odicity has come to dominate all modern theories of wave motion. 

* Chapter V inchules a discusbion of wave motion on a transmission line when the 
applied electromotive force is harmonic, wire resistance and line leakage being not 
ignored. H'Ai’n //if ts/t'rrot/tf- fitU not Aarmonif^ Four- 

it'r^s sfrit's must /v tisfti for tirfua/ numericat (tiUulations, 

Chapter 1 V includes a discussion of a simple form of wave pulse on a transmission 
line, wire resistance and line leakage being ignored. A wave pulse may be defined 
in general as the wave motion pr<.Mluced by anon-|X^riodic applied electromotive force, 
and wheu the apf'lu'd eleetromotive /orot' is not /•eriodic^ Fourier's intejp’al must he 
used for aetuiil numerical calculations^ wire resistance and line leakage being not 
ignored. 

It is perhaps needless to say that no existing engineering problem (considering the 
available data ) warrants the complete development in an applied-science text of 
Fourier’s methods for the calculation of nntnerical results. These methods are, how- 
ever, at the present time fully developed and available for the engineer who wishes to 
use them. The best treatise on Fourier’s niethoils and on the closely related methods 
of calculation in three dimensions by means of spherical and cylindrical harmonics, is 
Byerly’s Fourier's Series and Spherual Harmonics^ Clinn & Co,, 1S93. 
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PREFACE. 


The object of this treatise is to develop the physical or con* 
ceptual aspects of wave motion, and it has seemed advisable ^ 
refer the student to other treatises for the more elaborate mathe* 
matical developments. This treatise is, however, complete as Ur 
as it goes, both mathematically and phy.sically, although it has' 
been put together rapidly and pushed through the press with all 
possible speed for the sake of a small group of students in the 
1909 Summer School at Columbia University. 

This treatise is intended as an advanced course in alternating- 
current theory. Chajiters I to"\T treat of electric waves witli 
special reference to the phenomena of transmission lines and tele- 
phone 110*^5, and Chapters \'I II aiul I.\ treat of non-harmonic 
electromotive forces and currents with respect to the behavior of 
commercial tyiies of altern.ating-current machinery. Chapter VII 
is a very brief discussion of clectric-wavc telegraphy. 

K.\isting courses of instruction in our technical schools place 
an excess of emphasis upon designing engineering and neglect 
operating engineering ; and the most important thing fi>r the 
operating engineer is to know his phj'sics — not the phy.sics of 
stuff" which is so important to the researching physicist in his 
study of the properties of rarifted ga.scs and radioactive sub- 
.stances, but the phy sics of machines ; of telescopes and stills, and 
tackle blocks and tlynamos. Such being the author’s point of 
view, this treatise is frankly devoted to the thesis “ I low Electric 
VVaves Wave ” and, with the e.\cei)lion of the theory of coupled 
circuits and resonance (the author has deliberately avoided the 
elaborate discussion of the oscillations of systems of the finst class, 
concentrated inductance and concentrated capacity, as being quite 
adequately treated elsewhere, in Fleming’s Principles of Electric 
Wave Telegraphy, for example), the author believes that the 
“ How much ” aspect of the .subject is developed to an extent 
that is fully commensurate w'ith obtainable data and the results 
that it is worth while to derive from them. 

The instructor who uses this text should impre.ss on his class 
the fact that some of the mo.st important ideas in Chapters I, II 
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and ly are not fully established until the mathematicai ibeorynf 
f nave motion is taken up in Chapter VI. Thus, the idea A fm^; 

nave as a wave which travels without change of shape and 
' v^ch the potential enery and kinetic energy are everywhere and 
at alt times equal to each other is established in Art. 40 for the 
simple kind of water waves which are described in Chapter I and 
in Art 57 for plane electromagnetic waves. 

The author wishes particularly to emphasize the importance of 
Chapter VI ; especially the part which treats'of scalar and vector 
fields. This chapter is a slight modification of a treatment of this 
'subject which was inserted as Chapter I in the first edition of 
Nichols & Franklin’s lilements of Physics, Vol. II, under the mis- 
taken idea than even an undergraduate could be expected to 
master this branch of geometry. Experience shows that this was 
a mistake, but it is certain, nevertheless, that it is precisely this 
branch of geometry which stands between most physicists and a 
clear understanding of electromagnetic theory. 

W. S. Fkakklin. 


July 22 , 1909. 
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ELECTRlC’WPf^r 


INTRODUCTION. 

In the discussion of oscillator)' motion and of wave motion, it 
is ncces.sary to distinguish two vcr)' different cases, namel)^, (a) 
the case in which the elasticity of a system is wholly confined in 
one part of the system and the mass in another part of the system 
as in the ca.se of a heavy weight hung upon a helical spring of 
which the mass is negligible, and the case in which the 
elasticity and ma.ss arc both distributed throughout the moving 
system as in the case of a vibrating string. In the first case the 
system is capable of but one prticular mode of simple harmonic 
o.scillation of a certain definite frequency, and in the second case 
.the sy.stcin is capable of a whole series of modes of oscillation as 
explained in Art. 17. In the case of an oscillating string the 
vibrations arc always iwriodic, that is to sjiy, no matter how com- 
plicated the motion of the string ma)- 1 k'. the string returns rc- 
{xiatcdly to its initial configuration after equal intcr\’als of time. 
In the case of an oscillating steel rotl or plate, however, the 
system does not return repeatedly to its initial configuration, or 
in other words, the motion is not periodic. 

An important phenomenon in an clastic .s) stcm like a stretched 
.string or an air column is the phenomenon of wave motion. A 
given part of the .system is disturbed and the disturbance travels 
out from this part, usually at a definite velocity, and eventually 
reaches every part of the .system. 

Concentrated capacity and distributed capacity. — Figure I 
represents a valyele.ss pump P which causes an alternating cur- 
rent of water to surge back and forth through a dreuit of pipe 
and through a chamber CC across which an elastic diaphragm 
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JDD is stretclicd ; and Fig. II represents an alternator which 
causes an alternating current of electricity to surge back and forth 
through a circuit of wire which includes a condenser. The alter* 
nating pressure generated by the pump in 1'ig. I must not only 



overcome the resistance of the pipe ami the inertia of the water 
in the pipe, but a portion of the pressure developed by the pump 
must be used to distort the elastic diaphragm J)/). Similarly,* 
the alternating electromotive force generated by the alternator in 
Fig. II must not onlj' overcome the electrical resistance of the 
wire, and the electrical inertia or inductance of the circuit, but a 
portion of the electromcjti\-e force developed by the alternator 
must be u.sed to produce the electriail stress which is created in 
the insulating material /)D betueen the condenser plates CC 
as these plates arc electrically charged first in one direction (upper 
plate positive and lower plate negative) and then in the reverse 
direction (upper plate negative and lower plate positive), 
repeatedly. 

Figure III represents a valvcle.ss pump which causes an alter- 
nating current of water to surge back and forth through a circuit 
of distensible rubber tube. When the piston starts upwards, the 
rapidly increasing pressure in the portion a of the rubber tube 
causes this portion of the tube to swell, and the rapidly decreas- 
ing pressure in the portion & of the rubber tube causes this por- 
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tidn.c^ tube to shrinic. The swelling and shrinking of the 
rubber tube extends with dinuAishif^ intensity to the middle point 
c, as shown by the ta{x:ring of the tube and as indicated by the 
positive and negative signs of decreasing size. One result of the 
elasticity of the tulje is that the whole of the water current which 
enters the tube at a does not flow around to b, and the whole 
of the water current that leaves the tube at b docs not flow 
around from a, but tlie value of the current (volume of water 
passing a point of the tube |)er second) decreases from a to c 
and from b to c, or, in other words, the current of water does 
not have the same value all along the circuit of pijie. Similarly, 



when the alternator in Fig. IV starts a pulse of electric current 
in the direction of the arrow, a large electric current enters the 
wire at a, part of this current goes to charge the wire po.sitively 
and therefore the current decreases in value towards the point e ; 
and the current which enters the alternator at b does not flow 
all the way around from a but jxirt of it comes from the wre 
and leaves the wire negatively charged. The action is analogous 
in every detail to the action which takes place in Fig. III. 

In Fig. I the only appreciably elastic element is the diaphragm 
DD whereas in Fig. Ill tlie entire circuit of pipe is elastic. In 


4 


ELECTRIC WAVES. 


Fig. II the only place where an appreciable amount of electric 
charge accumulates is on the two metal plates CC^ the amount 
of charge that accumulates on the wire being negligible in com- 
parison. In Fig, IV the charge that accumulates on ^hc wire is 
supposed to be appreciable. This is true only when the circuit 
of wire is very long like a long transmission line. The metal 
plates in Fig. II constitute what is called a coficentrated capacity^ 
and the wire in I'ig. IV'' constitutes what is called a distribtited 
capacity. It is important to understand that a portion of the wire 
near a in Fig. I\" is to be paired off, as it were, with a corre- 
sponiling portion of the wire at /», l"ig. IV, these two portions 
constituting two plates or elements of a condenser. In the case 
.of a hmg transmission line, short portions of the Pivo line wires 
constitute the elements of the distributed capacity. 

The phenomena which occur in an electric circuit which con- 
tains an appreciable amount of distributed capacity differ greatly 
from the i)henomena which occur in an electric circuit which con- 
tains only concentrated capacity ; clcctrii' wave motion exists in the 
former case but does not exist in the latter case. In order to 
understand more clearly the di>tinction between concentrated and 
distributed capacitj', let us consider a simile mechanical analogue. 
Figure V represents a large mass suspended at the end of a heli- 
cal spring, the mass of the si)ring itself being negligible. If the 
w'cight is drawn down below its position of equilibrium and 
released, it will oscillate up and down, performing simple har- 
monic motion. I^'igurc \T, on the other hand, represents a mas- 
sive helical spring which has been stretched and released. In 
this case the extreme lower end A of the spring is relieved of 
stretch and set in motion at the instant of release, a wave of 
starting WW travels up the spring, the portion of the spring 
below WW is in uniform motion and entirely relieved from 
stretch, and each point of the spring above WW remains in its 
initial stationary stretched condition until the wave WW reaches 
that point. The .system represented in Fig. V is capable of but 
one simple type of oscillatory motion, whereas the system repre- 
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s$hted in Fig. VI .ni callable of an infinite variety of complicated 
types of oscillatoiy motion. ■ In Fig. V, ail of the elasticity is in 
one part of the .system and all of the ma.s.s is in another part of 
the system, whereas in Fig. VI, the elasticity and the mass are 



both distributed throughout the system. In Fig. V, the elasticity 
and the ma.s.s are both concentrated, and in Fig. VI the elasticity 
. and the mass are both distributed. 

In the elementary' working theory' of alternating currents, the 
effects of distributed capacity are always ignored because they are 
usually smalt in magnitude, and bccau.se the mathematical theory 
of alternating currents becomes so complicated 'as to be of little 
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or no practical value when the edects uf <listributcd c..[)acity are 
taken into account. The practical problems of loin^-distance 
power transmission and of telephone transmission, however, 
require for their adequate treatment that the effects of distributed 
capacity be taken into account. 

Harmonic ami non-harmonic electromotive forces and currents,-— 
The purely dectrical problems in engineering are in most cases 
the finding of one or two of the quantities : voltage, current and 
power when the other or others are given and when the circuit 
conditions are s{)ecified ; and the relations between voltage, cur* 
rent and power in an alternating-current circuit can be simply 
formulated only for the ideal ca.se in which the voltage anti cur- 
rent are of the type which is rcprc.sente<l by a curve of sines, and 
when the capacity is concentrated, 'riicrcforc, In most alter- 
nating-current problems, voltage and current arc a.ssumed to be 
of this type which is callctl harmrmic, ami the eflects of distributed 
capacity are ignored as pointeti out above. 

Object of this ireotise. — 'Mie olujcct of this troati.se is to develop 
the essential features of the methotfs for handling alternating- 
current problems when the electromotix e forces and currents arc 
not harmonic or when the capacity is not concentrated, or both. 
The first part of the treatise containing Chapters I to VII is de- 
voted to the phenomena of electric waves, and the .second part of 
the treatise is devoted to the discussi<»n of non-harmonic electro- 
motive forces and currents in circuits having concentrated capacity. 
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CHAPTKR I. 


WATKR WAVKS. 

L Wave motion. — The group of ideas relating to that kind of 
mechanical action which is called wave motion is perhaps more 
generally useful in physics than any other group of mechanical 
ideas. Nearly every phenomenon of Sound and Light, a lai^e 
group of phenomena in IClectricity and Magnetism, and nearly 
all of the phenomena of oscillatory motion l)Cconic easily intelli- 
gible in terms of the ideas of wave motion. In undertaking to 
establish the more important ideas of \va\-e motion, however, we 
are confronted with a serious diffionlty, namely, that ordinarj' 
water wav?s, the onlj' kind of waves with which every one is 
familiar, are excessively com])licated ; invisible sound waves in the 
air and the even more intangible electromagnetic waves in the 
' ether, in their nuire imi)ortant asjKcts at least, arc verj' simple in 
comparison. The wave theory, howe\ er, originated in the appli- 
cation.s to .sound and light of the ideas which grow out of a famil- 
iarity with the behavior of water waves, and in attempting to 
establish the wave theory one is obliged to base it upon the famil- 
iar phenomena of wave motion as e.xemplilied by water waves. 

2. Wave media. — The material or substance through which a 
wave passes is called a awr'v transmiffiiiir medium. Thus, the air 
is the medium which transmits .sound wa\'es, and the ether is the 
medium which transmits electromagnetic waves (including light 
waves). During the pas.sagc of a wave through a material 
medium, such as water or air, the medium always moves to some 
extent, but the velocity with which the medium actually moves 
is generally very much less than the velocity of progression of 
the wave,* and indeed, in many cases, the medium does not move 

* I'hc mathcnatical theory of wave motion in material media is developed on the 
assumption that the actual velocity v of the medium is very small in comparison with 
the velocity of wave progression / ' 


9 



to 


ELECTRIC WAVES. 


in the direction of wave projjressioii. Thus, when th • end of a 
long rope is moved rapidly to and fro sidcwi.se, waves travel along 
the rope, and each point of the rope moves to and fro sidewise as 
the waves pas.s by. In some cases, the medium is left perma* 
nentiy displaced after the passage of a wave, and in other cases the 
medium returns to its initial position after the pa.ssagc of a wave. 

3. Wave pulses and wave trains. — When a stone is pitched 

into a pond, a wave emanates from the place where the stone 
strikes. When a long stretched wire is struck sharply with a 
hammer, a single wave (a bond in the wire) travels along the wire 
in both directions from the }>oint where the wire is struck. When 
a long steel rod is struck on the ciul with a hammer, a single 
wave {'an entlwise compression of the nul) travels along the rod. 
When an explosion lakes place in the air. the firing of a gun, for 
example, a single wave (a compression i»f the air) travcTs outivard.s 
from the explosion. Such isolated waves arc called uuzth* /if/srs. 
When a disturbance at a point in a ine<l!uin is rei)cated in equal 
iiiterv'als of time, the disturbance is said to be periodic. Such a 
disturbance sends out a succession of similar waves constituting 
what is called a rivzrr /nu'f/, 

.The wave pulse involves all of the important physical actions 
of wave motion except that actir>n which serv es as a basis for the 
theory of the disj)crsion of light,* and the jjhysics of wave motion 
can be developed in the simplest possible manner by considering 
the behavior of wave pulses. 

4. Wave shape. — A term which is frequently used in the dis- 
cussion of wave motion is the term wave shape, and the meaning 
of this term may be best explained by considering wave motion 
along a stretched wire or string. f I-ct us first consider an enti/ely 

* The theory of the dispersion of li^ht is outlined in Drude’s Theory of Optics 
(translated by Mann ft Millikan), pages 582-399. The subject of dispersion is not 
touched upon in this text. 

f The theory of wave motion along a wire or string as here developed assumes 
that the wire or string is perfectly flexible, or in other words, that no elastic forces 
are produced by the bending of the wire or string. 
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general ease as follows : Let AH, Fig. i, be a wire under a ten- 
.sion of T dynes, and suppose that each centimeter of the wire 
weighs m grams. Imagine the wire to be drawn at velocity V 
centimeters per second through a bent tube WIV', and let it be 



assumed that the wire slides through the tube without friction. 
Then the wire will not exert any force against the sides of the 
tube if the velocity / ' satisfies the e<iuatiou 

(■) 

'^At this velocity, thcrefttre, the nio\ ing wire would retain its bent 
(.stationary) shape if the lube could be removed, that is to .say, 
each portion of the rajiidly moving wire would travel along the 
irregularly curved path in I'ig. i even if the tube were non- 
existent. This tendency of a bend once established in a rapidly 
moving flexible wire or chain to jXTsist is strikingl)' illustrated 
by the behavior of the loose chain of a differential pulley when 
the pulley is being rapiilly lowered, and a .series of stationary 
bends is often seen on a rapidly moving belt. 

Ab.sence of force action between tulje and wire in Fig. l may 
be shown as follows : Consider any iwint / of the tube. A por- 
tion of the tube in the immediate neighborhood of this point is a 
portion of a circle of a certain radius r. Therefore, the tension 
of the wire tends to pull it against the side jof the tube, and if 
the wire were stationary this side force against the tube would be 
equal to Tl^ dynes per centimeter of length of wire ; * but to 

, •See Fnnklin and MacNuU'a liUments ef Metkanits, pa|;ea 85 and 86. 
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constrain the particles of the inovin*^ wire to the circular path at 
an unbalanced fierce equal to mT'lr dynes per ccnuinetcr of 
length of wire must act upon the wire pulling it to vards the 
side fi of the tube.'*' Therefore when Tlr^mV^jr. or when 
I the side forre due to the tension of the wire is just 

siiflicient to constrain the particles of the moving wire to the 
curved path at whatever the curvature at that point may be, 
and no force need act upon or l>e exerted by either .si«lo of the 
guiding tube. An example of this coiulilion is furnished by a 
high speed belt as it circles rounil a pulley. When the velocity 
of the belt satisfies e<|uation t \ ) then the belt circles iinind the 
pulley without exerting an\' f<»rce upon it except in so far as 
bending forces arc necessitated by the stiffness of the belt. A 
perfectly flexible bolt driven at the propm* speed \v<uild continue 
to follow' its path (roiintl a pulley ) if the pulley were removed. 

Figure i represents a fixed or immovable wave on a rapidly 
moving ware. The action between the wire and tube, however, 
depends only upon their motion relative to each other. There- 
fore the action would remain unchanged if the wire were station-* 
ary and the tube moving to the right in h'ig. i at velocity V; 
the wire would slide through the moving tube without exerting 
any forces upon the sides of the tube, so that the bend IVIV^ 
would continue to move along the stationary wire without chang- 
ing its shfipc even if the tube were non-existent. Such a moving 
bend constitutes a wave, and the only motion of a given point 
of the wire during the pa.*isage »)f the wave is its sidewi.se motion.f 
The term wave shape refers to the distribution of the velocity of 
the medium (.sidewise velocity of the wire in l*'ig. i) in a wave. 
This matter may be made clear by the following example. 
Imagine a .straight guiding tube 1VIV\ Fig. 2, to slide along 
the wire AB at velocity V thus producing a wave. Through- 
out the tube the w'ire is moving sidewise at a con.stant velocity 

* Sec F'ranklin and MacNutt's Elemeuti of Mechanics^ 79*^5* 

t Longitudinal motion as well as sidewise motion is possible in a wave like that 
shown in Fig. i, but it is convenient here to consider only the sidewise motion. ,, 
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V a.s in< licatcd by the small arrows, and the portion of the wire 
in the lube i.s uniformly .stretched. Tiie uniform .stretch of the 
wire in the tube in Fijf. 2 is evident when we con.sidcr (a) that 



the horizontal component of tlie tenswni of the wire in the tube 
niu.st be cc^ual t<j the tensujn 7' of the portions of the wire bc- 
yontl the tube, so that the total tension of the wire in the tube is 
greater than 7] and therefore the wire in tlie tube is somewhat 
.stretched ; and (l>) that the tube is straight so that the tension of 
the wire in the tube must be uniform. 

. In discussing waves, it is convenient tp draw an axis 00, 
Fig- 3i in the direction of progression of the wave, and to repre- 



sent the actttal vciiH'itr of t7ic inaiiuin at cac/t point in the xvai’c by 
an onlinate j' as shown ; or to repre.sent the aotnal strctcti^ if 

t That is, stretch in atitiUion to whatever degree of stretch nmy exist in the undis- 
turbed portion of the wire l>cyon<l the boundaries of the wave. 
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the medium at each point hy the ordinate y. Thus llic wave 
show'll in Fig. 2 would be represented by the rectangle ab in 
Fig, 3, inasmuch as the sidewise velocity of the wire and the 
stretch of the wire in I'ig. 2 are everj’ where c*>nstant in value 
between /F and IF'. The wave which is represcnteil in Fig. 
2 is therefore called a rectan^e^nlar loove or a reetattguiar u'ave 
pulse. Nearly the whi’>lo *»f the following discussiou of wave 
pulses refers t<» rectangular wave pulses because rectangular 
wave pulses are the sim[>le.st to dcscrihe. 

6. Wave pulses in a canal. ^ — A c orishli-raiion of the simplest 
kind of wave m*>ti‘>n a catiai. nanu ly. ///t iiud in lohu li the only 
perceptibic motion of ('u :<a\y in the :ro:r a uni/orni ht rizoutal 
flow, will Serve bv'tu r .ni\ tiling i lse as an intro(iucti<Mi to the 
discussion electric wa\e^. F<ui''ider a t anal of rectangular 
section filled to a de[)tli of /> centimeters with water. Imagine 
the water to be flowing at uniform wloeity (small; of v centi- 
meters per second, and imagine the flow tt> be sudtlenly stopped 
by a gate as shown in Fig. 4. The water, in being brought t9 
rest against the gate, heaps iij) to a definite depth D + //, and a 
7 vav€ of arrest IT moves along the canal at a definite velocity 
K The water at a given point in the canal continues to move 
with unchanged velocity until the wave of arre.st reaches that 
point, when the water suddenly comes to rest and heaps up to 

* A g(Kxl of orrliQUry watrr wavrs i-> tu f)r f«*una in Kntyfhptrtiia Bri- 

tannifay Ninth Kdition. Ankle ** W.-ive,*’ St-oions 5 - 8 . A fascinating cllvcussion 
of waves produced hy ships may he found in tin' third volume of Sir William Thom- 
son's (lx)rd Kelvin's) Poputar and ylddrrr,ri. 

f The idea of the 7,>avf of arrest (and of the r.v/r.r of starting) is .so important in 
the discussion of wave pulses that it is worth while* to illustrate it as follows : Imagine a 
troop of soldiers to he marching along in single file at a distance of three feet apart, and 
imagine every soldier to continue to march as long a.s there is room in front of him. 
If the front man in the troop is suddenly stopped, the other men are stopjx^d in suc- 
cession as they come against each other, and the stopping occurs at a point which 
travels uniformly from the front to the rear of the column, a 7om/e of arrest^ as it 
were. If the front man starts, the other men in the colum^n start in succession, and 
the starting occurs at a point which travels uniformly from the front to the rear of the 
column, a 7vave of startingy as it were. 
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the dept 1 1 D + h. The velocity of progression of the wave of 
arrest 11' is 

VgD (2) 

in which V is expressed in centimeters per second, ^ is the 
acceleration of gravity in centimeters per second per second, and 
is the depth of the water in the canal in centimeters. It is 
interesting to note that the velocity I' is the velocity that would 
be gaint:d by a body falling freely through <listance />>/2. 

Precisely the same action that has been tlescribed as taking 
place in h'ig. 4 may be jjroduced in a still water canal by moving 
a gate along the canal like a piston at a low velocity 7' as indi- 
cated in h'ig. 5. The water, in being set in motion by the mov- 



Fig. 4. Fig, 5. 


*ing gate, heaps up to a definite depth 1) -f //, and a wave of 
starting ff' moves along the canal at a definite velocity I T If 
the moving gate is suddenly stopjx:d, the wave of .starting ir 
continues to move along as before, the water ne.xt to the gate in 
being stopped drops to its normal depth and a wave of arrest 
IF' moves along the canal as indicated in Fig. 6. 

The uniformly moving and uniformly elevated body of water 
Fig. 6, constitutes what is called a comphte .-tvrr't-, or simply 
a wave. The water in front of the wave is continually set in 
motion at velocity v, and raised to the depth J) -p h\ the water 
in the back of the wave is continually brought to rest and lowered 
to the normal depth I), and the state of motion which consti- 
tutes the wave A travels along the canal without changing its 
character, friction bbing neglected. 

The physical action which takes place in the wave of starting 
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fr. Fig. 5, or in tlie wave of arrest Fig. 6, may be under- 
stood by considering the case in which the waves of starting and 
arrest are spread out as sjiown by iP'l'V and IV' W' in iMg. 7 , 
which represents a wave nM^ving in the direction of the arrow K 



Fig. b. 


The velocity of tlie water in the wave is represented by the 
arrows at the b<jttoin of the figure, and the elevation of the water 
at each p<Mnt of the wave is represented by the broken line 
U'lf'U’' ll'\ Consider a thin slice of water afi; the pressure 
on the side ^ is greater than the pressure on the side a because 
of the greater depth of water along the side />, and because of 
this unbalanced force the slice ft// imi.st lx; gaining velocity ; the 



Fie, 7. 


velocity of the water along the .side is greater than the veloc- 
ity along the side a ■ as indicated by the arrow.s at the bottom 
of the figure, so that more water is flowing into the slice across 
side ^ than is flowing out of it across side a and therefore the 
slice must be increasing in height lC.Kactly the reverse of these 
actions takes place in the slice a'V, that is to say, the pressure 





WATER WAVES. 


17 


on the side V is greater than pressure on the side a\ and 
therefore the velocity of the water in the slice is decreasing, and 
more water is flowing out of the slice thrpugh side b than is 
flowing into it through side so tjhiit the height of the slice is 
decreasing.^ " 

Pr00f of equation b be the breadth of the canal/ 

Consider a transverse slice of water one centimeter thick. The 
volume of this slice is bD cubic centimeters, and its mass is ’ hbD^ 
grams, where 8 is the densitj' of the water in grams per cubic 
centimeter. Therefore the kinetic energy of this slice of water 
when it is moying at a velocity ' v centimeters per second is 
iSbDv^ (one half mass times velocity squared). When the wave 
of arrest Fig. 4, reaches the slice of water under consider- 
ation, the slice, as it comes to rest, is st|ijeczed together and in- 
crca.scd in deptli to -f //. The slice is decreased in thicknc.ss 
in proportion to its increase in deptli, .so that its. thickness is re- 
duced to •+• h\ or to( I — li! D) of a centimeter, since h i.s 

very small. Therefore the decrease of^thrcknc.ss is JejD of a centi- 
meter, The force acting to reduce the, thickness of thd slice is to 
be considered as the force which is due to the innrasc of pressure 
in the water produced by the i fieri nsi' of depth h. This increase 
of pressure is equal to dynes per stpiarc centimeter when the 
slice has reached its greatest height, so that the average increase 
of pressure due to increasing dejitli is and it produces over 

the face of the slice a fierce equal to ^ bD dynes. Multiply- 

ing this force by the decrease of thickness of the slice, we have 
the work done in decroa.sing the thickness, and this work is equal 
to the original kinetic energy of the slice, f Therefore 

''^he physical action which takes place in wave motion is l>est expressed by a 
diiTerential e<]iiation. See Chapter VI. * 

f This is true l)Ocaiisc the work r(*i|uired to iiu'rea>c the heij^t of the slice comes 
from the kinetic energy of the alico. Inn c«>inplete wave like Ay l-ig. 6, tlie kinetic 
energy of tlie moving water (at velcKity t*) is at each part of tlie canal equal to the 
potential energy due to the elevation of the water surface in the wave ; and iq a com- 
plete wave like /f, Fig. 8, the kinetic energy of the moving water (at velocity ?•) is 
at each point of the canal e«|ual to the potential energy due to the depression of the 
water surface in the wave. See Art. 6, 5i*ction (« ). 
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or 



Consider the instant / seconds after the closing of the gate in 
Fig. 4. The wave ctf arrest has then reached a distance / ? from 
the gate, and the excess of water that is representetl by the rais- 
ing of the water level ( = J ? x // x cubic centimeters) is the 
amount <*f water supplied by the ih^w of the canal in / seconds 
blh t cubic centimeters), 'riierefore 

or 

/, « 

whence, substituting the value of :• from equation (i) in equation 
(ii; we have et [nation { J). 

6. Additional details concerning wave pulses in a canal, (li) 
IlfiViS if aUilwaii.s ('t ticpiwssi on . — Ihc wave shown 

in I'ig. 6 may be (ailed a wave of elevation, inasmuch as the 
water in the wav e is elevated above the normal level of the water 
in the canal. In this case the velocity of flow T' is in the same 
dhw'tion as the velocitv* <jf progression V i>( the wav^e. If the 
gate in Fig. 5 be imnedt slowly to the right, the water next to 



the gate in being set in motion, is lowered below the level of the 
still water in the canal, and a wave of depression is formed as 
shown in Fig. 8. In this case the velocity of flow of the water 
in the wave is opposite to the velocity of progression of the wave. 
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After the passaj^c of the wave of elevation which is shown in 
Fig. 6 , the water in the canal is left {XTmanently cUspIaced by an 



amount which is c<|ual to the original nio\'cment of the gate, and 
the same is true of the wave of depression which is shown in Fig. 
8. Figure 9 shows a wave which is produced by a to-and-fro 



Fig. 10. 


movement of the gate, a wave of clc\ation followed by a wave 
of depression. In this case, the water at any point in the canal 
is left in its initial position after the pa.ssage of the wave. 



Fig. II. 

(/>) Su/*erpositioti of oppositely fm-vwgivaves. — Figure 10 shows 
two waves of elevation traveling in oppo.sitc directions. When 
the.se waves bejjin to overlap, as shown in lug. i 1 , the velocity of 
the water in the overlapping portions of the waves is the algebraic 
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sum of the velocities in the individual waves, and the clcwition of 
the water in the ovcrlappiiij^ pewtions is the algebraic sum of the 
elevations in the individual waves. Therefore, since the velocities 



FLc :r. 


of flow arc in opposite tlire«'tion< in the two waves, die over- 
lapping purlion of tla' ua\rs ./ .niil !> in ii is a sta- 

tionarj- body of water eit v.iu-d to tlu* height ih above the normal 



Fig. 13, 


level of the water in the canal. At a later instant, when the two 
waves A and Ii overlap completely, the two waves form a uni- 
formly elevated stationary body of water as shown in Fig. 12. 



Figure r 3 represents the state of afKiirs after the waves have begun 
to separate, and Fig. 14 represents the state of affairs after the two 
waves are entirely separated. Figures 15, 16, 17, 18 and 19 
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show the successive asi>ects of two opi^)sitely moving waves A 
and /?, a wave of elevation and a wave of depression^ as they 
pass through each other. In this case, the velocity of flow is in 
the same direction in both waves, and the overlapping portion 
of the waves in Figs. i6, 17 and 18 is a uniformly flowing body 



B A 

Fig. IK 









Fig. 17. 


of water which is at the normal level of the .still water in the 
canal. 

It is csiK'cially interesting to note that the uniforniK’ elevated 
and stationary body of water in l^g. i J, and that the uniformly 
moving body of water in I'ig. 1 7 which is neither elevated nor 
depressed, both break up into two oppositely moving waves as 
shown in Figs. 13 and 14 on the one hand, and in Figs. 18 and 
19 on the other hand. 

(f) Pure and impure u*avcs , — The waves which arc shown in 
Figs. 6, 7, 8, 9, 10, 14, 15 and 19 all have this common prop- 
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erty«, namely, that the kinetic energy which is associat <1 with tlie 
motion of the water in the wave is equal at each p- int t«> the 
potential energy wliich is asstuialetl with the elevalit>r. «»r depres- 
sion. Such a wave, which is called a u'x/j'rf*, proj^resses 

without change shajie.^ When, however, the potential energy 
of elevation or depressioti is ni)t ecpial to the kinetic energy of 
flow, we have what is called an xcavi\ TIius, the uni- 

formly elevated body of water in Fig. 12 and the uniformly 
flowing bodj- of w ater in b'ig. 1 7 are extreme cases of impure 







B 
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waves. An impure wave always breaks up into two oppositely 
moving pure waves. Thus, the uniformly elevated body of w'ater 
in Fig. 12 breaks up as indicated in bigs. 13 and 14, and the 
uniformly flowing body (jf water in ]‘'ig. 1 7 breaks up as indi- 
cated in Figs. 1 8 and 1 9. 

(J) Reflection of Mtves, — Imagine a w'ave like that which is 
shown in Fig. 6 to approach a rigid dam. When the wave 
reaches the dam, the moving w'ater in the w'ave, in being brought 
to rest at the face of the dam, is heaped up to a double elevation 
as shown in Fig. 20; the w^ave of arre.st in Fig. 20 travels 

*This matter is fully discubsed in Chapter VI. 
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to the l ij^Iit, and at a ceilain instant the state of affiiirsj's as 
represented in Fiff. 21, the entire enerjjy of the wave being 
rei)rest iited at tin's instant by the double elevation of the water in 
a portion of the canal one half as h)ng as the original wave. The 
body of stationary water in I'ig. 21 begins to flow at the point 
and the potential energy of elevation is partly transformed into 
kinetic energy (jf flow as shown in l*'ig. 22 (compare Figs. 21 
and 22 with the right-hand halves of Figs. 12 and 13); and when 
the wave of starting fP' in Fig. 22 riches the dam, tlie water 
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next to the dam Is brouglit to rest and lowered to the normal 
level of the water in the canal as shown in I'ig. 23. Figure 23 
represents the complete reflected waveAvhich is exactly like the 
original wave, cxce])t that its velocity of flow has been reversed. 

Imagine a gate C in h'lg. 24 which is free to move along the 
canal like a piston and upon which acts a force F barely sufli- 
cient to balance the normal push of the still water in the canal. 
Imagine the gate, furthermore, to be without inertia, so that the 
least increase of push of the water would cause the gate to move 
promptly to the left, or the least dccrea.se of push of the water 
would cau.se the gate to move promptly to the right. When the 
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advai^iciiig wave whicli is shown in Fig. 24 reaches the gatc^ the 
gate begins at once to move at velocity 27 ', arid the water next 
to the gate drops to the normal level of the water in the canal as 
shown in Fig. 25. This is evident when we consider that the 



gate (which is asMimed to 1 h- \\ith«'ut incrlu) would have velocity 
r* impiirtcii to it by the motim «»f the water in the \\a\ e, and when 
we consider that the gtile is a>siimed to \ ield immediately to the 
slightest additional pre.ssure due t*> tlie* elewition c')f the water in 
the wave so that the energy of elevati<‘n is at once c*>nverte<l into 
^ additional energ}' of llow. A moment later the entire energy oC 




the original wave is represented by the energy of flow (at 
doubled velocity) of the water in a portion of the canal one half 
as long as the original wave, as shown in I*"ig. 26 ; then the 
water level at the point P is suddenly lowered (compare Figs. 
26 and 27 with the left-hand halves of iMgs. 17 and 18), and 
the velocity of flow is reduced to the value 7 f in a region which 
widens out in both directions from P by a wave of starting 
and a wave of semi-arrest IF", as shown in Fig. 27* Figure 28 
shows the complete reflected wave which is exactly like the 
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original wave, except that the original wave is a wave of eleva- 
tion, whereas the reflected wave is a wave of depression. 

(e) Reflection mth and without phase reversaL — A wave always 
consists of two elements, namely, motion and distortion traveling 
along together and mutually sustaining each other, and it is con- 
venient to speak of the motion of the medium in the wave as the 
velocity phase of the wave and to speak of the distortion (eleva- 



tion or depression in the case of water wa\ es ) as the (iistortional 
phase of the wave. W’hen a wave i'^ retlected from a rigid bound- 
ary, as shown in I'igs. 20 to 23, the velocity phase of the wave 
is reversed by reflection but the distortit»nal pliase is not rei ersed. 
When a wave is reflected from a free btnindaiy, as shown in Figs. 
24 to 28, the distortional jihase of tlie wa\c is reversed but the 
velocity phase is not reversed. 

7 . Oscillation of the water in a short canal. — If a wave is 
started along a portion of a canal the ends of which are termi- 
nated by rigid dams, as shown in h'igs. 20 to 23, or by freely 
moving gates as shown in I'igs. 24 to 28, then the wave will be 
repeatedly reflected from the ends of the caiial, and the to-and- 
fro motion of the wave along the canal will ciuistitute a clearly 
defined tyj^e of oscillation of the water in the canal. The time 
required for one complete cycle of movements of the water in the 
canal is related to the velocity of the wave and to the length of 
the canal as follows : (r/) If both emls of the canal are rigid 
dams, then the wave, starting from end A, is reflected with 
reversal of velocity phase at end R and again reflected with 
reversal of velocity phase at end - 7 , so that, af\c:r two reflec- 
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tions, tlie wave is in exactly its initial coiuiition, an !, therefore, 
one complete cycle of m«n einenls of the water in the canal takes 
place tliirin^ the time retiuircd for the wave to trav- I from one 
end of the canal ti^ the other and hack a^ain. Ihi.s is also true 
if bi»th ends of the canal are torineil hj* freely nioviti*; ^ates as 
shown in l’'i;^>. 24 to jS. 

(fi) If one end of tlie canal is formed hj' a ri^id ciam and the 
other by a freely moving; L;ate, then a complete c\’cle f>f move- 
ments of the water in llu; canal tikes jdace in the time leipiired 
for the wave to tra\el o\ei four times the leiiLitli of the canal. 
Starting' fn>m the dam-md **rihe can. il. the distorlion.il phase of 
the wave is rexer-'Cil l»y reile«'tit)n at llu‘ ‘.;atc end, then llic 
velocity phase is r^wersed by rellei'tion .it the d.im-end, then the 
distortional phase is ai^ain reversc-d by rellection at the gate-end, 
and finallj' the \elocity phase is again reversed by reflection at 
the dam-end, thus bringing the wave into its initial condition 
after two rellecti<^ns fr(»m each end. 

Figure 29 shows a string J/f w liich is pulled to one side at the 
point P; a canal r/) in whicli the water in one end is elevated 
and the water in the other end is depressed ; and a transmission 
line /:/" which is brrjkcn at the center and connecteil to a bat- 
tery which produces a uniform electric fieltl between the two 
wires of the line, the field being directed u])wards in one half of 
• the line and downwards in the other half of the line. When the 
stretched string JA' is released it oscillates, and //'/>' shows 
the state of affairs at a later instant. When the gate is lifted 
from the canal ( 7 A the water in the canal oscillates, and 
shows the state of affiiirs at a later instant. U'licn the switch in 
/i/" is closed, the traiismissk>n line oscillates electrically, and 
/i'F' shows the state of afCiirs at a later instant* 

*The student should make a scries of drawings showing, say, eight successive 
stages of one complete O'tcillation of the string .*///, and a series of drawings show- 
ing eight successive stages of one complete oscillation of the water in the canal CD, 
The details of oscillation of a transmission line are discussed later. The student 
should also plot a curve like that which would be trnce<l upon a uniformly moving 
strip of paper by a |>encil {xiint attached to any given point on the string Fig. 
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Re/tUi mship between kinetic energy and potential energy in an 
oscillating system. — In a pure wave which is travelling in a given 
direction as shown in iMgs. 6, 7, 8, 9, 10, 14, 15 and 19, the 
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29, or by a pencil point carried by a float at any given point in the canal CDt Fig. 
29 ; the direction of motion of the strip of |>;iper being at right angles to the direction 
of motion of the pencil point in each case. 
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kinetic energy of the medium is at each point equal to the 
potential energy of the medium. When, however, two oppositely 
moving waves jKirtly overlap each otlier as shown in Figs. M, 
12, 13, 16, 17 and 18, and as shown for the case of an advancing 
and a reflected wave in iMgs. 20, 21, 22. 25, 26 and 27, the 
potential energy is not equal to the kinetic energy at each point. 
In an oscillating system the energy is transformed wholly into 
kinetic energy, then wholly into potential energj', back again into 
kinetic energy, and so on repeatedly. ‘ Tlm.s, i* e energy of a» 
oscillating peiuUihiin is wliolly kinetic wln ii the peiululuni is at the 
middle point (Wits >\\ing. and the energy is whidly i)otcnlial when 
the pendulum is at its maximum distance from the middle point. 
The energy of the \ibratmg string in l-‘ig. 29 is wholly potential at 
the instant of release, and it is wholly kinetic when tlie line /F' 

(see sketch A'/>') becomes coincident witli the line A'/!\ The 
energy of the water in the oscillating canal in Jog. 2 ij is whoITy 
potential when the gate at the middle of the canal is in j)lace, 
and it is wliolly kinetic when the waves of starting IP and /F" 
reach the ends of the canal in the sketch C'/)\ In many cases 
the energy of an oscillating system is not only transformed back 
and forth from kinetic to iiotential energy, but the energy may 
also shift back and forth in space, being at one instant largely 
concentrated in one region as potential energy and at another 
‘ instant largely concentrated in another region as kinetic energy. 
Thus, if a weight suspended from a helical spring is .set oscil- 
lating up and -down, the energy is all stored in the weight as 
kinetic energy when the weight is at the middle point of its up- 
and-down movement, and the energy is wholly .stored in the 
spring as potential energy when the weight is at the highest or 
lowest point of its*. swing. 

8. Transverse waves and longitudinal waves. — In the waves 
which are shown in I^igs. i and 2 the motion of the medium (the 
wire or string) is at right angles to the direction of progression 

* Except in certain rather complicated ty|)es of oscillation. 



WATER WAVES. 


2g 


of the wave. Such waves are called transverse tvaves. In the 
waves which are shown in Figs. 6, 7, 8, and so on, the motion 
of the medium (the water in the canal) is parallel to the direction 
of progression of the wave. Such waves are called longitudinal 
waves. 


9. Wave distortion.* — A wave like A, Fig. 6, would travel 
along a canal without changing its sliapc if the water in the canal 
u'cre frictionless. A.s a matter of fact, however, the velocity of 
flow of the water in the wave is continually reduced by the fric- 
tion of the water against the sides and bott()m of the canal, whereas 
there is no action tending to reduce the elevation of the water in 
the wave. The result is th.at the wave becomes impure (kinetic 
energy of flow not equal to potential energj' of elevation), and 
that portion of the i'lt iUUion which is in t\ircss tf what is required 
to constitute a pure ware with what ranains of the velocity of flow 



^ direction of progression 



A 



Ftp. 30. 


behaves exactly like the elo ated body of still water in Fig. 12, 
that is, this excess of elex ation breaks up into two pure wax'es A 
and B as shown in Fig. 1 3, one of the.se, A or />\ merges 
with the original wave aiul the other shoots .backwards. , The 
upper part of I'ig. 30 represents on an exaggerated scale the ele- 
vated portion of water of a rectangular wave pulse in a canal. 
The velocity of flow v in this wave is continually reduced by 
friction as the wave travels along, and the <yccess of elevation 

'*^\Vave distortion is soinetiines callcil wave difVu.sioii. 
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which is being thus continually left in the wave causes a long- 
drawn-out wave to slumt backwards ; after a time the wave takei^ 
on the form shown in the lower part of the figure. The energy 
in the head of the wave is greatly reduced, partly l)ccause of the 
direct losses due to friction and partly ht cause of the shooting 
of a portion of the energj' backwards into the tail t»f the wave. 

If the canal is brimful of water so that the elexation of the water 
in the wave causes an owrilow or spill, tlie tendencj' is fora wave 
to remain pure and therefore to be propagated without change of 
sha|>e (witlu>ut the devcK‘iuneut of a tail), because :he elevation 
is retluced In* ''pill, and the \eloeity of Ilow :• is reduced by fric- 
tion. 1'lii‘i is anal<»g«ius to the action which lakes j>lace on a 
poorly insulated lelcphoiie line and whic h sometimes causes such 
a line to transmit s n ech more distinctly tlian the same line would 
if it were thormi^l v iu'^iilated. 

10. Longitudinal wave pulses along a steel rod. — Before prb- 
ceeciing io discus^ the ])rotiuction of a complete wave (of com- 
pression or stretch) along a steel rod, it is of interest to consuicr 
the behavior of a ‘'tcc ! rod uhe:i it is moving endwise at a small 
velocity r and strikes a rigitl wall as shown in Irig. 31. The 
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action which takes filace jn tin's case is exactly similar to the 
action which is represented in h'ig. 4. The jx>rtion of the rod 
next to the wall is suddenly l)roiight to rest and comprc.ssed, and 
a wave of arrest IF moves along the rod a.s indicated by the 
arrows VF. At the instant when the wave of arre.st reaches the 
free end A of the rod in I'ig. 3 1 , the entire rod is stationary and 
uniformly comprc.ssed. Therefore, balanced forces act on cveiy 
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portion of the rod except the layer of material at the extreme 
end /i, so that this layer is relieved from compression as it starts 
to move at reversed velocity v (away from the wallj, and a 
wave of starting IVIV travels back along the rod as indicated in 
I'ig* 32. When this wave of starting reaches the end B of the 



Fit. 32. 


rod, the entire rod is free from compression and is mo\ ing away 
from the wall at the .same velocity t' at which it was originally 
moving towards tlie wall. 

If the rod be glued last, as it were, to the wall, then the end 
B of the rod is immediately brought to rest and .stretched, and 
a. wave of arrest travels along the rotl as shown in Fig. 33. When 
thft w’ave of arrest reaches the free end .1 of the the entire 
rod is .stationary and uniforml)" stretcheil, .so that the end layer 
at A is relieved of stretch an<l begins to move towards the wall. 



Fig. 33 . 


and a wave of starting travels back towards the wall as indicated 
in Fig. 34. When this wave of starting reaches B, the entire 
rod is in precisely its initial condition, namely, moving towards the 
wall at uniform vclocitj' 

The action here tle.scril>etl takes place so rapidly that it cannot 
be followed with the eye. In fact, the waves of arrest and start- 
ing in Figs. 51 to 34 travel at a velocity of about 17,000 feet per 
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second in a steel ihhI, so that the entire e}'cle of luoveniciits above 
described would take place 425 times per seet)iul in a steel rod 
10 feet long. 

A helical spring may be made perform the same series of 
movements as a steel rod as above described, and al a much 



slower^rate. Thus, if one end of a helical spring be attached to 
a wall as shown in 1^'ig. 35, the spring may be uniformly stretched 
by pulling on tlie cn<l J. If the spring is then released, the free 
end is siuMenly relit ved of stretch an<l In^gtns to move towards 
the wall, and a wave ot .starting travels towards the wall exactly 
as described in c<mnei'tion with I'ig. 34. Then a wave of arrest 
travels bacH from /» to J. exactly as described in connection 
with Fig. 5 1 ; a wave «»f starting (wlocity v away from the wall) 
then travels from J to A'; aiul then a wave of arrest travels 



Fig. 35. 


from /J to A, bringing the spring into its initial uniformly 
stretched condition. 

A complete wave of compression may be produced in a steel 
rod in a manner analogous to the production of a complete water 
wave in a canal by a moving gate as indicated in Fig. 5. Thus, 
one end of a long steel n>d A/i, Ing. 36, is struck with a ham- 
mer, and let us assume, for the .sake of simplicity, tliat.the ham- 
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mor coiilifiucs to mc)vo at a ccmstant velocity 7^ while it pushes 
on the end of the rod and then rebounds. The result of such a 
hammer l)low would be to set up a wave of starting If' and the 



Fig. 36. 


portion of the rod behind IT would be moving at Uniform 
velocity v and would be unifcirmly compressed. At the instant 
of rebounding of the hammci, however, the compression in the 
moving portion of the rod would cause the eiul layer />’ of the 
rod to stop, this action would relievo the eiul layer of compres- 
sion, and a wave of arrest JT' wt)uld follow the wa^ of starting 
IV as indicated in the figure. 

The above description applies to the production of a wave c»f 
compression in a steel rod. A sudden pull i»n the eiul /> of 
the steel rod in I'ig. would produce a c*»niplete wave of expan- 
sion or stretcli. Such a w.ive i^ ^ho^\n in I-'ig. 



Fig. 37. 


* The student should make sketches similar lo Fi'js. 20 to 23 showing the reflec- 
tion of a wave of coiuprcsaibn from the rigid eml ( resting against a wall) of a steel 
rod. In this case the reflected wave is still a wave of compression, but the velocity 
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11. Wave pulses in air and water pipes. — Figure 38 rei>resents 
a long pipe containing air, one end of the pipe being provided 
with a piston. If the piston is moved at a small velocity v for 
a short time and then brought to rest, a complete wave of com- 




Fi,:. 38. 


pression is produced which tra\‘els along the tube as shown in the 
figure. ^This wave of compression is similar in every detail to the 
complete wave of compressinn which is i)roducetl by striking the 
end of a steel rod with a h.immer. If the piston P in Fig. 38 
is move^l at a small velocity r* in an mitwaril directi<m (to the 
right in the figure) and then stopped, a complete wave of rare- 
faction is prodiicetl. 

An interesting and important phenomenon of wave motion 
occurs when a wide open hydrant is suddenly closed. The mov- 
ing water is suddenly bn>iight to rest against the valve and com- 
pressed to a very high pressure, and a wave of arrest IVIV, Fig. 
39, travels backwards along the supply pljic as indicated. At 



Fig. 39. 


the place where the small supply pipe widens out into a large 
street main, the action is very similar to the action which takes 
place at the free end of a steel rod as de.scrtbed in Art. lO. 

in the wave is reversed. The student should also make sketches similar to Figs. 25 
to 28 showing the reflection of a wave of compression from the free end of the steel 
rod. In this case, the velocity in the reflected wave is unchanged in direction, but 
the reflected wave is a wave of stretch instead of a wave of compression. 
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Therefort', when the wave of arrest IHV in Fig. 39 reaches the 
street ni.un, the uniformly compre-ssed water in the supply pipe 
starts the water moving backwards into the street main, and this 
motion is established by a wave of starting which travels from the 
street main to the hydrant. When this wave of starting reaches 
the hydrant, the water in the supply piiie is at normal pressure 
and moving towards the street main at uniform velocity.* This 
backward movement of the water is immediately .stopped f in the 
neighborhood of the valve or hydrant, producing a great decrease 
of pressure there, and a wave of arrest again travels from the 
hydrant to the .street main. When this second wave of arrest 
reaches the street main, the stationary water in the supply pipe is 
uniformly c.\|);uuled (at a low pressure), and the water stafts flow- 
ing towards the hydrant again, this motion being e.stablished by 
a second wave of starting which tra\ els from the street main to 
the hydrant. When this second wave of starting reaches the 
hydrant, the water is at normal pressure and in motii)n towards 
the hydrant as at the start (when the In-drant was suddenly 
closed), and the aIjove-de.scril>eil action is then repeated. This 
cycle of movements is often rejieated fi\'e or si.\ times \\ hen a 
hydrant is suddenly closctl, j)roducing five or .six sharp clicks in 
succession as the water is repeatedly brought to rest against the 
cio.scd valve of the hvdrant. 

*In this discussion fhe « iiplicntinf; iiiftuences of friction and leakage are ignored 
for the sake of simplicity of siaieinent. 

tOcncnilly a vncuiiin i.s produced in the neighborhood t»f ihf vahe by this back- 
ward movement of the wale This protluce> complications in the character of the 
wave-reflection which takes place at the hydrant. 
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\\’Avi>: 'rRAr>Mi and modks df oscillation. 

12. Simple and compound vibrations of a particle. - - When a 
particle moves' to and fro alono a .straight line perforniin}f simple 
harmonic motion,^' its \ ilir.itioiis are calle<l shn/'lt' vibrations. 
W^en the to-and-fn) motion tit* a particlv is periodic but not 
simply harmonic, its vi!>ralit>ns arc called compound vihrations,\ 
(iraphica! npresentanon of simple and compound vih^ations, — 
Consider a point b'ij^, 40, vibrating up and down along the 





line -J/?, and imagine the p«iper to move with uniform velocity 
to the right; then llu: point p will trace a curved line cc. If 
the vibrations of p are simple, the curv e cr wjll be a curve of 
sines. If the vibrations of p are conipfunid, the curve cc will 

* Simple harmonic moti».in i.s the projt*< lifin on a fixed straight line of uniform 
motion in a circle. 

fThe importance of simple harmonic motion as a fundamental type of vibratory 
motion is due to the fact that any niojianicnl sy.stein, such as a heavy weight on the 
end of a spring, in which the entire mass is concentraterl in on*e part of the system and 
the elasticity in another part of the .system, performs simple harmonic motion. Such 
a system is sometimes de.scribed by .saying that it ha.s but one degree of freedom. In 
a mechanical system like a stretched string or air column, every part of the system has 
an appreciable n^ass and every jiarticic in a .system *s capable of independent motion 
subject to elastic reactions between itself and the contiguous parts of the system. A 
given particle in such a system may ]>erform any type of oscillatory motion whatever, 
and in sOtaie cases the oscillatory motion is not even {periodic. 
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be a ijcn'odic curve, that is, each section of it will be exactly 
similar tc. every other section, l)ut it will not be a curve of sines. 

The curve shown in l’'i}j. 40 is a curve t)f sines, and it repre- 
sents a simple vibration of tlie point p. Tlie curve shown in 
Kig. 41 is a periodic curve l)ut it is not a curve of sines, and it 
represents a compound vibration of the point p. 


A 





Fir. 41. 

Defimtions, — The number of complete vibrations per second 
of a vibrating particle is culled the frequency of the vibrations. 
The duration of one complete vibration is called the period of the 
vibrations, and one half the distance through which the particle 
moves to and fro is called the amplitude of the vibrations. 

13. Wave tndns. — A perioilic disturbance is one which is 
repeated in every detail in e jual intervals of time. The time 
interval t during which one repctiti«>n of the di.sturbance takes 
place is called the period of the disturbiuice, and tlie number of 
repetitions per second is called the frcijucncy. A periodic dis- 
turbance sends 'out a successuui of similar waves constituting 
what is called a wave train, as statctl in .Art. 3. The distance \ 
between similar parts of two adjacent wa\ os of a train is called 
the wax’e length of the train ; it is the ilistance traveled by the 
waves during the periotl t. Let 1 ” be the vclocitj” of progres- 
sion of the waves, then we have 

(3) 

Example. — One end of a long rubber tube is fixed to a wall, 
the other end is held in the hand, and the hand is moved up and 
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down periodically, one movement bein^ of any ('hani ter what- 
ever, simple or complicateil. Under these condition'^, a W'avc 
train is transmitted alonj^ the rubber tube fn»m the h ind. 'I'he 
motion of the rubber tube in this case is com[)]icated J>y the fact 
that the waves which ^o fuil from the haiul are rellecte*! from the 
fixed end of the tube. Immediately after be^inniny ti> move the 
hand, however, and before the WMves have reachetl tlie distant 
end of the tube, the wave train may lu' seen very distinctly, and 


» - - ' ■>! 

A » 



Fig. 42. 


an instantaneou.s photfjoraph of the rubber tube would show a 
.series of similar bends like 42, for example. The dotted 
line in Fi^. 42 rcpre.sents the uiulistiirbt.d po.sition of the rubber 
tube. 

(graphical reprcscHttUioit of a awrr trni/i. — ]"or many purposes, 
it is best to think of the sliape <;f a wave as haviiij; reference to 
the velocity of the medium at each p<ant r)f the wave, as explained 
in Aft. 4. For pre.sent purpo.ses, Jiowever, it is more convenient 
to represent the shape of a wave at a jjiven instant by a curve 
like Fig. 42 in wliich the <»rdinate of the curve at each point 
represents the di.stance c»f the medium at that jwint from its 
equilibrium po.sition, the displacement of the medium, as it is 
called. 

Simple wave trains and compound wave trains . — When a wave 
train passes through a medium, eacl\ particle of the medium oscil- 
lates. When each particle of the medium performs .simple har- 
monic motion during the pas.sage of a wave train, the wave train 
is called a simple wave train. A simple wave train is represented 
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graphically by a curve of sines,* as shown in log. 43. When, 
<luring tlic passage of a wave train, the particles of the medium 
perform periodic movements which are not simply harmonic, the 
wave tr.tin is called a com{x>und wave train. A compound wave 




— 





Fig. 43. 


train is represented graphicalh' by a periodic curve fa cur>j| of 
which the successive portions are exactly alike), which is not a 
curve of sines. 

The character of the motion of a medium during the passage 
of a simple train of longitudinal waves may be understood from 
Fig. 44, which represents a simple wave train traveling along a 
canal. Where the velocity of flow is greatest to the right, there 
the elevation of water surface is greatest, and where the velocity 
of flow is. greatest to the left, there the depression of the water 
surface is greatest The velocity of flow is represented by the 



iinttUm of progreooiom 

FIC. 44 

shading and also by the horizontal arrows at the bottom of the 
figure. At certain points the water is at its normal level and 
immediately beneath these points the water is stationary. The 

*Thw is true whether the ordinate-i of the curve represent the velocity of the 
medium at each point or the displacement of the medium at each point. 
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entire state of inotion as rcprcsoiUecI in 44 travels .ilon^ at a 
definite velocitj* /" which is usually many times as g cat as the 
actual velocity t)f Ihnv of the water at an\' point in the wave train. 

When a simple wave train longitudinal waves) travels alony 
the air in a pipe or throiii,di the open air, the motion o: the air is 
exactly like the mi»tion the water as represented i;i h'iy. 44, 
but in this case emupresshm of the air corresponds t* elevation 
of the water surface, and i.irefactuui o*' the air c«>rrespoiKls to de- 
pression of the water surface. 

14. The wave front. — l,\cry i>!u: is familiar with tlu* fict that 
waves on the '-urface •*! ,i p. uul aluavs resolve tlieniselves into 
t'h'arh tiijI.Uii nti;, < at a di'^laiu e fnun the disturbance. h<»wcver 
complicated tlie di'^tur! >an*'(; tn.iy Ih*. riuis, \\Iu*n a handful of 
pebbles i'* tlirown mt.i a ])«*nd. the' wave inotion in the iimnciliate 
neh^hborhood nf the disturb, mce i'^ exet ssively complicated, but 
the waves become a < leaily drhneil series of ridges at a consider- 
able distance from the distuihane c. 

Consider a region JA\ 45 , on the siirficc of a pond, T 
being a distant center o( disturbance. The above-mentioned fact 



Fie. 45. 

that the waves from resolve themselves into clearly defined 
ridges at a distance from fT means that all points on the water 
surface which He in a certain line yf /> rise and fall together, or, 
in other words, tha line yf /> on the water surface moves up'and 
down as a whole as the waves pass by. Such a line is called a 
u/ar/e front. 
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Sound waves in the air aiul electromagnetic Waves (or light 
waves) in the ether always resolve themselves at a great distance 
from the disturbance into a clearly ilcjlucd layer or scrus of layers 
(if they couhl but be seen), and an indefinitely thin portion of 
such a l.iycr moves up and df>wn or to and fro * as a whole and 
is called a leave front. 

The direction of progression of a water wave is at right angles 
to its front. The direction of prcjgression of a sound wave or 
light wave is at right angles U) its front, t 

A wave whicli lias a plane front is called a plane 'ivavc ; a 
wave which has a spherical front is called a splurical leave. 

In extending llie ideas c»f Art. 13 to waves in space, such as 
sound w'aves and electromagnetic waves, the idea of the wave 
front is of fundamental imp()rtance. Thus, the curve in h'ig. 43 
represents the displacements of the j)articles which iKJrmally lie 
along the straight line - /A*, and exactly similar curves repre.sent 
the displacements <if jiarticles which normall)' lie on straight 
lines alongside of AB and parallel to -//>; that is, a gwen 
ordinate a of the curve in l"ig. 43 represents the displacement 
of the medium at all points in a plane perpendicular to the line 
AB. 

15. Superposition of simple vibrations and superposition of sim- 
ple wave trains. Fourier’s theorem. | — A particle may perform 
simultaneously tw o or more distinct vibratory movements ; in 
such a ca.se the vibrations arc said to be supcrpo.scd.* Thus, if 
the hand be moved slow ly up and down, and if at the same time 

* In the case of eh*ctroina»*nclic waves, U U not \>«'rnf\<Nih\c to speaV ot tW n\o\\ow 
of the medium in the ordinary inenninj* that term, 'rhi;? maUer i« later. 

t When the medinin throu};h whirh the wave pas-ios h.«< diiieicn! pro;)rr<i>j> rit 
diflerent directions, the direct Uiii of proj;u*«vion in«y m-t I«c .it right nngl«*s to thrftont. 
Thus, in a suKstaiice like wtxul, which has a gniiiiHl <lriicturr, a 5 ouml wave does not 
in general progress in a direct itm at right angles to its front, and in a crystal like Ice- 
land spar* a light wave docs not in general ]>rogi-css in a direction at right angles to 
its front. 

t A simple treatise on Fourier’s theorem in its application to proMciiis in alternat- 
ing currents is given In Part Tl. A very full mathematical discu.s!»ion of Fourier’s 
theorem is 13 yerly*s Fountt^s .SV/vVe S/^kryiraf IftiymonitS (.inn & Co.. 1893* * 
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one finger be moved ({uickly up and down, the moving finger 
would trace a curve s<ime\vhat similar t«> the curve in h'ig. 46. 


Rg. 46 

In this example, one vibration is assiimed to be of low frequency 
and the other of hii^h frequency in order that the movements may 
not be too greatly confuset! : as a matter of fact, however, any 
number of vibraimy movement^, wlialever their amplitudes and 
frequencies, may be perfonned l)y a particle simultaneously. 

lumritrs thiOt\m . — Any periodic vibration of freipiency ;/, 
however complicaled, may l>e matched by superposing simple 
vibrations of which the fretpiencics are n, 2//, 3//, 4//, and so on, 
provided that the respective amplitudes are properly chosen. 
That is to say. any ^iven compound vibration of frequency // 
may be tliouylit of as com|)OM*ci of a series of siij>erpo.sed .simple 
vibrations of winch the lVet|uencies are //, 2;;, 3//, 4//, and so on. 
Fourier’s theorem may be stated geometrically as follows: Any 
ixjriotlic curve, the curve shown in 41. for example, may be 
matched by superposing a series c»f sine curv'cs of which the W'ave 
lengths are X./2, A./ 3. \/4, etc., where X is the wave length 
of the given periodic curve. Therefore a compound wave train 
may be thought of as made up of a series of simple wave trains 
of which the wave lengths are as above specified. It is for this 
reason that a wave train which is not repre.sented by a curve of 

sines is called a compound wave train. 

« 

16 . The phjreical and mathematical sigaihcance of Fouier’s 
tiieorem in its application to oscillations and wave motion.— The 
tignificance of Fourier’s theorem may be best explained by rder- 
ring to the familiar phenomena of sound. The libers of the 
basilar membrane in the inner ear are the elements which respond 
to musical .sounds. The.se fibers are more or less like pendulums 
and they perform approximately simple harmonic, motion when 
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they are «listiirbed in any way. A ajiiipouiid wave train striking 
the car .iffccts those particular fibers of the basilar membrane 
which vibrate in unison with the respective simple wave trains 
which enter into the composition of the compound wave train. 

Jt is for this reason that the simple components of the compound 
wave train are important and significant ; anti the simple com- 
ponents of a compound vibration are significant because they 
produce simple wave trains nr are protliiced by simple wave trains. 

The simple-vibration components of a compound vibration and 
the simplc-wave-train components of a ct)mpound wave train are 
important from the mathematical point of view because of the 
comparative ease witli which a compound vibration or a com- 
pound wave train can be formulated mathematically in terms of 
these components. 

It must be remembered that the terms simple vibration and 
simple wave train do not refer to simplicity in the ordinary sense ; 
thus the extremely simple mode of oscillation of a stretched 
string which is described in connection with J'ig. 29, is certainly 
much simpler than what is hereafter called a “ simple mode of 
oscillation of a string/’ but the souml waves which arc produced 
by the oscillating string in h'ig. 29 have a ctunplex action on the 
ear whcrc.xs the s<nmd waves which are produced by a simple 
mode of oscillation ” in the special sense in which this term is 
u.sed in the theory of sound, produce a simple effect on the ear. 

A simple vibration and a simple wave train in the sj^ecial sense 
in which these terms arc used in this text arc easily formulated 
mathematically and it is therefore convenient to resolve any given 
vibration or any given wave train into such components in the 
development of the mathematical theory of oscillations and of 
waves. 

17. Simple modee of oscillation of stretched strings and air 
columns. — When a stretched .string is pulled to one side and 
released^ the string vibrates in a manner which is partially repre* 
^ted in Fig. 29 , and more completely represented \n 
In Fig. 47 , represents the configuratbn of the string at 
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the iiisUint of relca'io, ami ^ represent aicccssive 

instantaneous conhj^urations at intervals separated by -ij^hths of 
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sketch The portion of the string between W and W 

is straighi and it moves sidewise at uniform velocity v as indi- 
cated by the small vertical arrows. When the waves of starting 
fFIK reach the ends of the string, they are reflected, and they 
travel back towards the middle of the string as shown in AJi^, 
and so on. 

Any given priint of the string in I'ig. 47 remains stationary 
until the wave of starting W in A.J\ reaches it, the given point 
then moves at uniform velocity until the reflected wave of 
arrest W in AJ^^ reaches it, after which the point remains 
stationary for a time, and then it moves at constant velocity v in 
the reverse direction, and so on repeatedly. 

Consider a long tube closed at both ends, and imagine the air 
in the tube to be slightly compressed in one end, and slightly 
rarefied in the other end l)y a gate valve G as shown in the 
upper part of Fig. 4«S. If the gate valve is suddenly o^>ened, the 



air at the middle of the tube sudilcnly falls to normal pressure, 
and is set in uniform motion as shown in the lower part of Fig. 
48. This conditition of uniform motion and normal pressure is 
established by two waves of starting Jill'' whicli travel towards 
the ends of the tube at the velocity of sound in air. and the air in 
the* tube performs one complete oscillation tluring the time required 
for a sound wave to tra\*el over twice the length of the tube. The 
oscillation of the air in the tube shown in Fig. 48 is exactly 
similar to the oscillation of the water in a short canal, as described 
in Art. 7, and it is precisely analogous to the oscillation of a string 
which is plucked at its center as shown in iMgs. 29 and 47. 





same way if the tube were cut in two at the middle and left open 
to the air. Thus, Fig. 49 represents six successive stages of the 
oscillation of the air in a tube fopen at one end and closed at the 
other) in which at the start air is uniformly compressed. One 
complete oscillation takes place in the time re(|uired for a sound 
wave to travel over four times the length of the tube, as may be 
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seen by following the details of Fig. 49 carefully (Fig. 49 shows 
only five righths of a complete oscillation). 

Simple modes of oscillation. — In the above-described oscilla- 
tions of strings and air columns each particle of the string or air 
column performs periodic motion which is very far from being 
simple harmonic imjtion. It is desirable, however, to consider 
those modes of oscillation <»f a string or air column in which each 
particle of the string or each particle of air docs perform simple 
harmonic motion, because such a type of oscillation is easily 
formulated mathematical Ij' and because any other type of oscilla- 
tion of a string or air cedumn can be thought of as built up of a 
series of these simple modes in accordance with l‘'ourier*s theorem. 
When rccry particle of an oscillatinj{ s/rinif of air column performs 
simple harmonic motion of a given frequency, the string or air 
column is said to oscillate in a simple mode, h'igure 50, for 



example^ shows a string vibrating in a simple mode. Ever>- 
particle of the string performs simple harmonic motion of the same 
frequency. A simple moile of oscillation of a string is frequently 
called a stationary or standing wave train, as explained in the 
following discussion. 

It is evident from the discussion in Arts. 7, 10 and 1 1 that the 
oscillation of a string or air column involves wave motion along 
the string or air column, and a discussion of what are called 
simple modes of oscillatimi may be carried out with the greatest 
ease by considering the passage of a simple wave train ^outgoing 
wave train) along a string or .air column, and its reflection 
(returning wave train) from the end of the .string or air column. 
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The superposition of the outjjoingand returning wave tr.tins gives 
what is called a stain ling wave train, and sucb a standing wave 
train constitues a simple mode of oscillation of the string or air 
column, 

Wijzr tnuns, — When one end of a stretclud rubber 
tube is moved rapidly up ainl d«>\vn. tlie lube quickly settles to 
a steady state i>f oscillation in which a series of points nnnn 
along the tube remain stationary, while the intervening portions 
of the tube surge up and lUnvii *is indicated in h'ig. 51. The 



heavy line in l‘ig, ;i <hou> the p»witi.Mi of tlie tube at a given 
instant. a‘s!iap-shot of the tub*/ it nmjc. riu's o^cillatory 
motion of the rublier tube, whu h i- ontirrly <lev<»id of progressive 
cliftracler i< (:al!e<i a *%*</*’/ // nn. 1 he stationary points 

nunn are called \ the intervening |M>rtit>ns of tlie vibrating 
tube or string an* call* d ; •V////v.v vwt/z/.v, and the niiddle point 
of a vibrating •'( ginent is t .illnl .in It is imjxirtant to 

keep in mind the <!ixtiik:ti*»n between an advancing wave train 
(which is n-ually calletl --imply a wave train) and a standing 
wave train. In an advancing wave train, no ]>orlion of the 
medium remains stati<Miary; in fact, every particle of the medium 
moves in precisely the same way and to exactly the .same extent, 
but not .simultaneously, each succeeding jiarticle being a little 
later in its movements. Thus, every particle of water in Fig. 44 
oscillates to and fro, and the particles of water which at a given 
instant are stationary arc merely at the extreme fibints of thdr 
oscillations. In a .standing wave , train, on the other hand, the 
medium does not move at all at the.podcs, the amjpditude of 
motion increases from node to antinodc, and all the particles 
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move .simultaneously ; that is to say, all the pBrtlcJcS lit ^ 
in^ sejfmc iit move to and fro or up and down together. Further- 
more, in .111 advancing wave train, the kinetic energy is at each 
point and at all times equal to the potential energy, wheiseas in a 
standing wave train the energy is at one instant wholly kinetic 
(at the instant when the rubber tul>e in I^'ig. 5 1 is straight), and 



The discussion of the oscillatory motion of the water in a short 
canal, as carried out in Art. 7, involves the use of the idea of pro- 
gi^^^ive,.wave motion, although the oscillation itself has no pro- 
gressive character, and the most .satisfactory method of studying the 
vibratory motion which is represented in Fig. 5 1 is to resolve the 
standing r^ave train mtd two oppositely moving (progressing) 
wave trains. Consider two .similar progressing wave trains A A 
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and />’/?, Figs. 52, 53 and 54, moving in opposite dire tions as 
indicated by the heavy arrows. The.se wave trains are -.up|iosed 
to be tra\ er.sing the same region at the siime time, and is 

drawn above /»’/> merely to avoid coiifusi»)n. According to the 
principle of siij)erp»).sition, the actual displacement of each i>article 
of the tnedium is cipial at each insbint to the sum of the displace- 
ments of that particle due to each wave train, and the actual 



velocity of each particle at each in.stant (§ ecjual to the sum of 
the velocities of that particle due to each wave train. The ordi- 
nates 0 of the wave train yl/l, Fig. 52, which reach the points 
as the wave train A A moves to the right are at each in- 
stant equal and opposite to the ordinates O' of the wave train 
Bit which reach the points //’//» as the wave train BB moves 
to the left. Therefore the points pppp of the medium remain 
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stationary. TIic rcfjions between the points pp^ on the other 
hand, move up and down (to ri^ht and left in the case of a 
longitudinal wave) as the two wave trains AA and J>H travel 
throu{{h or over each other. The resultant of the two wave 



trains A A and />V> is therefore a stationary wave train with 
nodal points at pppp- 

Figure 52 shows the positions of the two wave trains A A and 
BB and their resultant. RR at a given instant. The small ver- 
tical arrows in the sketch RR show th.e velocities of the various 
parts of the medium at the given instant. Figure 53 shows the 
positions of the two oppositely moving wave trains AA and BB 
and their resultant RR at a later instant when AA has moved 
of a wave length to the right and BB has moved of a 
wave length to the left. iMgure 54 shows the positions of A A 
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and />/> and tlicir resultant A'A* (ii straight line) at a still later 
instant when .LI has moved ^ of a wave length to the right 
and /*/> has moved \ of a wave length to the left. Fho small 
vertical arrows in the sketch A 7 v show the velocities of the 
various parts of the medium as before. 

Sipnp/t HtOifi's ot\: irratioH of str in — Consider an indefinitely 
long stretched string J/)\ big. 55, fixed to a rigid support at 



Fie. 55. 


one end B, Imagine a simple wave train of transverse waves of 
wave length \ to approach the end />\ 'I'his W'avc train will 
be reflected at }\ the reflected train and advancing train will 
togetlicr form a standing wave train, and the nodes of this sta- 
tionary wave train will be at a distance \j 2 from each other, as 
shown in Kig. 55, tlic fixed end /> of the .string being also a 
nfxle. 

This standing w ave train being r»nce cstal>lished. a rigid support 
might be placed under the string at any one of the nodes, and 
the string between this new support and /> would continue its 
vibratory mf»lion imcliangefl. except, of course, that its motion 
W'oiild beslcjwly stopped by friction. Therefore the length / of 
a vibrating string may be afiy multiple of X/2 or, rather, X/2 
may be any alicjiiot part of /, where X is the wave length of 
the tw'o oppositely moving wave trains whose superposition con- 
stitutes the actual oscillatory motion of the string, that i.s, 



where « is any whole number. Let F be the velocity with 
which a wave train travels along the stretched .string, let t be 
the period of one oscillation of the string, and let / be the num- 
ber of o.scillations per second (the frequency). Then, we have 



WAVK TRAINS AND MODES OK OSCILLATION. S3 



X= It 

(«0 

as explained in Art. 13. 

.Substituting this value of X 

in equa- 

tion (i) and .solving for t. 

we have 



2/ 

(iii) 


nV 

or since /== i /t. 

, 



(iv) 


2/ 


This equation expresses tlie frequency of oscillation of a string 
(vibrating in a simple mode) in terms of the velocity of progres- 
sion V* of waves along the string, and the length / of tlie 
string, u being any whole number. . 

When « is unity, the whole string is one vibrating segment, 
the string vibrates in what is called a fundamental mode, and 
gives what is called its fundamental tone. When n = 2, the 
string vibrates in two segments, when n = 3, the string vibrates 
in three segments, and so on. 

Simple modes of vibration of air columns. — Consider an indefi- 
nitely long tube All, I'ig. 56, closed at one end B. Imagine 



Fig. 56. 


a simple wave train of longitudiiial wa\'es, of wave length X, to 
approach the clo.scd end B, in the tube. This wave train will 
be reflected at />’, the reflected train and advancing train will 
together form a standing wave train, and the nodes of the stand- 
ing wave train will be at a distance \/2 from each other, as 
shown in Fig. 56, the closed end B of the tube being also a 

* See equation (i), Art. 4 . 
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node. Once this standinj^ wavt* train is cstablislu d, an air- 
ti^ht j^ate-valve ini^ht l)e placed in the lube at any one uf the 
nodes, and the air hetwern this ^ale and the clout'd end /> 
would continue its vihratoiy inotii>n unchain^ed. exccj i of course 
that its nii>tion Wi'iild he -slowly stopped by friction. Iherefore, 
the length / ot a vibrating column icl*iseil at both end.s) ma)' be 
any multiple of X-'j, or rather, X 'j may be any .diquot part 
ot /, where X is the wave leiu^tli uf the two opposite ly moving 
wave trains \\hf>'>e supei |>i>siti«>n constitutes tlie aetual vibratory 
motion of the air. Therefor e 

/ s= (tul»e ^ txjth cnits\ (v) 

in which ;/ is any whole number. Sub.stitutinjj for X the value 
Ft, where F is the velocity of sr^uml and t is the period of 
one oscillation of the air column. an<l solving’ for X we have 

T = ^ (ta}}c at both ends) fyi) 

//I ^ I •►|>ou I / V'V 

or, since / = i / t, we have 

/ = ''J/ { ’.Ip;";' ; «■"■'') (vi«) 

This equation expresses the frequency of oscillation of an air 
column ^closed at botli emU or open at both ends) in terms of 
the velocity sound and the length I of the column, // 
being any whole number. 

The air pressure at any antinodc of a standing wave train in 
Fig. 56 is invariable and e(iual U) atnKi.spheric pressure, although 
the air at an antinodc surges back and forth (parallel to the axi.s 
of the tube). Therefore the tube may be cut off and left open at 
any antinode or at any two antinodes, such as a and Fig. 

' 56, and the vibratory motion of the air in the detached portion 
ad (open at both ends), or in the detached portion d/i (clo.sed 
at bne end) would continue unchanged, except that the motion 
would die away because of friction and becau.se of the emission 



WWK TI<A*NS AxNI) MOUKS ok oscillation. 55 


of sound waves from the open end or ends. Therefore the length 
/ of a vibrating air column which is open at both ends may be 
any multiple of \/ 2 , or, in other words, X/2 may be any 
alitpiot part of /, so that eciuations (vj, (vij and (vii; apply to a 
tube open at botl) ends as well as to a tube closed at both ends. 


open air column open 



fundamental mode itW in equation (vii) 



eeeond mode in equation (vii) 



third mode in equation (n'l) 

Fie. 57. 


It follows al.so from the above statement, that the length / of 
a vibrating air column which is closed at one end may be any 
odd multiple of \/4, where X is the wave length of the two 
oppositely moving wave trains who.se superposition constitutes the 
actual oscillatory motion of the air ; that is, 


/ a= (tube closed at one end) 

in which «' is any odd number. Substituting for X the value 
where / '^ i.s the velocity of .sound and r is the period of 
one oscillation of the air column, and solving for t, we have 


T 


4/ 

;/'/ 


( IuIk* clobcd at one end ) 
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or, since /=si/t, we lia\c 

. 

/ = (tube at one ciui) 

4/ 

This ct]iiation expresses tl»o frcipicncy nf oscillation of an air 
column (cKiscil at one cm!) in terms of the velocity of sound /’ 
and the lenotii / of the column, u' bein^ anj' oild number. 
The orj^.m jiijic is a de\ice in which a column of air is sot into 
vibration "o as to produce a miisic.il tone. Sectional views of 


nptn air ealumn closed 



fundamental mode n'~J in equation {x) 




mode corresponding to n'sS in equation (x) 



or^an pi|x;s are shown in hios. 57 and 5S. The dotted curvc.s 
in r-'ig. 57 are intended to .show the character of the o.scillations 
of the air column in an or^^an jiipe which is ojien at both ends, 
and the dotted curves in I'ij^f. 5X are intended to sliow^hc char- 
acter of the o.scillations of the air in an organ pipe which is 
closed at one end. The oscillatory motion of the air in Figs. 57 
and 58 is to and fro along the tube. 
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F.l.KCTHOM.-Vi.NKTIC .ACTION. 

18. Mechanical conceptions of magnetic and electric fields.* — 

Hcforc procecdinjT totlic tlisciission of electromagnetic wave.s, it i.s 
helpful to establish clear ideas of electromagnetic action on the 
basis of which electromagnetic wave motion ma\’ be understood. 
In no other waj' i.s it |)o.ssible to ,i;ain a simple phy.sical insight 
into this subject Ma.xwell was the first t<i work out clear con- 
ceptions of niajfnetic and electric fields, and Ma.xwell's conceptions 
arc used in the present chapter. l*A’er\'thing in the prc.sent chapter 
refers .strictly to two dimensions ; certain inconsistencies ari.se in 
the attempt to extend Maxwell’s conceptions to three dimensions. 

Maxwell's mechanical moilcl of the ether . — The ether is to be 
con.sidcred a.s built up of ver)’ small cells of two kinds, positive 
cells and negative cells, in such a way that onlj- unlike cells arc 
in contact. The.sc cells are imagined to be gear wheels provided 
with rubber-like teeth so that if a cell be turned while the adjacent 
cells are kept stationary then a torcpie due to the elastic distortion 
of the gear teeth i.s brought to btiar upon the turned cell. Figure 
59 shows five positive cells and four ncijativc cells geared together 

* Sir Oliver I. n(l}ic*s llavs of Eiectiiif) ib j^rhaps the best elemeiUary 

treatise on this subject. 

The most complete mcchanit'al c(mre|>titiii of thf rlcctroina'jnriio tirM i.s that which 
Is based upon Lord Kelvin’s jjyrostatic miKlol of the cihor. I’hi'i ^yro--t;Uic iiuhIcI of 
the ether is a^echanicnl .structure which is cnj^ibic of rcpuMlucini^ most of the known 
phenomena of electricity and magnet iMii and of light. Stv Aef/ifr afn/ by 

Joseph Larmor, Append!. \ K, C'anihridgo, 1900. I.oni Kelvin's gyio.Maiic imxlel of 
the ether has led to a hydrodynamic conception of the ether, due chietly to rnrmor, 
in which the ether is a.ssumcd to l)e a |)orfect thiid wliich is endowed with the neces- 
sary elastic properties by an iiuletinitely tine-grained whirling motion. On the basis 
of Lord Kelvin’s gyrostatic conception of the ether and also on the basis of Larmor's 
turbulent ether, the magnetic field is thought to con.sist of a simple (low of the ether 
along the lines of force of the magnetic field. 'I'his conception of the magnetic field 
is very different from the conception (Maxwell’s) which is outlined in this text. 
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ill the manner sjKicified. In subseiiuent figures, these c -lls or cog- 
wheels are ivpresenteil by plain circles for tlic sake ol simplicity. 

0/ t/ti Jie/ii , — The ether cells ai a point in 

a magnetic fielii are tliought of as rotating about axe^ whicli arc 
parallel to the direction of the magnetic field at the iK>int, tlie 
angular velocit\' of the cells being projiortional to the intensity of 
the field. The positive cells rotate in the direction in which a 
right-handed screw wi»uUI be turneii that it might move in the 
tlirectioii of the field, ami tlie negative cells rotate in the opposite 
direction. This opposite rotation of pi\sitive aiul negative cells is 
mechanically possible because unlike cells only are geared 
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®s®a®©® 


Fie. 60. 


together. Thus, in h'ig. 6o, the positive cells are represented as 
rotating in a clockwise direction, and the negative cells a.s rotating 
in a counter-clockwisi; <Hrectioii ; this is a .state of motion which 
represents a magnetic field perpendicular to the plane of the 
pa|>cr and directc*! away from the reailer. The energy of tlie 
magnetic field is represented by the kinetic energy of rotation of 
the ether cells. 

Conception of the electric field. — The positive ether cells at a 
point in an electric field are thought of as being displaced in the 
direction of the field while the negative cells are displaced in the 
opposite direction, and this displacement i.s a.s.sumed to .be propor- 
tional to the electric field intensity. Thus, Fig. 6i represents 
the positive cells as being displaced towards the bottom page 
relativel/ to the negative cells, as .shown by the arrows, that is to 
say, the distortion of the ether structure which is shown in Fig. 
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6 1 rcprc .cuts an electric field directed towards the bottom of the 
page. 1 igure O2 shows tw<i meshes of the., cellular structure of 
the distorted ether of Fig. 61. These two meshes are square in 
the undi^torted ether as shown in Fig. 60, whereas the downw'ard 
displacement of the positive cells in Figt 61 has distorted the.se 
meshes as .shown in h'igs. 61 and 62. Inasmuch as the cell 
structure of the ether is assumed to be clastic ftlie gear teeth in 
F'ig. 59 being made of sub.stance like rubber), the distortion of 
the ether structure which is shown in h'ig. 61 represents potential 
energy, and this energy is the energy of the electric field. 


1 I I t ! ) I’ 

©e®©®©© 

®©®0®©® 

©0®0®®® 

Fie. 61. Fie. 62. 



An undenstanding of the magnetic action of what may be called a 
tapering electric field maj' be arrived at b\' con.sidering the torque 
action which i.s exerted upon a given cell by the ela.stic distortion 
which is represented in I'igs. 6i and 6 j. Consiiler the two posi- 
tive cells to the left <.if the middle cell in I'ig. 62 ; these two positive 
cells have been displaced downwards with respect to the middle 
cell, and they exert torques upon the middle cell which are re^)- 
resented by the small curwd arrows aiul />. Consider the 
two positive cells to the right of the middle cell in Fig. 62 ; 
these two positive cells ha\-e Ijeen displaceil downwards with 
respect to tin* middle cell, and they exert torques upon the 
middle cell which are- represented by the small curved arrows c 
and d. If the electric field is uniform (same value on both sides 
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of the middle cell in h'ij;. 62), then the tonjues a and h baliuicc 
the torques c and «/, and the distortion whicli is repu-sented in 
Fijf. 61 lias no intiuence iiptm the rotatory motion of tlie cells. 

iJitiOH i'/ a /it/'t n//j; eltiirit Ju'lti. — lma({ine an elec- 
tric field of which the lines »>f force are straight, as shown in 
Ki}j. 63. but of which the intensity falls tiff as shown in lij, 


*,***' * ‘ * i 


B 


tini'n of force 
of t lcvtric\ 
fit Id I 



Fig. 63. 


that is to .say, the intensity of the electric field along any line 
/!/>' in Fig. O3 is represented by the ordinate y of an inclined 
straight line CD, Such an electric field is called a tapering field 
for the sake of brevity. Imagine the ether cells in I'ig. 61 to be 
displaced in a manner to represent the tapering electric field of 
Fig. 63. Then the two i)o.sitivc cells to the left of the middle 
cell in Fig. 62 are displaced downwards more than the two posi- 
tive cells tp the right of the middle cell in h'ig. 62, so that the 
two torques a and h exceed the tw^) torques e and that 
is, the middle cell is acted upon by an unbalanced torque, and, 
therefore, the middle cell must be gaining angular velocity about 
an axis perpendicular to the plane of the paper. What is here 
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said of tliis particular cell is true of all the ether cells in Kig. 6i 
in the case of a tapering electric field ; therefore, a tapering elec- 
tric field produces a contiguously increasing magnetie field at right 
angles U itself* 

This magnetic action of a tapering electric field is exactly 
analogous to the dynamic acti<iii of an inclined water surface, as 
explained in connection with h'ig. 7. 

Idectric action of a tapering magnetic field. — Hereafter a chain 
of geared cells which is free from distortion will be thought of as 
standing in a straight 
row as shown in I^'ig. 

64a, and the opposite 
displacements of positive 
and negative cells which 
constitute an electric 
field will be thought of as 
changing such a straight 
row to a zigzag row, as 
shown in Fig. 64^. Con- 
sider a number of geared 
cells which tend by an elastic action of any kind to stand in a 
straight row like Fig. 64a. Such a row is converted into a zig- 
zag row as shown in iMg. 64/^ if the cell a is turned while the 
cell d is kept stationar>\ 

Figure 65 represents a tapering magnetic field the intensity of 
which at any place AH is represented by the ordinate r of the 
inclined straight line CD. Looking endwise at the lines of force 
of the magnetic field one may, as it were, see the ether cells rotat- 
ing as shown by the curved arrows in the end view, Fig. 65, cell 

*This is a niodificil foriii of statement of the law of induced electromotive force. 
It is « verbal statement of the ditrereiiiial etjiiation « 



in which Af is the component of magnetic held, and is the c-coinponent of 
electric field. This difierential ofjuatiun is derived and discussed in (.'hapter VI. 
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a rotatin'^ at liijjh speed and cell /> heinj; stationa y. The 
result ot this diiference of-sjK'eil is to cause an increasii'^ 
distortion of the chain <»f ether cells nfi, at\d this zi«r/,a ' <listor- 
tion constitutes an electric field at ri^jht angles to the magnetic 


lint M fit' fttrvv 
of matfnt tic 
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;* side view 


li 


J 


_ ^ end view 
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field in Fig. 65, that is to say, a iaperiug magnetic field produces 
a continuously incrcasiug electric field at right angles to itself.* 
This electric action of a ta|K:ring magnetic field is exactly 
analogous to the action of a “ tajHiring ” velocity of flow of the 
water in a canal, as c.xplaincd in connection with Fig. 7, 

* Thisi is a modified form of .statement €>f the law of induced magnetomotive force. 
It is a verl>al statement of the differential C'juation 

dY 

dx 

in which Y* is the j-com|K>ncnt of electric field and X is the .‘^'Component of 
magnetic field. This dilTerefittal ef/uatiou is derived and discussed in (Chapter VI. 
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Fig. 66. 


The ekt trie current, — Consider a wire * ABy Fig. 66, along 
which an electric current is flowing steadily from B toward.s A. 
The magnetic field on opposite sides .of AB is in opposite direc- 
tions, so that the positive 
ether cells at /> and /' arc 
rotating in opposite direc- 
tions as indicated. A steady 
electric current may be main- A 
tained for an indefinite length 
of time, hut the oj)positc ro- 
tations of positive ether cells 
on the two sides of AB, 
h'ig. 66, cannot be accom- 
modated by an ever-increasing ether distortion (distortion of the 
rubber-like teeth of the ether cells as shown in Fig. 59), there 
must be a slip between adjacent cells somewhere between / 
and This slip between adjacent ether cells takes place in the 
material of the wire and constitutes the electric current. 

Steady electric currents 
flow in closed circuits. Max- 
well’s conception of the ether 
shows that this must be true 
as follows : Consider the op- 
posite rotations of like ether 
cells at /> and Fig. 66, 
and consider a chain of 
geared cells passing from p 
to/' around the end of AB as shown by the cur\xd line in Fig. 
67. The current in AB is assumed to be maintained indefinitely 
and therefore the opix)site rotation of p and /' is assumed to 
continue indefinitely, but tliis continued opposite rotations of p 
and /' cannot be accommodated by cvcr-incrcasing distortion of 
the elastic gear teeth of the ether cells along the chain which 

* Strictly, a broad metal sheet. Maxwell’s conceptions apply to two dimensions 
only. 
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passes arouiitl the end of * //>. a slip nuist take plat c between 
adjacent cells at some point alonj; this chain. Therefi re the line 
of flow of the current .Hi (line of slip of {geared cells) must 
fomi a closed circuit wliich Cuts across every possible chain of 
geared cells cxleiuling fronv /> ti> /*'. 

When a curreiU llows along a path which dofis !u>t form a 
closed circuit, then an increasing ether distortux|i (elcctrid field) 
i.s produced artuind the citd j)«)rtions of the path as explained in 
Art 2 1. 

19. The flow, of energy in the electromagnetic field. Poynting’s 
theorem. h ha^ lx i*ii slmu n In* 1. II. rnynting * from theoretical 
considerations that enejgx* '‘tivani.s thnaigli an electromagnetic 
field in a tlirection .it right angles Ixah to the electric field and 
to tlie magnetic tu hi at ea^ h point, and that the amount of energy 
per seciutd uliieli stivarn*' ai ro^s mu* sijiiare ci‘ntimctcr of area is 
prop<^lion<il to tlu* ^f ilu: electric and magitclic field 

intensities. If the electric and magnetic' fields are not at right 
angles t‘» eai li <>tht.*r, the c-nergy '‘in am i^ proportional to the 
product (»f the intensities df the tui» fields and the sine of the 
included .mgle. 

Conciptu u i t' tl\ stnam. — t 'onsidcr a row 'of gear 

wheels, as shdwn in log. oS. Imagine the wheel W to be 
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turned steadily by a crank, and the wheel W to be 
by a brake. Under these conditions, energy would 
tenuously transmitted along the chain of gear wheels 
W, wheel of the chain would be acted upon 

and oppo.site torques by the wheels on either side of it, the 

", * V / ' 

*Sce PhUoiophical Transnrthns^ Vol. 175, Part II, page 343, 
original paper by Poynting is well worth reading. 
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mission < fcncrj^y alonj^ the chain would depend upon this torque 
action cc-mbmed with the rotatory motion of the wheels, and the 
rate at v\ liich energy would be transmitted alon^ the chain would 
be prop(irti(mal to the product of the speed of the wheels and the 
tonpic action between adjacent wheels. 

Imagine the ether cells in b'i^. 6i to Ije rotatinj^, positive cells 
in one direction and nef^ative cells in the other direction, about 
a.Kcs peipeiulicular to the plane of the paper. This rotatory 
motion constitutes a magnetic field perj^endiciilar to the plane of 
the paper and perpendicular to the electric field which is towards 
the bottom of the jiai^e in h'ii^. 6i. ( )n account of the torque 

action between the cells (as e.xplainecl in connection with I*'ig. 62) 
combined with the rotation of the celK, enerL;y is transferred to 
the right (or left) by c-ach horizontal chain of gearetl cells in I'ig. 
6r tat a rate which is proportional to the pmduct of the intensity 
of the magnetic field and the intensitv' of the electric field; and 
the energy ])er second llowing across an area (at right angles t«) 
both electric and magnetic fields) is propt)rti(»nal to the proiluct 
of the respective field intensities and j)rop(»rtional to the area, 
inasmuch as the area determines the number of rows of cells 
which participate in the. transfer <»f the energy. 

20. Examples of Poynting^s theorem. (rM //a r/ c 

in the ncif^liborhood of a loirc carrvipi^^ an ch ciric t itrrinf zeiu'n no 
electric charcj^c resides on the surface of the loirt. — In general, the 
surface of a wire which carries an electric current is charged,* 

*The component of the electric lieltl wliich is paiallel to the surface of a wire is 
always erpial to AV, where R is the roislaiice of the wire per centimeter of length, 
and I is the current flowing in the wire; hut the com|x>nenl of the electric field at 
right angle.s to the surface of the wire may have any value whatever. The electric 
lines of force which terininate on the surface of the wire on account of the existence 
of this normal com|H)nenl of the electric field involve a stationary electric charge on 
the surface of the wire. The electric curient way he ct^nsidered to he a transfer of 
electric charge along a wire, but the stationary charge here referred to has nothing 
directly to do with the ciirrcnt. When a voltaic cell is on open circuit, the electric 
field in the surrounding region may he such that the volt>« per centimeter along a given 
path may vary in the must irregular way ; but when this path is occupied by a wire 
through which the voltaic cell produces current, then the electric field in the whole 
6 ^ 
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and this charge is associated with the lines of force ol electric 
field which is fierpendicular to the surface of the wire. There ‘is 
always a point on any wire circuit, however, where thr wire is 
not chargeil or, in <Hher wortN. where the electric field is parallel 
to the surface of the wire. In any case, it is perniissibk' to con- 
sider that pijrt of the energy flow w liich depends upon the coiu- 
poiient of the electric field parallel t<» the wire. Figure (>9 shows 



side vUw 


Mtf. 69. 


end view 


a straight wire carrying electric current. The lines of force of 
the electric held are iiarallel to the wire as shown in the side view, 
and the line'* of f«>rce of the magnetic field encircle the wire as 
shown in the end view . The dotted lines represent the energy 
stream w hich Hows in towards the wire from all sides. 

The equation for tlie energy stream in an electromagnetic field 

surrounrling i-? rijoilififrl hy >taiH>nary f.harjjc on Ur* siirfuc«; of tli<* wire so 

as to make ihe corrijwmitit of th»- fi» M )>.iralif*] to tin; wire everywhere cr|ual lo 

AY. Ha above spciitittil En^r^y appears in each unit 1f*n(;th of the wire .it the rate 
of AY^ erj's per seionU. 'this amount of energy must n(»w intf> every unit length of 
the wire, and the electric field in the neighborhood of the wire iiulsI lie so distributed 
as to give this necessary distribution of the energy stream. It is to l)e remembered 
that the trend of the magnetic field in the neighli4jrhoofM)f an electric circuit depends 
only on the shajic of the circuit but not at all cm the; relative resistances of the various 
parts of the circuit, and, tlierefore, the proper distribution of the energy stream to 
supply the AY* losses at each part of a circuit dej>cnds, one might say, chiefly upon 
the mcKlificaliori of the electric field due to surface charges on the wire. 
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may be established by considering the inward flow of enei^y in 
the ncigliborhood of a wire carrying an electric current as follows: 
Let A’ be the resistance of the wire in abohms f)er centimeter 
of iengtli, and let / be the current in the wire in abamperes, 
then A’/ is the intensity of the surrounding electric field in 
abvolts i>er centimeter. The inten.sity of the magnetic field at a 
distance of r centimeters from the axis of the wire is 2//^ gaus.se.s.* 
The intensity of the energy stream (ergs of energy per .second per 
square centimeter) at points distant r centimeters from the axis 
of the wire is proportional to the j)roduct of the electric field and 
the magnetic field inten.sities, and it may therefore be written 
k X AV X 2///', where k is an unknown proportionality factor. 
Multiplying this expression for the intensity of the energy .stream 
by the area of a cylintirical .surface / centimeters in length and 
r centimeters in radius (cylindrical surface coa.xial with wire), 
we have the total ergs per second streaming into / centimeters 
of the wire, and this must be equal to / x A/*, Therefore 
we have 

2/ 

2 nrl X X’ X A/ X = / X A/* 
r 

whence 

>{’= * 

47r 

Therefore, we have in general 


A'' = 


49r 


He 


( 4 ) 


in which 5 is the energy in ergs per .second which streams across 
one square centimeter of area at right angles to a magnetic field 
of which the intensity is H gausses and at right angles to an 
electric field of w'hich the intensity is <• abvolts per centimeter, 
H and e being at right angles to each other. 

(b) The flmv of energy in the neighborhood of zvires assumed to 
be of zero resistance. — In this case the component of the electric 
field parallel to the surface of the wires is equal to zero, and the 

♦See Franklin and MacNutt*s Elements of HUetrinty and Magnetism^ 
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only electric field which exists, if any, is that which is associated 
with charges on the surfiices of the wires or ribbons. An ideally 
simple case is shown in Fig. 70, in which .LI and /> 7 > are 
straight wires (ribbons), assumed to be of zero 
resistance, which deliver current from a voltaic 
cell to a fine resistance wire (ribbon) The 
electric field l^ctwccn the ribbons . LI and />’/> is 
unifiirin, and the lines of force of the electric 
field are represented by the fine horizontal lines 
in the figure : the intensity of the electric field is 
e([iial to the electromotive force of the voltaic 
cell divided by the distance between the ribbons. 
'I lie magnetic field !>etween the ribboiis is uni- 
form, and the lines offeree of the magnetic field 
are perpendicular t«» the plane of the paper in 
h'ig. 70 as indicateil by the dots between .L I 
and 1 he energy stream, being everywhere 

at right angles to the electric and magnetic fields, 
is straight upwards as indicated by the dotted 
arnn\s. If liie wires (ribb(ms) in Fig. 70 have 
re^'i-stance. then the lines of fiuce of the electric 
fieUl turn slightly downw’ards (in the figure) 
near <‘ach ril)bon on account of the A 7 drop 
along the ribbons, aiul the energy stream, instead of flowing 
straight u{)ward.s, turns to some extent into the ribbons where 



H 

f r. 7 i. 


A7' Ibis is shown roughly in Mg. 7* 

thf flow of rfiefgy from a generator along a 
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transmission line AH to a distant lamp A. It is impracticable 
in this ease to represent the exact trend of the lines of force of 
the electric and magnetic fields in the nei<;hborhood of the gen- 
erator and in the neighborhood of the lamp.* 

{c) The Jlinv of cnci\(ry Ui an electromagnetic 'leave. — I'he 
energy in an electromagnetic wave flows continuously from the 
back part of the wave to the forward part of the wave, as explained 
in Art. 23, and this energy flow is due t(^ the coexistence of 
electric and magnetic fields at right angles to each other in the 
wave. 


21. The Hertz oscillator. — A clear understanding of the details 
of action of the Hertz oscillator depends upon an insight into what 
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takes place when a condenser is charged and discharged. Before 
di.scu.s.sing the Hertz oscillator, therefore, it is necessary to con- 
sider the charge on a condenser and its mode of ili.sap|)carance 
when the condenser plates arc connected In* a wire. Con.sider a 
closed (endlc.s.s) chain of gear wheels AI\ I'ig. 72, which tend 
to stand in a smooth row. If the gears are allowed to slip at anj" 
point J, the gear / being hekl stationarj' and the gear being 
turned in the direction of the arrow, then the chain of gears will 
be distorted into a zigzag row, as .shown in Fig. 73. Conversely, 

•Some examples of Ihc ihooreiii of energy flow are given in Poynting’s original 
paper in the Phihsophidil Transact'ons for 1SS4. Some interesting examples of 
Poynting’s theorem are given by W, S. Franklin, in the PhysUal A*c77>ri', Vol. XIII, 
pages 165-181, 1901. The details of tield distribution and energy flow in the neigh- 
borhood of two lor.g parallel cylindrical conductors (line wires) arc given by G. Mie, 
Zeitschrift fltr Phynikatische Chemie^ Vol. XXXIV, page $22. 
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a chain of jiearccl cells which by elastic action teiul t< staiul in a 
smooth row, will I)e relieved from such a /ij;/aj^ ili tortion as 
shown in I'ij;. 73 by permitting the jjears to slip at any point 



Fk. 73. 


and the potential enerj^y shwed in the distorted chain will be 
geared towards s from both sides. 

Let A and />, I'i^. 74, be two metal plates, and let the 
(If)tted lines represent closed chains <»f geared ether cells, each 



chain being like F'ig. 72. Imagine the two plates A and B to 
be connected by a wire,* and an electric current to be forced 

* Strictly the wire in Fig. 74 must lie thought of as a broarl rthlion. All figures in 
this discussion represent two dimensional distributions of electric and magnetic fields. 
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through this wire by means of a voltaic cell, thus causing the 
plates - / and /> to bccr)inc charged. I'hc forcing of electric 
current through the wire means a forced slij)ping of ether cells at 
every point of the wire, and each chain of geared cells, initially 
like Fig. 72 becomes distorted like iMg. 73. Throughout the 
region between A and />, the jiositive ether cells are displaced 
downwards and the negative ether cells arc displaced upwards, 
that is, the region between A and li becomes an electric field, 
the direction of which is downwards from the positively charged 
plate A to the negatively charged plate /?. 

Given two charged metal plates A and B as above explained, 
each dotted curve in Fig. 74 being supposed to rej)rescnt an end- 
less zigzag chain of ether cells like Fig. 73. Then a wire (rib- 
bon) connected from A to /> will cut across every one of the 
zigzag chains of geared ether cells, slipping will begin at every 
point on the wire, each zigzag chain of cells will begin to be 
relieved from its zigzag di.^tortion, the energy of each distorted 
chain will be transmitted along ihe chain to the wire where it will 
appear as heat, and the entire region between and surrounding 
the plates A and />’ will he relievctl from electrical stress. The 
explanation here given of the entire relief ()f the electrical stress 
between two plates by the establishment of a conducting line (line 
of slip) between them applies to two adjacent oppo^itely charged 
bodies of any shape. An electric spark is a line of slip (a con- 
ducting line), and the energy of the electric field flows in upon 
the spark as it does upon a wire. The slip])ing of ether cells in 
a conductor is imagined to be opposed by a frictional drag. 

T/u^ Hertz oscillator, — Let A aiul />. h'ig. 75, be two metal 
balls connected to two short rods between which is an air gap 
(spark gap). Imagine charge to have been collecting on A and 
B, positive charge on - negative charge on until a spark 
jumps across the air gap, thus establishing a conducting path from 
A to IJ, and causing A and /> to be discharged. This dis- 
charge is usually oscillatory like the movement of a string which 
is pulled to one side and suddenly released, as follows : Consider 
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a chain of «;carod ether cells which when uiulistorteil li« ; sinonthy 
alonj4 the dotteil line in 75, this dotteil line beint^ t cerywhere 
perpeiulicular tn the liiK"' ot toref.»f the electric tielil. When .1 
is positively chaiL^ei* this chain is distortetl as .shi»wn (in part), but, 
inasmuch as it is a clo'.eii chain, il^^ disiortitui is fixed a e\]»lained 
in coimectitiu with IV.;. 7;. W lun a sp.nk is fiuined across the 
gap, howevt'r, a litu' of '»hp is v -ttiblislu'd which cuts across the 
distorted chtiin. and t!ic <listortion tii'^appears as explaiijcd in con- 
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nectioii with 72, 73 and 74. What is said of the single 

cliain of ether cells is true <)r every chain w hich surrounds /I or 
/> in big. 75. 

If the slip which relieves the distortion of the chain of ether 
cells takes place with great frktion (great electrical resistance of 
the conducting j^ath formed by the sijark), the cells near the spark 
begin turning slowly and the entire energy «>f the distorted chain 
is geared into the spark and converted at once into heat. If the 
slip w'hich relieves the distortion of the chain of ether cells is al- 
most frictionicss (low' electrical resistance of tlie conducting path 
formed by the spark), then the energy of the distorted chain is 
used mainly in overcoming the inertia of the cells in the neighbor- 
hood of the spark as they are set rotating, and after a very short 
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interval ■>f lime the whole of the electrical enerj^y will have hecn 
converti'l into kinetic eiicr^jy cif the rotatiiif; cells (magnetic 
energy), during this conversion the energy, streaming ah»ng the 
(lotted lines in ing. 75, largely disappears from the regions cc and 
n' and IS distributed mainly in the regirm mm. When the chains 
of ether cells have been relieved from distortion, the rotatory 
motit)!! of the ether cells in the region mm will have reached a 
maximum, and the cells will continue to rotate becau.se of their 
momenta, thus jjroducing reversed di.storti( 3 n of each chain of 
ether cell.s. During the time that this reversed distortion is be- 
ing produced the energy streams back from the region mm to 
the regions ct and cc, being converted again into potential energy 
of ether distorti(3n, and the balls J and /> become charged in a 
reversed sen.se. This reversed di.stortion of the chains of ether 
cells is then relieved b}' a reversed slip (a reversed current in the 
rods and along the spark), and the above-described action is re- 
peated over and over again until the original energy of the electric 
field has been dissipated. 

When one end of a stretched rubber tube is held in the hand 
and moved up and down slowly, the tube has time to accommo- 
date itself to the changing position of the hand. If, however, the 
hand is moved up and down rapidly, the portions of the tube re- 
mote from the hand do not follow the changing position of the 
hand promptly, and the result is that waves are produced which 
pass out from the mewing haiul. I'he oscillatory changes abene 
described in connection with Fig. 75 take place so rapidly that the 
portiems of the distorted ether which are remote from the oscillator 
do not follow the changes promptly, 'fins gives ri.se to electrical 
Weaves which pa.ss out from the oscillator. In the immediate 
neighborhood of the o.scillator the action is rather complicated, 
but at a distance from the o.scillator the wave motion becomes very 
simple.* The following chapter is ilevoted to the discussion of 
electric wiives. 

*IIertaE*s researches on electric waves, experiiiieiit:i 1 and theoreticul, have been 
published in lxK>k form (sec* J'.UitrU fl'ti 7 rs by Heinrich Hcri?, transhitcd by D. K. 
Jones, Macinillun and ( ompuny, 1893). 
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A very ginxl di^ciK^ion of llertz*s ex|vtiiiientiil irs«*:irrhes is Rivm ' y J. A. Mem- 
ing on page:; 300 -^26 i»f hi4 1 ;/-/;/?•* ///i //*/;v , I.on|rtmin5, 

Green anti Gt>iiipan), 1 </ 3 S. 

A jJ'hhI ot l!n‘ in.itheiii.itio.ti ihfory o! llu* oseillii' ir is (’ivni l>y 

Meniin^ on pajjrs .if hi** /;V. //r IIuty l\if rxi^hw This 

ihcvnctical ».li*JVU>>U)n of ririmni^’s U»no\v% ihe original papei hy Ilc'tz whii'h was 
put)li>ht:d in iSSo I ;7 1 n*) »>f lici;/*s / , /fi/rrr). 
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ELECTROMAGNETIC WAVES. 

22. An electromagnetic wave is a state of ether distortion and 
a state of ether motion traveling along together and mutually 
sustaining each other. The ether distortion is ckctric field and 
the ether motion is magnetic field. An electromagnetic wave may 
be cither bounded, or free in the same way that a sound wave 
may be bounded or free. Thus, a sound wave which travels 
along a speaking tube is bounded, and a sound wa\e which 
travels through the open air is free ; an electric wave which tra\-cls 
along a transmission line is boundeil, and an electric wave which 
travels through open space is free. In the following discussion 
of electromagnetic waves, bounded waves will be treated first 
because of their greater simplicity, and free waves will be treated 
afterwards. 



Electromagnetic xuave pulse bounded by tioo metal ribbons . — 
Figure 76 is a perspective view of two broad parallel metal rib- 
bons AB and A'Ii\ and Fig. 77 is an edgewise view of the 
two metal ribbons of Fig. 76 with a rectangular * electromagnetic 
wave pul.se represented a.s traveling along between them at 
velocity V. The fine vertical Ifnes represent the electric field 
which is directed towards the top of the ixigc, and the dots repre- 

* The ordinate y of the rectangle in the lower part of Fig. 77 represents the value 
of electric field or the value of the magnetic field throughout the wave. Compare Fig, 
77 with Fig. 6. 

7C 
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sent tlie lines of foive of the iu;ij»netic fiehl whieli is per] >eiulicular 
to the plane of the pa{>er am! <lirectetl lowartls the re;;(ler. 

tici tt pUtSi' t'l^ftsts/s #*/ ti /tii't'y t*f t'ii'itytc ticlti uHti 

uixigtutic j'ul.l, thi t'i/.'ts i/ h'lYc t'/ !!:i th ctnc jh lti <ttui tl ■ liius of 
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force of tiu mii^neiic field lie in the plane 
angles to each other, and the entire layer 
nite velocity 1 (the velocity of light). 

ff the la vt r and at right 
moves sitleioise at a defi- 


Where the lines of force of the electric fiehl emanate from the 
lower ribbon A’ IV in Fi^. 77. the ribbon has a |x>sittve electric 
charge, and where the lines of fi)rcc of the electric field terminate 
on the upjKfr ribbon A If in h'ig. 77, the ribbon has a negative 
electric charge. rurthernmre, the pmtion of the lower 

ribbon in Fig. 77 which bounds the magnetic field of the wave 
has an electric current flowing in it in the direction of progression 
of the wave as indicated by the arrow, and the portion rt (5 of the 
upper ribbon in Fig. 77 which Ixxinds the magnetic field of the 
wave has an electric current flowing in it in the ilirection opposite 
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to the (iircctioii of progression of the wave. The existence of 
these el'.ctric currents is in accordance with the conception of 
electric current as explained in Art. i8 because the uniformly 
rotating ether cells in the re^irm aba^b\ Kij^. 77, may be thought 
of as sli})ping where they C(jme in contact with the wires (ribbons) 
AH and A^V . 

It is important to note that the electric charges represented in 
iMg. 77 are surface charges on the inner faces of the ribbons. 
These ( barges are stationary, the electric current in the lower 
ribbon continually transfers p()sitive charge from a* to b\ and 
the electric current in the upper ribbon continually transfers nega- 
tive charge from a to b, 

lilcc/rinnai^nc/it av/r’c pnlsc boufuhd by two parallel wires , — 
h'igiire 77 rej)rcsents a rectangular electromagnetic wave pulse 
traveling along between two very broad metal ribbons. An elec- 
tromagnetic wave pulse can also be C(»mpletely bounded by two 
parallel cylindrical wires like the two wires of a transmission line. 
In this case, however, tlie lines of force are not straight lines. 
Thus, Fig. 78 represents a rectangular electn)niagnetic wave 
pulse traveling along two parallel wires AH and -1'/)'. In 
this case the lines of force of the electric field and the lines of 
force of the magnetic fiehl lie in planes perpendicular to the 
transmission wires (when the resistance of the transmission wires 
is negligibly small), as shown in the side \'icw in I'ig. 78. The 
dots in this side view represent the lines of force of the magnetic 
field, and the fine lines in the side view' represent the lines of force 
of the electric field. The end view in Fig. 78 shows the trend of 
the magnetic lines of force vwimm and the trend of the electric 
lines of force ecce in a plane at right angles to the transmission 
lines AB and yi'/f'. In Fig. 78 the portions ah and a!V of 
the transmission w'ircs have stiitionary electric charges on their 
surfaces, and electric current flows in these portions of the w'ires 
very nfuch as in the ribbons in Fig. 77. The end view in Fig. 78 
shows the wave traveling towards the reader. 

The effect of line rcsist;mcc is to cause the lines of force of 
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electric field to bend slijjlitly hackwarils (towanls A ind A' in 
I'ig. 78) in the immediate nei^lilM)rliood of the two wires. It is 
desirable, however, to ignore the effects of line resist. nee in our 
preliminary discussion of electnimagnetic waves on transmission 


$ide view end view 

V 



FIs. 78. 

lines. By doing so the fundamental ideas of electromagnetic 
wave motion arc greatly .simplified, and it is pos.sible to take 
approximate account of the effects of line resistance after the 
fundamental ideas have been established. Therefore in all the 
following discu.ssion, the line resistance is supposed to be zero 
unless it is .specifically stated to the contrary. 

23 . Conceptiona of electromagnetic wave motion. — Figure 79 is 
intended to show the details of the ])hy.sical action which takes 
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place in a rectangular electromagnetic wave pulse. A single 
horizontal chain of geared cells is shown in the figure, although 
a complete representation of what takes place in the wave would 
necessitate the showing of a number of horizontal chains of geared 
cells, every one of which would be parallel to and exactly similar 
to the chain which is shown in Fig. 79. Within the region of 



the wave, the ether cells are all in uniform rotation as indicated 
by the small curved arrows ; and within the region of the wave 
the cell structure is uniformly distorted, positive cells being dis- 
placed upwards with respect to the negative cells, as shown in the 
figure. Throughout the middle portion of the wave, each rotat- 
ing cell is acted upon by equal and opposite torques by the adja- 
cent cells ahead of it and behind it (because of equality of electric 
field intensity ahead of it and behind it), and therefore all of the 
cells in the middle portion of the wave continue to rotate at 
unchanging speed ; also the zigzag distortion of the chain of ether 
cells remains unchanged throughout the middle portion of the 
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wave because of tlie equal speeds of rotation <^f all the ether cells. 
The middle portion of this rectanjjular wave [)ulse is in fact an 
ordinary stationai*)' magnetic field aiul an ordinary stationary 
electric field, and there is no progressive motion of any kind in 
the middle portion of such a wave pulse, except the progressive 
motion of energy, as explaineil later I he peculiar action which 
leads to a jiroj^ressive motion of a wave pulse is the action which 
takes place at the fr>nt l)«Hiiuiai y d and causes the l)uildin{{ up 
of electric and magnetic fields in the region immediately ahcatl of 
the wave puNe. and tlie action which takes place at the back 
boundary c and canoes the i leclric and magnetic fields to ilie 
away in this part of the wave puNe. d'his action can be best 
uiulerslood by Ci>nsidcring a wave pulse in which the electric and 
magnetic fields taper gradually to zero in the front region and 
also in the liack region <»f the wave as shown in Fig. So. The 
taj)cring electric fk Id in the region cd, h*ig. iSo, causes a con- 
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tinual grow th of magnetic field throughout this region, and the 
tapering magnetic field in the region rd cau.scs a continual 
grow th of electric field throughout this region ; whereas the 
tapering magnetic field throughout the region ai causes a 
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continual dying away of the electric field throughout this region, 
and the tapering electric field in the region ab causes a continual 
dying awjiy of the magnetic field in this region as explained in 
Art 1 8. The action here described is analogous to that which 
is described in connection with Fig. 7, which represents a water 
wave in a canal. 

Energy streixm in an electromagnetic 'leave , — The coexistence 
of the electric and magnetic fields throughout the waves in Figs. 
79 and 80 causes a .streaming of energy from the back part of the 
waves, where the fields arc dying awa\', to tlu? front part of 
the wave.s, where the fields are being built up, as explained in 
Art 19. 

Electromagnetie 'leave train , — Figures 77 to 79 represent what 
is called a rectangular electromagnetic wave pulse, and Fig. 80 



Fig. 81 . 


represents such a wave pulse which tapers at front and back. 
When a simple train of electromagnetic waves travels along 
between two metal ribbons, the distribution of electric and mag- 
netic fields, the distribution of electric charges on the ribbons, and 
the distribution of electric current in the ribbons, are as shown 
7 
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in 8i. The fine vertical lines in this fi*{ure repicsent the 
lines nf force of the electric fieUl, and the cit)ts represeni the lines 
of force of the magnetic field U which is perpeiulici lar to the 
plane of the paper and direcleil inwards or outwards as indicated. 
The distribution of electric charges t»n the ribbons is indicated by 
the positiw and nct,Mli\e "iipis, and the distribution <»f electric 
current in the ribbons is represented by the short horizontal 
arrows. Lari;e positive and negative si^ns represent large 
amounts of charge per unit area, and small positive aiul negative 
signs represent small amounts of charge per unit area ; heavy 
horizontal arrow s represent strong current, and small arrow^s rep- 
resent weak current. The ortlinatcs of the curve of sines in the 
low'cr part of the figure represent either the magnetic field inten- 
sity, or the electric field intensity, or the amount of clectrid charge 
per unit area of ribbons, or the current strength at different points 
along the ribbons. 

24. Calculation of velocity of progression of an electromagnetic 
wave." — It was pointed i»ut in Art. 23 that the middle portions 
of a rectangular electromagnrtic wave pulse are stationary, ami 
that the only thing which inocc’^ forwarrls is the energy as it 
streams from the liack part "f the wave pulse where the electric 
and magnetic fields are dying away to the front part of tlie W'ave 
pulse where the fields arc being built up. It is convenient, how- 
ever, to think of the electric and magnetic fields as moving along 
.sidew ise at tlie velocit)* of progression of the wave. On the basis 
of this idea, the moving magnetic fieki may he thought of as in- 

* The straightforward de\t:lopiiienl of tlie mathernatiral theory of electromagnetic 
wave morum is ha'^rcl ujMin ih*- differential ecpiaiioii'i whi< h express the magnetic action 
of a tapering electric fiehl and theelectri* action of a tajicring magnetic field (see Art. 
18). This method of d«*vc-loprjient is outlined in (.’hapter V’’!. The incllio<l of ths 
present chapter, however, is to develop coiKcplions of electromagnetic wave motion 
which enable one to understand what takes place witliniit recourse to differential equa- 
tions ; and, in keeping with this incthcHl, it is desir-ilile to show how the velocity of 
progression of a free electromagnetic wave depends u|x>n the inductivity and perme- 
ability of the transmitting medium, and how the velocity of progression of an electro- 
magnetic wave which is boundefl by the wires of a transmission line depends upon the 
capacity and inductance of the line per unit of length. 
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diicing and thereby sustaining the electric field, according to the 
well-known law of induced electromotive force; and the moving 
electric field may be thought of as inducing and thereby sustain- 
ing the magnetic field, accortling to a law of induced magnetomo- 
tive force which is not so well kiKiwn. 

Let // be the intensity in gausses of the magnetic field in the 
region of the wave in Fig. 77. let c be the intensity of the elec- 
tric field in abvolts per centimeter, let / be the distance across 
from wire to wire (ribbon to ribbon), and let V be the velocity 
of progression of the wave. The sidewise motion of the magnetic 
field at velocity V induces an electromotive force between the 
wires (ribbons) in the region of the wave, and this electromotive 
force is given by the well-known equation 

Therefore the electric field intensity /:'// in the wave is given 

by the equation . 

c = m ( 5 ) 

in which c is expressed in abvolts per centimeter, // is ex- 
pressed in gausses and / ' is expressed in centimeters per second. 

The .simplest procedure in the discussion of the velocity of 
progression of an electromagnetic wave is to use, in conjunction 
with equation (5), another ecpiation which expresses the intensity 
of magnetic field induced by the moving electric field. namel>', 

(6) 

in which //' is the magnetic field intluced by the sidewise 
motion at velocity of an electric field c'. This is a simpli- 
fied form of the law of induced magnetomotive force. It is not, 
however, familiar to the student of elementary electricity and 
magnetism,* and therefore it is better to discuss the velocity of 

* An ek‘Ctroniagnetic wsive consists of a magnetic field and an electric field moving 
along together and nuituully sustaining each other. The electric field is at right angles 
to the magnetic field and the direction of motion is at right angles to IxUh. T/i^ tii /iofi 
imtolved in (he susfainhtif of an efcrtric field hy a nwriny magnetic field is familiar 
to everyone as the law of indaxcd electromotive force : that is to say, amoving mag- 
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progression of an electromagnetic wave on the l)asi.s • f c(|nation 
(5) together with the condition that the magnetic energ / per cubic 
centimeter in a wave is equal to tlie electric energy per • ubic centi- 
meter. The magnetic energy in ergs per cubic ceniimeter in a 
magnetic field is equal to where // is e.Npressed in 

gausses, and the electric energy in ergs per cubic centimeter in 
an electric field is equal to r/\^2.26z x ic/“), where r is ex- 
pressed in al)\olts per centimeter. riierefore on the basis of 
equality of electric and magnetic energy, we have 

4 S 7 r 2.262 X 11)“'* 


Solving equations (5) aiul 17 ) for / ", we have 


I *= 2.yy6 X 


10"* 


cm. 


see. 


25. Transformation of equations ( 5 ), ( 6 ) and ( 7 ). — Kquations 
(5)1 (6) aiiil (7j apply in their simple form to free electromagnetic 
waves in air, or to electromagnetic waves on a plain transmission 


netic licld iiKluce-. .in e’eeSrir at iiiihl to The hmtainift}* of a 

Pifiic tie d by a f*Vc."/:V fitt'd /' »/// //. // >/ // n not fomidarh knoum. As 

a matter nf fact, howtvei, .v fw 1<I induces a magnetic field at right 

angles to ilsedt' ^uch that 

//' ( 6 ) 

in whidi e' is the inten-jity <jf the inodug » lettiic fudd in al)volts per centimeter, 
is the v4‘’uoi> at which the '‘IcM'ri* h<*ld moving ( ^hlrwite), //' is the intensity in 
gau>?f - of thr magncdc tn-ld ^\hifh indiued l/v the moving elertiic field, and tt i.s 
a constant. In an ♦•lt'Oi(un:igne»i( \v.ive the inaguciic field // which sustains the 
e\|ctric fiehl / hy its itiducing arlion in :nc«»r<!ance with e(]uation (5) is itself .sus- 
tained hy file inducing artfijn of tlic eledric field according to equation (6). That is 
to say, equations (5) ami f6) may hi; coriMderefl to he simultaneous erjuntions in their 
application to a pure electromagnetic wave, or, in other w'ords, e and e^ refer to 
identically the same electric field in both equations, and If and II' refer to identi- 
cally the same magnetic field in hoih e<|uations. 'fherefore, cKminating the ratio 
II\e from these two equations, we find 

- - Vi ( 8 ) 

*See Franklin and MacNutt’s EIe 9 nenl<i of F.leetritity and Maf^netism^ pages 76 
to 81, for a disrus.sion of the energy of a magnetic field, and pages 185 and 186 for a 
discussion of the energy of an electric field. 
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line with air insulation. It is (ksiral)lc, however, to transform 
these eejnations so that they may apply not only to air but to any 
medium, and so that they may apply to a transmission line 
which has any sort of insulation, to a transmission line which has 
small inductance coils inserted in it at intervals as shown in 
hig, 82, to a transmission line which has condensers connected 
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Fig. 82. 



Fig. 83. 


acro.s.s it as shown in Kig. 83, or to a transmission line which 
combines the features of Figs. 82 and 83. Kquations (5\ (6) 
and (7) may be -applied to any medium by introducing the per- 
meability and the inductivity k as follows : 

= (5^) 

ir = V (6a) 

Stt “2.262 X lO"’ ‘ 

The following transformations are intended to bring equations 
(5), (6) and (7) into the form in which they are most conveniently 
applied to a transmission line. 

Transformation of equation (5).* lujuation (5) was derived by 
looking upon the electromotive force between the transmission 

* See, Appendix A for a discussion of inductance and capacity of a transmission line. 
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wires as due to the iiulucinj^ aetitui of the travelinj^ ma -.iietic field 
ill the wave. Let L be the inductaiue of tlie transnjssion line 
per unit of length, and let / be the current (outward in one 
wire, backward in the other wire) in the line, 'riieii A/ is the 
amount of Ilux whicli jxisses between or links with the transmis- 
sion wires in unit length nf the line, and. if is the \elority of 
progression <»f the electromagnetic wave, thi*n xjV ol a second 
is the time required for all <^f the ilux between the win s of unit 
length of the line to travel forwanls unit distance and sweep 
across an imaginary line ilrawn from wire to wire. riierefore, 
!J divided by i//' or l.l\\ is the electromotive force in- 
duced between the wires; therefore etjuation (5) becomes 

n^Liv ( 5 /;) 

In this equation everything may be expressed in e.g.s. units, f 
or E may be expressed in volts, /. in hcnry.s per mile, / in 
amperes, and V in miles per second. This c(|uation (5^) applies 
to two flat ribbons or to an ordinary transmission line with 
cylindrical wires. 

Transformation of equation (f). — Let C be the capacity of 
the tw'o wires of a transmission line [ler unit length of the line, 
the tw'o wires being looked upon as the plates of a condenser. 
Then CE is the charge on each w ire per unit length of the line, 
positive charge on one wire and negative charge on the other. 
The current / in tlie transmission line transfers this charge from 
the back part of tlie wave to the front part of the wave, as 
explained in Art. 22. the amount of cliarge thus transferred in / 
seconds is the charge on length 17 of the wires, and this 
amount of charge is CEVt, Therefore, //= CEVt, or 

J^CEV { 6 d) 

This equation (6^) applies to tw^o flat ribbons or to an ordinary 
transmission line with cylindrical wires. 

^In this text one mile of transmission line means one mile of pole line. The two 
wires together constitute a transmission line. 

fThe units of the electromagnetic system, only, are used in this text. 
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Tmitsj ormation of cqHation (7). — Ivjiiation (7 j expresses the 
e(iuality if mai^iietic energy ami electric energy in a pure elcctro- 
niaj^netit wave. 'I'he inai^nietic energy of unit lenj^th of trans- 
mission line is .lA/^ and the electric eiierj^y of unit length of 
transmisdon line is 'Iherefore, e(|uation (7j becomes 






in which L is the inductance of unit length of the transmission 
line, C is the capacity of unit length of the transmission line, / 
is the current in the line which is associated with the wave, and 
/: is the voltage across the line due to the electric field in the 
w'ave. In this e<iuation everything may be ex])rcssed in e.g.s. 
units * or L may be expressed in henrys per mile, C may be 
expressed in farads per mile, 1 ma>' be expressed in amperes, 
and li may be expressed in volts. 

Wave velocity on a transmission line, — Solving equations (5/^) 
and (6^) for l\ or solving equations (5/?) and {jh) for V, we 
have 


r 



(9) 


The velocity of progressii>n of an electromagnetic wave along a 
transmission line is thus given in terms of the inductance and 
capacity of the line per unit length. If /, is expressed in henrys 
per mile and C in farads per mile, then /' is expresseil in miles 
jx?r second. In a plain transmission line, is the same as the 
velocity of light in the dielectric which separates tlie wires. 
I^uations (5/'), (Ofi), and (9) apply also to a cable with a 
metal core and sheath separated by a dielectric. When a trans- 
mission line is “ loatlcd ” with imluctanccs as shown in Fig. 82, 
or when it is provided with condensers as shown in h'ig. 83, the 
velocity of progression of an electromagnetic wave along the line 
is greatly reduced in accordance with et|uation (9). 

^The units of the elect roinn^iictic system, only, are used in this text. 
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26. Additional details concerning electromagnetic w.ive pulses 
on a transmission line. (^/) Supir/^osidofi of o/*p()si/i:v Nuning 
tcavi'S. — iMguro 84 shows two rectangular clectnunag letic wave 


H inward if outward 



A B 

Fig. 84. 


pulses traveling in opposite directions along a transniis.sion line. 
When these waves f>cgin to overlap, the magnetic field in the 
overlapping portions of the waves is the algebraic sum of the 
magnetic fields in the indi\ klual waves, and the electric field in 
the overlapping portions is cijual to the algebraic sum of the elec- 
tric fields in the individual waves, h'igure 85 shows the state of 


H zero 



C 

Fig. 85. 


affairs when the two waves and />* in Fig. 84 come into 
complete sui)erposition ; the magnetic field is then everywhere 
zero and the electric field is of doubled intensit)\ 

Figure 86 also shows tw’o rectangular electromagnetic wave 
pulses traveling along a transmis.sion line, and Fig, 87 shows the 
state of affairs at the instant when these two waves come into 
complete superposition, giving a region in which the electric field 
is zero and the magnetic field is of doubled intensity.* 

* The student should make sketches showing the partial superposition of the waves 
in Figs. 84 and 85 and the partial super{K>sitian of the waves in Figs. 86 and 87* and 
these sketches should be compared with Figs. 10 to 14 and with Figs. 15 to 19. 
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if>) J^jtrc *ivaves and impure wairs . — The wavscs which arc 
shown ill Kijjs. 77, 78, 79, 80 ami 81, ;ind in Fi^s. 84 and 86 all 
have tliis common property, namely, that the kinetic energy whicli 
is associated witli the magnetic field in the wave is at each point 
ccpial in the potential energy which is assf>ciated with the elec- 
tric field. Such a wave, which is called a pure electromagnetic 
wave^ j)rogrcsses without change of shape. When, however, the 
potential energy of the electric field is not ccjual to the kinetic 
energy of the magnetic field, we have what is called an impure 



Fig. 86. 



Fig 87. 


wave. Thus, the region of uniform electric field in Fig. 85 and 
the region of uniform magnetic field in Fig. 87 constitute extreme 
ca.ses of impure waves. An impure wave always breaks up into 
two oppositely moving pure waves as ma\' be understood bj' com- 
paring Figs. 85 and 87 with Figs. 10 14 and Figs. 15 to 19, 

respectively. 

(r) Reflection of an electromagnetic wave pulse at the end of a 
transmission line. — The open end of a transmission line is analo- 
gous to a rigid dam at the end of a canal, and the details of the 
reflection of a rectangular electromagnetic wave pulse from the 
open end of a transmission line can be understood from Figs. 20 
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to 23 which are exactly analojjous to I'iys. y i to 94, '1 lie .short- 
circuited end of a transmission line is analogous to a fiidy mov- 
ing gate at the end of a canal, as shown in h'ig. 24, and the 
details i>f the retloction of an eleetrom.ignetic wave pulsi from the 
short-circuited end of a transmission line can be unders'ooil from 
Figs. 25 to 28 which are cx.ictly analogous to h'igs. i/i to 99, 
The action wiiich takes place at the open eiul of a transmis- 
sion line is represented in big. 88. A uniform current ilows out- 



jh. 

• uniform maaneiit J , J ‘ ! 

i 1 

1 

1 

i 

T , 

1 

•4 — .4 — < : 



end 
of line 


W 


Fig. 88. 


ward in one line, through a .short-circuit at the end of the line 
and backward in the other line, producing a uniform magnetic 
field between the lines, and the end of the line i.s .suddenly 
opened (re.sistance of line wires assumed to be negligible). The 
current at the extreme end f>f the line suddenly drops to zero 
value, and the energy of the magnetic, field i.s transformed into 



•hort-eirciUttd 
end of line 


energy of electric field. This transformation of magnetic into 
electric energy extends rapidly over the line as a wave of arrest 
W which travels away from the end of the line as indicated by 
the arrow V in Fig. 88. 

The action which takes place at the short-circuited end of a 
tran.smi&sion line is shown in Fig. 89. Both ends of the line are 
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oj)cn iMi<l the two transmission wires are charged, by a battery, 
for examine, like the two plates of a condenser, so that a uniform 
electric field exists between the wires frt)m end to end of the line ; 
then one end of the line is siuhlenly short-circuited. The charge 
immediately disappears from the extreme end of the line produc- 
ing electric current as indicated by the small horizontal arrows, 
and the electric energy is transformed into magnetic energy. 
This transformation of electric into magnetic energy extends 
rapidly over the line in the form of a wave of starting /I' which 
travels away from the short-circuited end of the line, as indicated 
by the arrow in Fig. 89. 

Imagine a wave pulse like that shown in I'ig. 90 to ai)proach 
the open end of a transmission line. When the wave reaches the 


H inward 



open end of the line, the current in the wave is reduced to zero 
at the extreme end of the line, and. in being reduced to zero, it 
builds up a region of doubled electric field as shown in Fig. 91. 


Hinward 





Fie. 91. FIe. 02. 

A moment later the state of affairs is as shown in Fig. 92 ; a 
region of doubled electric field (magnetic field equal to zero) half 
as long as the original wave exists at this instant. A little later, 
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the .state of alTairs i.s as sliown in I'ljj. 93, and Fij». 94 allows the 
complete reflected wave. 



Figure 95 sliows an electrtunagnctic wave pulse np]>roaching 
the slnirt-circuited end <>f a transmission line. When this wave 
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FIs. 95. 


•Aor(>circiii(eil 
end of line 


reaches the short-circuited end of the line, the electric field is 
reduced to zero at the extreme end of the line, and, in being re- 
duced to zero, it establishes a doubled current at the extreme 
end of the line and builds up a magnetic field of doubled intensity 



as shown in Fig. 9G. A little later, the state of aflairs is as 
shown in Fig. 97 ; a region of doubled magnetic field (electric 
field equal to zero) half as long as the original wave exists at this 
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instant. Figure 98 shows the state of affairs a moment later, and 
•Fij{. 99 shows tlie complete reflected wave. 



({/) Reflection leith and ^eithout phase reversal, — An electro- 
magnetic wave always consists of two elements, namely, mag- 
netic field and electric field, traveling along together, and it is 
convenient to speak of the magnetic field in the wave as the 
magnetic phase of the wave and to speak of the electric field in 
the wave as the e/eetne phase of the wave. When an electro- 
magnetic wave is reflected from the open end of a transmission 
line as represented in iMgs. 90 to 94 the magnetic phase of the 
wave is reversed but the electric phase is not reversed. When an 
electromagnetic wave is reflected from the short-circuited end of 
a transmission line as represented in Figs. 95 to 99, the electric 
phase of the wave is re\'ersed but the magnetic phase is not re- 
versed. The student should compare Figs. 90 to 99 with Figs. 
20 to 28. 

27. Electric oscillation of a transmission line. — If an electro- 
magnetic wave is started along a transmission line, tlic wave will 
be repeatedly reflected from the ends of the line, anil the to-and- 
fro motion of the wave will constitute a clearlj' defined type of 
electric o.scillation of the line. The time required for one com- 
plete oscillation of the line is related to the velocity of the wave 
and to the length of the line as follows : (a) If both ends of the 
line arc open, then the wave, starting from end is reflected 
with reversal of magnetic phase at eiul /> and again reflecteil 
with reversal of magnetic phase at end . so that, after two re- 
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flections, the wave is exactly in its initial condition. Therefore 
one complete cycle of electric “ imwement " takes pla* e during' 
the time reejuired for the wave to traxel from one end o*' the line 
to the other ainl back a^ain. This is also the case w hen both 
ends of the line are short-circiiiU il. [fi) If one end of the line 
is open and the other end ''hort-circuiteil, then a comj)lete cycle 
of electiic “movement” takes place in the time required for the 
wave to traxel tner four times the lenoih of the line. Starting 
from the open end of the line, the electric i)hase of the xvave is 
reversed by rellectum at the slu>rt‘circuited end, then the magnetic 
pliase is reversed bx* retlection at the i»pen end, then the electric 
phase is again rcverseil by reflection at tlu' short-circuited end, 
and then the magnetic phase is again reversed at the open end, 
thus bringing the wave into its initial condition. 

A particular case of oscillation of a transmission line is repre- 
sented in I'ig. 2t; in xvhich /£F represents the initial condition 
of the line, and /:'/*' represents the state of affairs at a given 
instant after the switch has been closed.* 

w' 


open end 
of line 


Fig. 100. 
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T7T7 


m 




Mjlli 

Vi iT 


! 1 




The electric (oscillation of a transmission line xvhich isjoroduced 
when a generator is suddenly connected to one end of the line 
is partly shown in hdgs. \oo and loi. When the generator 
(a baftery is shoxvn in 1‘igs. lOO and loT) is suddenly connected 

*The stiiclont shouM make a series of cltawin^^s showing, .say, eight successive 
stages of one complete osriMati<in nf the transmission line A'/'’ in I'ig. 29, and a curve 
.should be plotted of which the ordinates represent successive values of the current at 
any given point on the transmission line and t»f which the abscissas represent elapsed 
times. The student should also plot a curve of which the ordinates represent the 
succes.sive values of the voltage across the transmission line at a given point and 
of which the abscissas represent elapsed times. 
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to the line, a pure electromagnetic wave shoots out along the 
line, full ;^etierator vtiltage and the corresponding current [see 
equation (7^)] are established by a wave cjf starting Fig. 

100; wlieii this wave of starting reaches the open end of the line, 
the current in tlie line and the magnetic field between the line 
wires are both reduced to zero at the extreme end of the line, a 
doubled electric field is built uj), and a wave of arrest Jf'", Fig. 



Fig 101. 

loi, travels back towards the generator. When this wave of 
arre.st reaches the generator, the electric field at the generator 
end of jthe line suddenly drops from the doubled value to the 
value which corresi)onds to generator voltage, and a reversed 
current is established througli the generator.*^ This reversed cur- 
rent togetlier with normal generator voltage across the line are 
then established over the whole lino by .a wave of starting very 
much like f/'' in hig. 100; when ihi.s second wave of starting 
reaches the open end of the line the reversed current and normal 
voltage across the line are both reduced to zero at the extreme 
end of the line, and this neutral condition of the line is established 
by a second^vavc of arrest very much like IT", Fig. 101, which 
travels back towards the generator. When this second wave of 
arrest reaches the generator, the entire line is in its initial condi- 
tion, and therefore one complete oscillation has taken place. 

Figure 102 represents a direct-current generator delivering a 
steady current over a traiUmis.sion line of negligible resistance to 
a receiver of negligible resistance (zero voltage across line every- 
where). When the receiver is suddenly opened, the current is 

* The generator is here assumed to have zero resistance. 
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reducetl to zero at the opened end of the Ifne, and, in being 
reduced to zero, it builds up a voltage between tlie lines of which 
the value is f\ /,j( \ according to equation (7/^). Tius condi- 



Flt;. t02. 


tion iiv establishevl l)y .1 wave of arrest If '', Fig. 103. wliich 
travels towards the generator, and when this wave of arrest 
reaches the generator, one ciuarter of a complete oscillation of the 
transmission line has taken place. In case the receiver in Fig, 





Fiw. 103. 


^ened mi - 
0fUM , 

% 


102 has resistance A\ the line oscillates in precisely the manner 
here described, when the receiver is opened, except that the 
initial voltage AV between the line wires is added algebraically 
to the voltage which is associated. with the electric o.scillations of 
the line. 


; 28 . Reflection from a non-inductive receiving circuit, — Consider 
a pure electromagnetic wave shooting out from a generator along 
a transmission line as shown in big. 104. When the wave 
reaches the end of the line, it is partly reflected. I .et be the 
voltage across the transmission line and /, the current in the 
line (outgoing current in one wire and returning current in the 

*Thc student .should trace the details of the rei^indcr of an oscillation by making 
*a .series of sketches. 'I’he generator has zero voltage if receiver rcsi.stance aerOf 

line resistance being negligible ; that is, the generator is, in cfl’ect, a dead short-cir* 
cuit. The details of the oscillations may be easily followed by considering the canal 
analog of Fig. 103. 
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Other win ) which arc associated with the outjfoing wave, and let 
and /"„ he voltage and current which are associated with 
the reflected >vavc. Then, from cquatitm (7//) w'c have 



Fi?r. 104. 


and 

■* 

\LI -= 1 Ch' 2 

(ii) 

whence 

; 

■ II 

If 

(Hi) 

and 

* 


OV) 

Let and /^ 

be taken as positive, then equation (iii) becomes 


, ;a 

A \ p 

(V) 


and, since reflection must be acc<Miipanied by reversal of /: or 
/ to give a wave traveling backwartls. ctjuation (iv) becomes 

^ A 

J'li = -^11 'Y (vi) 


and the expression \ ' Lj C is to be hereafter considered as positive. 

The total current at the end of the line ^^the current which 

enters the receiving circuit) is /, + /^j, and the total voltage 

across the end of the line is li. + and therefore, since the 

111 

total current at the end (^f the line must enter the rcceh'ing cir- 
cuit A’ in Fig. 104, we have 


/ , / 


8 
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Three special cases of reflection may be understood at once 
from equation (vii) if one keeps in mind the fact thi^t the ratio 
A'jj/Zjj is a constant according to eijuation {jfi) so that is 
zero wlicn is zero, and if one remembers that eitl er or 
/jj must be neyati\e. 

(fO When A* is zero, then must be zcrc‘ according 

to equation since the current camu>t be infinite, 'riierefore 
A'j = — J:^^, That is. reflection takes place from a shot t-circuited 
end (A' = ol with reversal of volta^^e phase, and thi- reflection 
is complete i^all of the enen^y is turned back into the line). 

(/q When A is infinity (open-ciuled line), then + /,, is 
zero, or /. = — /.j. I'hat is. reflection takes place with reversal 
of current phase arui the reflection is complete. • 

(c) When /j = /:, /A. that is, when A’=/:',//j [=l A/f '. see 
equation qiij], then = /„ = O. or, in otiicr words, there is 
no reflection, and all of the energy of the advancing wave is 
swallowed up by the non-inductive receiving circuit. 

In order to determine the values of 7:,, and in the re- 
flected wave for any given value of /v’, substitute the values of 
and from e(juations (v) and (vi) in equation (vii), and we 
have 

- A,) xf- 

>^1 + ( V ‘“) 

from which we find 



(ix) 


and using equations (v) and (vi) we find 



(*) 
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Equations (ix) and (x) fjivc the values of /j\, and /„ for any 
given value of A’. It is instructive to substitute the values R—o, 
A’= QO, and A == V LjC in e(|uations (ix) and (x), and to com- 
pare till- results with the statements given above under («), {b) 
and (f). 

When the receiving circuit has resistance and inductance, a 
rectangular wave like that shown in Fig. 104 is reflected in a 
manner which, in the early stages, depends u[)on the inductance 
but eventually upon the resistance alone as above explained. 

When the receiving circuit contains a condenser, a rectangular 
wave like that shown in log. 104 is reflected in a manner which, 
in the early stages, tlepends upon the capacity of the condenser 
but eventualty the reflection settles to the kind which corre.sponds 
to a simple open-ended line. 

The reflection of a rectangular wave like Fig. 104 from a re- 
ceiving circuit which contains inductance is completely described 
in the next article. 

29 . Reflection from an inductive receiving circuit. — Let Zf, and 
/, be the voltage and current which arc associated with the ad- 
vancing rectangular wave (very long) which is shown in Fig. 104, 
let e and i be the v'oltage and current (at the extreme end of 
the line) which are associated with the reflected wave at an 
in.stant t seconds after the front of the advancing wave reaches 
the end of the line, and let R and be the resistance and in- 
ductance of the receiving circuit. It is desired to determine e 
and i as functions of /. 

At the instant of arrival of the front of the wave at the end of 
the line there can be no current in the receiving circuit, and, con- 
sequently, at this instant, the receiving circuit reflects like a 
simple open-ended line. Therefore when / *= o we have 



The total voltage across the end of the line at any time t is 
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/;'j 4- t' (al|;chraic sinnV 'I'hc currrnl at the c ul of the 

line at any time / is /j + / (als^chraic sum). Therefoie we have 

/ij + ^ = A A + 0 + 00 


This 04iMti»»n is cviilont when we consider that /:, <’ is the 

voltage aetinj^^ t>n lla^ ivceixinj^ eiivuit, tliat /, f- / is the current 
in the receivini^ circuit, and that .// is the rate of iiicrcase of 
current in the receix iiit; ciicuit. 

Accordin'^ to eiiuation :f/d wc ha\c 


whence 





(hi) 

(iv) 


the ne};ative si<»n l)cin<j clio'scii for n'ason.s explained in the pre- 
vious article. Substituting^ the value of t' from e<iuation (iv) in 
equation (ii) wc ha\ c 






- A7, ^ AV + 


or 



(V) 


In order to integrate this differential ctpi.-ition let 


whence 


J = 


- AV. 


A’ + 


1 ^' 

Xc 


— I 


dy di 
dt “ 


(Vi) 


so that equation (v) bcccjines 


/-o ‘O' 
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which, b\' integration, gives 

-- / 

y = Ae (viii) 

in which A is a constant of integration which may be determined 
by substituting in (viiij tlic value of y when / = o. Now 
/ = — /, wlien / = o so that (vi) gives 

. \L ' 


when / = o, whence, fnjin e(iuation (viii), we find 

.1 = ^-^'^+/, (ix) 

^+\C? 

Substituting this v'alue of x*! and the value of j' from equa- 
tion (vi) in equation (viii) and solving for /, we ha\'e 


, n, - RL R- RL 






'+ A W 


This equation expresses the changing value ol the current (and 
voltage c = — iy /-/ C) in the reflected wave on the assumption 
that the transmission line is very long so that the second reflec- 
tion of the reflected wave from the generator end of the line need 
not be considered ; it also shows that /=■—/, when / = o, and 
that i approaches the value 


Ji, ~ Kl, 


Ji + 



as time elapses as shown in Fig. 105. This ultimate value of / 
(and of c) in the reflected wave is^the value which would exist 
from the beginning if the receiving circuit were non-inductive. 
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30. The transfer of energy back and forth from one part to 
another of a complex oscillating system. — When ;i transmission 
lino is made up of several ^eeti<»n.s ilifferini^ from eael> otlu‘r in 
inductance and capacit)-, or when a tiMiismission line is . onnecled 
to a <;enerator at one erul and to a reet iver at the othci end, tlje 
oscillation <»f the line is usually accompanieil by a l)ack and-forth 
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transfer of energy from one secticni the line to another section, 
or by a back-and-fortli transfer of eiier^y from the line to the 
generator (jr receiver. A great variety of {)articular cases might 
be considered but the fillowing extremely siinph: case must suf- 



9hori<ireulied 
emi of lino 


fice. A generator G deliv<^s direct current through two large 
inductances LF^ to a tran.smission line as shown in Fig. io6^. 
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The end of the line is short-circuited, a heavy short-circuit current 
is cstabli died (with negligible voltage across the lines), the short- 
circuited end of the line is then suddenly opened, and the whole 
system is thus .set into oscillation. Let us assume for the sake 
of simplicity that the inductance LL is very great so that a 
sensibly constant current continues to flow into the line for a con- 
siderable time after the end of the line is opened, and let us con- 
.sider thir oscillations of the line on tlie assumption that the line 
resistance is negligible. At the instant of opening of the end of 
the line, the current at the end of the line drops to zero, the end 
of the line becomes charged, anil a wave of arrest IT" travels 
towards the generator as described in connection with Figs. 102 
and 103. When this wave of arrest reaches the point PP in 
Fig. io6i7, the current is zero over the whole line, and the voltage 
acro.ss the line has everywhere the value of /? = /]//./ C accord- 
ing to equation (7/^), where / is the initial value of the current 
in the line. The current entering the line at the point PP under 
the assumed conditions maintains a constant value, and this cur- 
rent and doubled voltage 2^( = 2 x I\' LfC^ are e.stablishcd in 
the line by a wave of starting. When this wave of starting 
reaches the opened end of the line, the current is again reduced 
to zero and the voltage increased to 3/f by a wa\’e of arrest 
which travels back towards the generator. The current I 
and quadrupled voltage are then established by a wave of 
starting, and wdien this wave of starting reaches the opened end 
of the line, the current is again reduced to zero and the volt- 
age increa.sed to 5/i by a wave of arrest which travels back 
towards the generator, and so on. In this case the kinetic energy 
of the portion LL of the .system is transferred into the line as 
the line oscillates and this energy is converted step-wise into the 
electrical energy which is associated with the increasing voltage 
across the line w'ires. 

A better understanding of the above-described slow transfer of 
energy from the large inductances IJ. into the oscillating line 
may be obtained as follows : The system shown in Fig. 106a has 
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two'*' simple miHlos of oscillation, namely, (</) the inductance AA 
and the line (considered as a lar^e coiulenser) Ci)nstitute a slowly 
oscillatin'^ system, and the line itself, as the electric waves are 
reflected back and forth between its ends is a rapidly oscillating 
system. 'Uhe above-mentioned transfer of eneri;y from AA into 
the oscillatin'^ line is merely the tir>t part of a lono-drawn-out 
oscillatiiMi of the type [ti). It i.^ e\ident from this statement of 
the Ctise, that eneroy wr)nld be slowly ^i\en back to AA by tlic 
oscillatin ;4 line.it a later sta-e. In f.ict this later .sta^e is realized 
at the start if the initial conditi*)!! i-. t Z/iiri^vs on the line xohes 
instead of luavy eun\'nt$ :n the loins, th.it is lo say, if the 
line wires are chari;e<.l one wlie posltivi-ly and the <Uher wire 
negatively, *ind if oMrillation^ are '^l.irted by .suddenly connecting 
the lines to AA, then, as tlu* line oscill.ites, its cner^\' is slowly 
transferred to AA. 

riie can.'il analo<^rue of the oscillalino' system above described 
(Fio. io6i/) Would be a tremendously massive ])iston moving 
along the canal and causing the water to move with it, the mov- 
ing water coming against a rigul dam .it the end of the canal. 
A more intelligible analogue. h«>wc‘\er, is shown in h'igs. lO^A 
and lo6c. A heavy weight IT and a helical spring A.V, which 
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*The .syslnn lias an infiiiitr serif', nf •.itnplf incxlfs of oscillation hut it is sufficient 
for present purjKjsfs to consider oidy two. 

t 'I’he sliirlent should he able to dc'^crihe the details of this action on the a.ssuiiip- 
tion that the inductances /,/. are very larj»e, rc.si.st.'inces heiiij* nef’Iigihlc. 



KLKCI'KUMAONKTIC WA\'i:S. 


105 


is in its nonnul ctjndilion as regards strctcli, niovcalon^ toj^cther 
as indicated by the horizdiital arrows, and the end of the spring 
comes against a rigid wall. At the instant wlien the end of the 
spring in Irig. 106/^ comes against the wall, a 7c*r/:r of arrest 
travels aU)ng the spring from the wall towards the weight, behind 
this wave of arrest the sj)ring is at rest and uniformly comj)ressed 
and ahead of this wave of arrest the sj)ring is in its initial condi- 
tion of uniform motion and free from com])ression. I'igure loCe 
represents the instant when the wave *>f arrc'^t has reached the 
moving weight, at this instant the s]>ring is everywhere at re>t 
and uniformly compressed, the continued motion c»f tlu- heavy 
weight sets the end of the .spring into motion anti d(niblc< its 
compression; this condition of the .spring is established by a 


itall 



Fig. 1 06c 


a/ sfarfinj{ which travels toward the wall, and uhen this wave of 
.starting reaches the wall the spring is in uniform motitni and uni- 
formly compressed. Thus, the compression c^f the spring is 
increased .stepwise, and of course after a time the increasing com- 
pression of the spring brings the weight to rest and then sets it 
in motion in a reversed direction. The system represented in 
Figs. loOfi and lo6r lias two types'^' of oscillaliiMi, nainely, 
(a) the oscillation of thc\ weight and .spring ftuniing a swstem of 
the first class (concentrated elasticity aiul ciMicentratcil mass), 

*The system has an infinito series of simple nuules of oscillatuMi, hut it is sufficient 
for present purposes lo consider only two. 
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and the spring' alone oscillates as a system of the sec nul class 
(distrihuted mass and distributed elasticity). 

31 . The lightning arrester. — When a short-circuii current 
tiows over a transmission line as described in conneciion with 
Fiys. 102 aiul or as described in ct>nneclu»n with l io. 
a sudden opcniiv^ <»f the ciicuit is hdloweii by electrical oscilla- 
tions of the line (or surges of current, as such oscillations are 
sometimes called). /’//a t n/' it short-t ii i uit tur- 

rent is a ;.*// ;/;/;/;;;/// w of by iuserti a low 

resistance aer.^s tiu « e</ o* the hue e/‘ optuiu^ the Hue 

a-jupieteh . 

When the two wires i^fa transmission line arc hit^hly chaij^ed, 
as represented in Fi;.^. So, the ^hort-circuitin*.^ of the end of the 
line causes the line to oscillate electrically as described in con- 
nection with I'ig. i^ij. The eleetriva! enerp^y of a hip;hly charged 
line such as is .v/fcav; iu l-ig. So, is dissipated with a minimum 
of current surging by iusertiug a high resistance across the cud of 
the line instead if shcrt-eireuiting it. 

When a pure eh.ctric wave containinjj equal amounts of elec- 
tric and nuii^netic enen^r)- In created on a transmi.s.sion line, by 
a lightniiv^ disdiarije for examjjle, the energy of the wave is 
dissipated wiili a miuiuinm ft surging of lurrent if the two wires 
at the eufis ff the Hue art touurrtid by uou-nidiu tree resistances 
of iKiiieli the :-a/ue is i /,/( ’. This is evident when w*e con- 
sider that a n:'*i>ta!U.e of this value <loes not retlect any pf)rtion 
of a wave but swallf)ws up its energy completely, as explained 
in Art. 28. 

Some idea of the mode of j^cneration of an electric wave by a 
lightning discharge may be obtained by conskicring a .simple case 
as follows : Lines of force of electric field arc gradually cstciblished 
between a line wire and a cloud, the cloud is suddenly discharged 
by a lightning .stroke and the electric lines of force which emanate 
from the wire turn at once into the ground giving an electric field 
between line wire and ground, very much like the electric field 
between two line wires as shown in Fig. 85. This electric field 
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iinmoiliat<'ly breaks up into two opp^isitcly movinjj electric waves 
as explained in connection with h'iRs. S4 and 85. (Sec Figs. 12 
and 13.) 

I'igure 107 shows the ccMineclions of a so-called multi-gap 
lightning arrester from a line wire to earth. Two such lightning 
arresters connected from two line wires to earth are e(iuivalent to 



a single multi-gap arrester connected i>ctwecn the lines. Such 
a lightning arrester automatically inserts a li»w resistance, or a 
high resistance between the line wires, or iKtwecn each hue wire 
and the earth, according as the energy to be dissipated is large 
or small.* The action of the multi-gap arrc'^ler may be iimlcr- 
stood from the fidlowing considiTatuui";. C'orisider a Jiea\'\' short- 
circuit current due, for exainple, t«» the in*>mentarv arcing from 
line to line near the receiving station. Wlicn this arc is blown 
out by the upward current of air wliich is formed In* the heat of 
the arc, the receiving end of the line is sudden I\* opened, and the 

is usually claimed for ihc multi gap arrester that it automatically inserts a low 
resistance or a high resistance helweon the line wires according as the energy to be 
dissipated is magnetic energy (due to short-circuit current), or electric energy (due to 
static charge on the wires). 'I'his, however, is not exactly true. It is solely a mat- 
ter of the amount of energy |Jer unit length of the line to be dissijxUed, although as a 
matter of fact the energy due to static charge «>f a transmission line can never reach 
anything near the value of the energy due to a heavy short-circuit current. See prob- 
lems in Ap|)endix C. 
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tciuk'iuy is tor the voltage to rise to an excessive va ue as <Ie- 
scrihetl in connection with Fii;s. \o 2 aiul loj. 'I he in »ment llic 
voltage rises slightly above normal line voltage. lh)\ve\ r, llu; air 
j;aps I and 2, I'i;^. k> 7, on each arrester break dowi , aiui the 
line current teiuN it> tlow thnnioh the resistances /v^ .*f the two 
arresters. This lesistance A’^ i^^, lunvevcT, fair!)' lart;* . and the 
heavy line current in ihnNini;' tlirt)nL;h it ha\t‘s the voll.iVje across 
the eiul ot tlK* line suiriciently lat\»e to break across the ^aps 3 
ami ('f bi«th anv^teis, 1 he line i uru nt then Ilow through 
resistance'^ and A’, in pavnlie! (on i)olh arresim'^'t. ll' the 
short-circuit curr\nt in tiie lin.e i" < \ce‘^-i\e. the voltage may still 
remain •'iitVi'v ientiy hiL^h in v.ilne 1“ buak ai loss the air ^.ips 5 
and 6. ihii" l>ii:i;.;' I'ne le'v-^t.iiue A’ o-n both aire-lers) into 
parallel ui’di A', and ;V , aiui -hm «•!’.. iinli! the ivvi-'lam'e ihroneji 
which tile sliorl ci!i-..it » urn nt i*' redui lal l«« a v.ilue sui- 

ficientl\' -mall t'* puxeiit the brenk-<!o\\n (»{' any moie of the 
spark L;aps, 

32 . Wave distortion and line losses. — 1 he di-iortion of a water 
wave in a cu.nai, a- de-crilKd in An. o, i'' due 1.) the loss of 
cner.^y by liie iri» lion tiu* ino\ino w.iter ainiinsi the sides and 
bottom of tlh: t'anal. Imagine, on the other hand, a canal brim- 
ful of \\ater and imagine the water to be frictionlcss ; tlien there 
wtnild be wa\e distoition due to the lo'is </ energy by leakaj^c or 
spill ; but if the hiss of energy by friction were ecpial to the loss 
of cncrfjy by leakai^e then there would be no wave di.stortion. 
The plicnomenon of wave distortion on a transmission line is 
analogous in every detail to wave distortion in a canal ; so close, 
indeed, is the analogy, that wave rlistortion on a transmission line 
can be clearly underst<iod from the discussion given in Art. 9 if 
one understands : (n) that a pure electromagnetic wave on a 
transmission line consists of electric and magnetic fields traveling 
along together and mutually sustaining each f)ther, (/i) that the 
immediate effect of wire resistance is to cause a continual tlccay 
of the magnetic field in tlie wave, and (r) that the immediate 
effect of im[)erfcct insulatitjii between the transmissirm wires is to 
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cause a < <)iitiniial decay of the electric field in the wave. For 
the sake brevity the eiierj'y loss in the transmission wires due 
to their r sistance is calle<i the /oss, and the enerj^y loss due 
to the imperfect insulation f jet ween the transmission wires is 
called thr /t'ahii(c /oss. 

When an electric current is left to itself in a circuit of wire, the 
rcsistaiu'r of the wire causes the curn nt to decay, and of course 
the magnetic field in the surroundini^ region dies away with the 
current. Consider the n^atin^ ether celN in the region of the 
wa\e in h'i^. 79; the slijjpiiv^ of the etluT cells on each other 
within the material of the wires ix»nstitutc-. the electric current in 
the wires according to the conceptions developed in Art. itS, the 
resistance of tlic uires is a frictional oppixiiion to this slipjiin^, 
and this friction causes the rotatory inoti(»n (jfthe cells to die away. 

When a chan^^ed condenser is left to itself with the char^^uiv^ 
battery disconiu cted, tlie slight eh ctrical conductivity of the 
dielectric between the condenser plates causes tlie condenser to 
discharge slowly, 'fliis discharge consists of the slow decay of 
the electric stress (electric field) in the dielectric. 1 he slow 
decay of electric field in an iinperkctly insulating dielectric may 
be understood with the help of the iliM UNMon of I'igs. 72, 73 and 
74; the distortiiin of the ch»iin of cvlN in I'ig. 73 is relieved 
by slipping of ailjaccnt cells t»n eacli other aiu wliciv, and in 
a slightly conducting dielectric the cells slip on each other 
everywhere. 

The cITect of wire resistince in causing a continual decay of 
magnetic fiehl in an electromagnetic wave on a transmission line 
is analogous to the efJeet of friction m causing the decay of 
velocity of flow' of the water in a water wave as it travels along a 
canal. The efleot of line leakage in cavixinv; a contiinuil ».kc.\y 
of the electric fiehl in an chH lroni.»;.;netic \\a\ o on a trantmission 
line is analogous t<i the ellect of overll >\v or spiH in causing the 
reduction of elevation of a water wave a^ it tia\< ls along a c.iiial. 

One effect of wire resi-stance ami of line leakage is loss „f 
energy, so that a giv'cn wave delivers less cncrg\' to the distant 
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end o( a transniission line than it would if the wires wt re of zero 
rcsistatice ami perfectly insulated from each other. Another 
elTect of wire resistance alone or of line leakage alone :s U) cause 
wave disti>rtion in a manner exactly analogous to tlu. distortion 
of water waves in a canal as fully explained in Art. 9. 

Wire-resistance and leaka'^e-froni-wire-to-wirc of a transmission 
line arc imptu taiU to the telephone en«^ineer for two reasoi»s. In 
the first place Ix'th cause K>ss of enep^y and thus tend to rcdiuc 
the loudness of the reiModuced speech at the distant emi of the 
line, aiui in the second place either alone ti‘nds to produce wave 
distortion arul thus le^Mii the di‘>tinctne.ss of the reproduced 
speech at the diNianl end of tlie lin<\ 

/v*7//c /V/.'t ' / • A'/// , 1/ />///*,“ is iriiiipcndint 

aK { . ui}\ / — h roin e*|uation {^/'j it is evitlent that an 
increa'^e of V'*!taL;e in a pure t lectroinaejietic wave involves a cor- 
respondin'^ increase ••fc mient in the wave,’ and it is not possil)Ic 
to reduce the line h»s-'e‘^ n lati\e to the «imounl «»f eiiery)- deliviTed 
by the w.i\e to the distant <.nil of tile lini‘ h\' increasiiuf the vol- 
ta;4e of the alternator or other device whiv h jiroduccs the waves. 
In this respect tra^s^li-'^ion by pure waves is very different from 
onlinary power tnuHini'-sion. where there is no fi.veil relation be- 
tween voltaLje <ind current. 

Consider a lonj^ wave like that shown in 77. The rate 
at which enerijy is lost in unit length of the line on account of 
Jinc resistance is zR ./" wliere /f is the resistance of unit lenj^lh 
of one of the wires and / is the current in the wires where they 
bound the wav'c. 'I’he rate at w hich energy is lost in unit length 
of the line by leakage from wire to wire is etiual to A*//?, where 
i.s the insulation resistance between the wires of unit length 
of the transmission line. To double the voltage in a pure wave 
involves the doubling of the current also, according to equation 
(7/;), and therefore the quadrupling of the total energy in the wave 
according to the same equation ; but the doubling of the voltage 

* That 1$ to say, in the wires where they liound the wave. The expressions osr- 
rent in a wai'e and vottajre in a wave arc used for the sake of brevity. 
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qiiadrupl* s the rate at which energy is lost by Icaka^jc (li^l R^, 
and the doubling of the current quadruples the rate at which 
enerjiy is lost because of wire resistance { 2 RJ'^). Therefore, if 
the volta ^e in a pure wave is doubled the current is also doubled, 
the total energy in the wave is (juadruj>led and the losses are 
(piadrupied. The ratio of losses to the total energj' depends 
only upon the capacity C and inductance A per unit length of 
the line .is explained below. 

Rediution of loirc by loading.^ — A transmissimi line of 
which tile inductance is increased by the insertion of coils as 
indicated in Idg. is called a loacled line. The effect of the 
loading of a transmission line (increase of L) is to decrease the 
value of the current f<»r a given value of vr>ltage according to 
equation (yb). .Siip|)ose, for example, that the inductance of a 
line per unit length is (luadriipled by h»ading. d'he value of the 
current / for a given value of volt.ige is halved .according to 
equation (/b), aiul the rale of loss of energy due to wire resist- 
ance {zR^P) is ([uartered. The ciuatlrupling of the inductance, 
however, halves the velocity of i)rogre.ssion according to eijua- 
tion (9), so that the time required for the wave to traverse a given 
length of line is ihmbled ; and therefore the loss i)f energy in the 
wires (the rate of which has been cpiartered) c«»iuinues for twice 
as long a time. CcMiseiiuently the actual K>ss of energy due to 
wire resistance during the passage over .1 line of a wa\ e of given 
total energy is reduced to one half by the qu.idrupling of th^ 
inductance. 

The quadrupling of lino inductance leaves the rate of h>ss of 
energy due to line leakage unchanged in \ aluc for a given value 
of voltage, but the lo.ss continues for double the time on account 
of the reduced velocity of transmission. Therefore the total loss 
of energy by line leakage during the passage over a line of a 
wave of given total energy is doubled by quadrupling the line 
inductance. 

*To arriiiige a traiismis.sion line like Fig. 83 causes a aecrense of leakage loss and 
An increase of wire lo-ss relative to the total energy of a wave. tym' rrrv 
tnstiiahd Ulf phone line would be improved by the arrangemeut shown in Fig. S 3 . 
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III a \\vll-c<)nstnictccl tckphonc liiu‘ the wire K>ss (. /V ./*) is 
very iiuieli greater than the leaka-e loss and .hcrefore 

the total loss of energy durin;^ the transmission ofa wa\ *inay lie 
reduced by loadin^^ tlie line. ( )ne .ulvanla^e the 1« adin^ of 
a telephone lino is this reductu>n of line loss and the conseijiiont 
increase ot energy etricieney of transmission. Another advantage 
is that the loading ol a line in which the wire loss is greater than 
the leakage K\ss reiliices the wave distortion as explained in the 
following paragraphs. 

T/h' (itsiortioniiss iifu\ — When the resistance per unit length 
of a transmission line ( counting both wires) is related to the leak- 
age resistance between unit length o\ the wires in such a way as 
to cause an c(jual decay of the magnetic and electric fields in a 
w'ave [so that ^ \ ( /:' at .ill times, .see eipiation (7/o].thcn 

the wave trasels along without distortion. Siieh a line is called 

a distortionless line. 

The rate at which energy is hi.st in unit length i>f the line by 
wire rc-sistame jA' / ’ and the rale .it whiih energ\- is lost in 

unit length of the line b\ leakage is as explained above. 

In ord.er tint the I ne ma\‘ :i'>l dist'»rt an electromagnetic wave 
these two rates <if l«*'<s mint be e«jiMl to each other, that is, we 
must have 


2 A* P = 


y:‘ 

K 


(0 


f)ut the ratio /:^//‘ is etjual to 
so that equation (ij give.s 


I.jC according to equation (7/;) 
A I 



This equation expresses the relati(»n between the resistance 
of unit length of one of the line wires, and the resistance be- 
tween unit lengths of the line wires, in order that the line may 
not distort an electric wave. 

In a well-constructed telephone line the wire resistance 7 ?,^ is 
too large, relatively, to give di.stortionlc.ss transmi-ssion. Under 
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these con^Iitions to increase L hy loadinj^ tJie line is advantageous, 
because, in the first place, it reduces the wire loss more than it 
increase^ the leakage loss as explained in the previous para^jraph, 
and in the second place it makes the wire k)ss more nearly equal 
to the leakage loss so that the cf>nditir)n of distortionless trans- 
mission is approximately satisfied. 

When the wire resistance of a telephone line is very great, an 
increa.se of leakage loss may improve the transmission because 
the wire loss of energy is already very great and a considerable 
increase of leakage loss of energy may be negligible in compari- 
son, whereas the increase of leakage loss greatly le.ssens the 
wave distortion. Tims when iron wires were used in the early 
days of moderately long-distance telephone work it was frequently 
noticed that the transmitted speech was much more distinct dur- 
ing wet weather when the line insulation was poor than during 
dry wcjtther when the line insulation was gr)od. It is not desir- 
able, however, to improve the distinctness of telephone transmis- 
.sion by increasing the leakage of the line because of the great 
decrease of loudness due lo increased energy loss in the line, it 
is much better to increase the distinctness bv lowering the line 
rcsi.stance (by using coj)per wires) ami by loatling the line, or by 
both. In this way the line losses are decreased and the distinct- 
ness is incrcasctl. ’ 

* A very interesliiiK account of the influence of leakage on ihc attainaliU* in 

Mihmarinc tHfgrai)hy is gisoii !)y lK‘:i\iNu 1 e on pages 417-42S of 
Thfory^ Vol. I, Lomloii, 1S93. 'Co iiiuliMstand lliis ai<.ciis'>ion ot 1 le.iviNuJe's the 
student should read pages 328 -3^0 of Franklin and MacNuiiV'- /■ .Vwr ///. cf E't':!n, ity 
and Mai^netism. 

Heaviside inentiuns a ease in which a leak on a '.nhniaiine ealdf iinpaiied the action, 
and another case in which a leak iniproveil the action. In I'aet the action was impaired 
where a type of receixer was used which required for it'* operation a considerable 
amount of energy, and the action was iinpnoed where an extremely scn>iiive syphon 
recorder was used. In the former case the incre.iscd lo^-^ due to a leak was a serious 
matter, and in the latter c;ise the increased h>ss was imi a serious matter whereas the 
increased distinetness of the current puNes at the receiving eiul of the cable was a great 
help. 

One case in parliciil.ar is mentioned by Ueaxiside which is especially interesting. 
A submarine cable had an f>hl style receiver ( piesuinahly an ordinary relay and 



ELECTRIC WAVES. 


1 14 


The canal analogue of the loaded telephone line. — 1 magine a 
large number t>f very licav)- and very tliiii boards ])].iccd like 
gates across a canal, as shown in Kig. 108, and imagine the boards 



$tUl water moping water *tiil water 

Fi^. lo;. 


to be movable like pistons along the canal but without friction. 
Those boards \\<iuUl .idil greatly to the inertia of the water .so 
that a greatly reduced velocity of How would represent a given 
amount of kinetic energy, hut a given elevation of water between 
the boards (which are supposed to Ije very thin) would represent 
the same amount of potential energy as in the “ unloaded " canal. 
Therefore, in a pure wave containing a given total amount of 
energy, the velocity of the water would be greatly reduced and 
the energy losses due to the friction of the water again.st the sides 
and bottom of the canal would be greatly lessened by “ loading.” 

The water wave shown in I**ig. loS is like that shown in Fig. 
7, and the water level is represented as rising step-wi.se in the 
successive compartments in the front and back parts of the wave. 
An abrupt wave like that shown in Fig. 6 would be greatly 
modified in traveling along a " loaded ’’ canal like Fig. 108 be- 
cause of the repeated partial reflection of the w-ave from the suc- 
cessive boards. 

The effect of the separation of the boards in Fig. 108 can be 
be.st stated by considering the transmission of a simple train of 

Morse recorder) at one end, and one of fxird Kelvin’s newly invented syphon re- 
corders at the other end, and a very bad leak developed in the cable. The result was 
that signals could not be transmitted at all to the relay and Morse recorder, whereas 
the .syphon recorder received better than ever before, a slight increase of battery, only, 
being rer|uired. 
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waves as follows : If the wave Icnjjth of the train is long com- 
pared with the distance between boards, the effect is sensibly the 
SJinie as if the inertia of the boards were uniformly distributed 
throughout the water, whereas, if the wave length of the train is 
of the same order of magnitude as the distance between boards, 
local oscillations take place, and the energy of the wave train is 
rapidly <lissipated. In fact, the arrangement shown in Fig. io8 
cannot transmit to any distance a wave train of which the half 
wave length (in the unloaded canal^ is approximately equal to or 
le.ss than the distance fjetween the boards. 

The highe.st pitch tones that need be con.sidered in the trans- 
ml.ssion of speech by the telephone are in the neighborhood of 
about 10,000 vibrations j)er second which corresixmds to a wave 
length (on an unloa<led line) of about iS miles, and the distance 
between the inductance coils which are used for loading a tele- 
phone line must be small as comjKired with iS mile.s.* 

*The inathenialical theory of the loailed telephone line has been worked out in 
great detail by Professor M. 1 . Pupin. See Amcricaft Institute of Elec^ 

trical Engineers^ Vol. XVII, pages 445-506, May 19, 1900. 

The theory of wave distortion in transmission lines and cables was first developed 
by Heaviside. The second half, pages 306-454, of Heaviside’s Electromagnetk 
Theory^ Vol. 1 (London, 1^3), is an extremely simple and interesting discussion of 
this subject. 
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33. Simple inodes of oscillation of a transmission line (<i 7 /r 

ftsistiinit and /.^v Icaka^t' ni'^hctui ). — The tyjH of oscil- 

latii^n of a tran-^ini'-^ioii liiu* v\hi\*h i'^ iv|>rt‘scntc*tl in I 'ii;'. •?*> is 
perhaps the .siinple^t kintl <*r t>^eillatii*n of which a transmission 
line is eapahie In tliis t\pe of transmission-line n.eillalion, 
h«»we\ er. the eoltae/j i)c.*t\W'cn llie wires at an\' {^i\en point is not 
a harmoniciilly v.nxin^ \olta,;e. anil the eiirrtmt in the wires at 
any j^iven point is n«>t a l'..irmonii. .illy \.ii\'ino current ; in fact, 
the voltai;o ami current cinvcs in this case are rectanonlar or 
bh)clv-likc cur\e>. Xotu iihst.imlinj^ the i)hysical simplicity of 
the type of oscillation which is representeti in 29 the most 
important motle of oscillation of a transmission lino is that in 
which the current in the wins at each point anil the voltage 
between the wires at each point are both simply harmonic, 
because such a ty[)e of oscillation is criH^iy formulated math- 
ematically ami because any t»ther type of oscillation of a trans- 
mission line can be tlnuiudu ('f as built up f)f a series of these 
harmonic infxles of o^cillatif>n in Jiccordance with Fourier’s 
theorem. ll'Iu n tJu' cunent at rrrrr puint in the 'laircs and the 
vo/taj^'^i' iei7Ji\n the :jires at ererv /yoint of an osril/atinj^ traptsmis- 
sion lipte arc harmonic, the transmission fine is said to oscillate in a 
simple mode. 

It is evident frrun the <liscussu>n of I'ig. 29 that the oscillation 
of a transmission line inv(jlvcs wave mf>tion back and forth along 
the line, and the fliscussion of simple mofics of oscillation of a 
transmisskjn line may be carried out with the greatest ease by 
consitlering the passage of a simple wave train (outgoing wave 
train) along the transmissif)n line and its reflection (returning 
wave train) from the end of the transmission lipc. The super- 

1 16 
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position of the oulj^oin^ an<l rcturninj^ wave trains j^ives what is 
called a tationary or slandinj^ wave train, and such a stationary 
or standing wave train constitutes a simple mode of oscillation 
of the transmission line. 'I'he discussion of the sim|)Ie modes of 
oscillation of stretched strings and air columns which is given in 
Art. 17 can he apj)lied with a very sliglit modification in termin- 
ology to the simple modes of oscillation of a transmission line. 
Thus the period of the fundamental mode of oscillation of a 
transmission line is e(|ual to the time retjuired for an electromag- 
netic wa\ e to travel from one end of the line to the «*ther and 
hack again, if the line is open at both ends or closed at hf»th 
ends; or it is equal to the time required for an electromagnetic 
wave to travel from one end of the line to the other and hack 
again /»»7cc if the line is open at one end and closed at the other. 
Taking the frequenc)* of the fundamental mode as unity, the fre- 
qucncie.s of the successive higher modes are 2, 3, 4, 5, 6, etc., 
for a transmission line which is open or closed at both ends, and 
3 p 5f 7 p y> for a transmi.s.sion line which is open at one end 
and clo.scd at the other, a,s explained in Art. 17. 

The above statement as to the fretjuency of oscillation of the 
fundamental and hig^r modes of oscillation of a tran.snii.ssion 
line is based upon the assumption that the reflection takes place 
exactly at the end of the line. This is sensibly true when the 
wires of the transmission line are close together, but when the 
distance between the wires is large, the reflection * takes place, 
as it were, at a point beyond the actual end of the line. The 
result is that the distance from the open end of a transmission 
line to the first voltage mnle is slightly less than a (jiiarter of a 
wave length, and the distance from the shi>rt-circuited end of a 
transmi.ssion line to the first current node is slightly less than 
a quarter of a wave length. 

A clear understanding of the .simple o.scillation of a transmi.s- 

* Indeed some of Iho wave ciu*rj»y is not reflected at all al the en»l of a traoMiiis- 
line ; the end of the line (>ives out clcctromn^^netic wa\c$ into the surrounding 
region in a manner analogous to the giving out of sound waves from the open end of 
an orgait pi|)e. 
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sion line may bo obtainctl by a careful study uf Art. l /, it being 
kept in mind that an electromagnetic \va\ e tnun is refl< ‘:ted from 
an open end of a transmission line witli re\ersal of curient phase 
but without revers.d Vi»ltage jihase, aiul that such a wave train 
is reflected from the short-circuited eiul of a transmission line 
with reversal of voltage pha.se but without reversid of current 
phase. 

The actual distribution of current aiul the actual distribution of 
voltage in a st.uiding \\a\e train t>n a tninsmissioii line is shown 
in Fig. 109. riiis figure represents several vibrating segments 
in the miildle pt»iti*»n (»f a long line. riie upper part of the 
figure rej)re>eiu^ the current distribution in the wires 

at the instant when the voltage between the wires is everywhere 
equal to zero, the value of the current at each j)oint being repre- 
sented by the ordinate of sine curve ii. This current rapidly 
charges the wires (one wire positiv ely and the other wire nega- 
tively) in the regions X., and as the charges increase the cur- 
rent values decrease. The ordinate of tlie successive curves /r, 
/3, /4 and /5 repre.sent the successive values of the current at 
each point in the lino, and the orilinates of the successive curves 
ci, r2, C3, C4 and C5 represent successive ^iies of voltage across 
the line. The lower part of the figure CDC^ jy rcpre.scnts the 
distribution of electric field (voltage lK;tw’ecn the wires) at the in- 
stant when the current is everywhere ccpial to zero. The sine 
curves /i, /2, /3, etc., an<l ci, r2, < 3, etc., in Fig. 109, rep- 
resent the succe.ssivc current aiul voltage distributions during 
one quarter of a cycle, that is, from the instant when voltage 
is everywhere zero to the instant when current is everywhere 
zero. At the instant wdiich is represented by curve cs (when 
electric field i.s distributed as shown in diagram CDC'JJ'), cur- 
rent starts to flow at each point in the transmission line in the 
opposite direction to the currents shown in the diagram ARA^ Ii\ 
and these currents grow until they reach values represented by 
the ordinates of the curve kj at which instant the voltage is again 
everywhere zero. This reversed current then begins to produce 
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reverse* I charges in the regions and after another quarter of 
a cycle these currents are reduced to zero, and the voltage dis- 



jlcdiic field ivoltagt) dUhibuiion eorm^nding to zero current everguihertg 

UfoTs] 

Fig. 109. 


tribution over the line is represented by ordinates of the curve 
^13. The electric field distribution corresix)nding to the curx^e 
^13 then establishes currents in the line which grow to maximum 
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values, hriuj'iiii; the line hack to its initial condition 
after one complete oscillation. 


The actiitd tlistributii>n of electric current and ina^meric field at 
the inst.uUs represented 1*\- curves /i aiul hj are shown in 

Si Sv -'V Si Se 



magnetic fietd inward magnetic field outward 


1 lo and i U' ; and ihc actual di'-tnl>utii>iis tif electric cliare.e 
and electric f.elii at the in-tants rc}»r\>cnteil In' turves c; an<l 
Cl 3 are ‘'h‘'V\n i»i li.;'-. ill and 113. 
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The portions f)f cl«‘tted >ine curves in I•'i|^^ 1 14 show the current 
and voltaic distributions over a transmission line, open at the dis- 
tint end, when the line is u'bratiin^ in its fundamental mode, the 


Ni Se Si Se Si Se 



magnetic field outward magnetic field inward 

Fij;. 112. 


vibrations being produced by the alternator // of proper fre- 
quency. When the current is everywhere zero, the voltages 
across the line arc represented liy the ordinates of one of the 
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(li)tlc(I curves in the upper half of the figure ; and a quarter of a 
cj'cle lalt r, when the voltaj4e is everywhere /er<j, the currents in 
the wires are represented by tlie ordinates of one of the dottetl 
curves in the hnver half <jf the figure. 



Kib- 


The dotted sine curves in i i 5 represent voltac^e and cur- 
rent distributions (»ver a traiisinissiun line when it is oscillatini^n’n 
its second inode, the oscillations bein^ produced by the alternator 
of proper fre(iuency.* 


voltage node voltage antinode 



^f^^d voltage dietribution (fundamental mode) ^pon 




current antinode 




current distribution (^fundamental mode) 

Fig. 114. 


current node 


open 


An important i)rol)leni in conncctit>n with Iransnussion-line 
oscillation is to consider the character and violence of the oscWVa- 
tions of a transmission line produced by an aj>phVd electromoth e 

*The stmlcnt should make diu^nims Minilar lo Kijjs. no .ind in showing %o!i.ige 
anil current distrilmlions f<»r the lirsl am! '«t*coiul iiiotles of o-tcillaiion of a transiins>ion 
line closed at the distant end. 
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force of any specified frequency. If this frequency coiiicidcs with 
the frequenc)' of one of the simple modes of oscillation of the 
transmission line, the violence of the oscillations will be very 

coltage node voltage antinode voltage node voltage antinode 

voltage diatribution (second mode) 


current antinode 



closed 


current node current antinode current node 

* - 7 -— ^ 


current distribution (second mode) 
115 . 


j^reat if t’ne line Inocs are small. In this case, indeed, the 
violence of the ultimate oscillations which are built up is limited 
only by the line losses. 



When the frequency of the inipres.scd electromotive force does 
not coincide witli the frequency of one of the simple modes of 
oscillation of the line, the ultimate steady state of oscillation of 
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the line is determined as follows (line losses being ignored). 
I'igurcs 116 and 117 represent the voltage distributions over a 
transmission line which is connected to ah alternator, the distant 
end of the line being open ; and Figs. 1 18 and 1 19 rc’present the 


/ 



Fig. 1 1 7. 


voltage distributions over a transmission line which is connected 
to an alternator, the distant ent! of the line being closed. The 
action which takes place during the time that the steady 
state of oscillation of the transmission line is being built up is 



Ftg. us. 

rather complicated and will not be considered. The ultimate 
state of oscillation of the line is a standing wave train of which 
the wave length X is equal to the distance traveled b^- an eicc- 
tromagnetic wave during one complete cycle of the electromotive 
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force of the altcrnati»r: for example, if the alternator has a fre- 
quency i>f 10.000 cycles per secMiid, \ will he |S6 inles. 'I'he 
voltage nodes (aniiiuules «jf current) ('f this stationary wave train 
are at a’, etc., aiul llie voltage anlinodes ^euriv nt nodes) 
are at tiie points //. it, it, etc. I he voltaj^e acro.ss liie line at 
any point is an alteriitilinj.; at the tri*i|uenc\' i»t the alter- 

nator, and the elVective \ .line c »f the xollai^c across the .me at any 
point i> repie-'i-nted In* the ordiiiate .it that jH>int nt one i»l the sine 



curves in lo^'s. no to inj. Let /: he llie effective (or maxi- 
mum) value of the \‘ilta,i;e Intwei n wires at any voltaj^c antinode 
it. Then tlic effcctixe (or maximum* voliaj.^m hetweeii wires at a 
point distant .r from any \olta;'<* mi<K‘ // is li sin a*/X.. The 
ct»ndition wliich mn^t he sati'^fied when the ultimate steady state 
of line o-tciilation is n aclu c! is that tlie distrihiition of vr»lta^c over 
the liiie (which is rej)!x^entt<l hy the .sine curves in I*i^s. i l6 to 
I \ <j) should conform to or hi the alternator voltaj^jc at the gener- 
ator end. riierefore the ultimate state <»f line oscillation in Figs. 
1 16 to I \i) is determined as folhnvs : beginning at the di.stant end 
of the line draw* a series of sine curves (hegiiming at a maximum 
point in Figs. 1 16 and 1 17, and heginning on the axis in F'ig.s. 
1 18 and 1 19) and determine the distance d which is left over at 
the generator end. I hcn the effective voltage li at one of the 
voltage antinodes when the line has reached its .steady state of 
o.scillation is determined by the equation 
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A sin , = 6' 

A. 

where (• is the effective (or niaximunij value of the generator 
voltage. 

'I’his analysis of the ulliniate steady state of oscillation of a 
transmission line (on which the losses are assumed to he zero) 
producetl by an impressed electromotive force of any specified 
frequency and value may be more clearly understood by out- 
lining tlic corresponding problem in the vibration of a string. 
'I'his coiTesj)unding problem will not be given, however, in the 
exact anah^gous form which would be the finding of the ultimate 
.steady .state (yf oscillati(»n of a string when the end is acted upon 
by a periodic /t»nr of specified fre(|uenc:y and value; a much 
simpler and e([ually suggestive problem will be given, namely: 
The end of a .stretched string is moved to and fro sidewise at a 
sixrcificd frequency and through a specified amplitude, the motion 
being harmonic. Re<iuired the ultimate steady state of oscilla- 
tion of the string, ignoring friction. The ultimate steady state of 
oscillation of the .string is a standing wave train of w ave length 
where X is the distance traveled by a wave on the string 
during one complete cycle of the impressed motion of the end. 
Let D be the amplitude of motion of the .string at an antinode. 
Then Dsinx/X is the amplitude of motion at any point, where 
X is the distance of that point fn^m a node. Lay off a series of 
half W'avc lengths from the fixetl end of the .‘string and determine 
the length // which is left over as in l'ig>. 116-119. 
amplitude of o.sciIlati(^n i»f the .siring at an antinode when the 
string reaches its ultimate steady state of oscillation is then 
determined by the equation 

D sin = fJ* 

A. 

where G is the given amplitiule of oscillation of the end of the 
string. 

34. Experimental demonstration of stationary electric waves on 
a pair of straight wires. — rhe velocity of clectn)magnetic waves 
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on a plain transmission line is the siime as the vclocit^' of light, 
namely, 186.000 miles per seeoiul, and therefore it is necessary 
to use an alternating electnunoiive force of extremeh high fre- 
quency if one is to produce a stationary wave train upon a plain 
transmission line of motlcrate lengtli. The arrangement used by 
Lecher is shown in I'ig. i jo. Two flat plates of metal C and 



Fig. IJO. 

/\ ti»gether with the rotls r and the air gap constitute a 
Hertz oscillator which is excited from the induction coil //; and 
C'ly are two auxiliary metal jdates which are connected to the 
long pair of wires aiul -*/'/>'. The repeated reversals of 

electric charge on the jilaies C' and /> (produced by the elec- 
tric oscillations of the s\ ^tein />) induce reversals of charge 

upon the plates C* and />' ami set the pair of wires AB and 
A' ly into oscillatit)!!. The voltage distribution over the •'trans- 
mission line” AHA* IV may be investigated by bridging a small 
vacuum tube acniss tlie line as .shown at T in iMg. 120. When 
this vacuum tube is slid along the wires it shows no luminosity 
at or near the voltage noilcs and it show s a maximum of lumi- 

• 4 — > < — ^ 

Fie. 121. 

nosity at or near the voltage antinodes. The best form of 
vacuum tube for this purpo.se is shown in Fig. 121. The narrow 
portion of the tube should have a bore of about one millimeter 
and it should preferably be filled with the rare gas neon at a pres- 
sure of 2 or 3 millimeters of mercury. Such a vacuum tube 
glows with a bright orangc-red light which is visible in broad 
daylight. If neon is not available the tube should be filled with 
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rarefied carbon dioxide gas and the walls of the tube should be 
made of uranium glass which by its fluorescence intensifies the 
luminosity of the tulx: during discharge. 
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'I'lic open cMul /» 7 >' of tlu* “ transniLssitin line** hi Fig. I20is 
a voltage anlinode, and usually a ninnher of voltage nodes arc 
found upon moving the vacuum lube /' towards th ' Ond cl//' 
of the line. It is inteiesiing to nt»le in this connection that the 
fretjueiuy of tiic i‘seillations of the system ( ri^rJ) in.iy he fiaind 
b}' measuring the lii^Ntancj. bet\\c‘i*n ailjacejU voltage node.s on the 
“ transmission line" and considering that this is the 

distance traveled, by .iti electn^m.ignetie wa\e during one half of 
a complete t>scillation. 1 hu^^. if the ilist.mce bet wee lu adjacent 
voltage nodes is 3 feet» the ti»tal wave length is 6 feet, aod one 
oscillation is the time retpiired ft*r an elect nnnagiictic wave to 
travel over this distance, namely. 3.05 x 10 of a second, which 
eorrespo!uls to a frequency of 327.000.000 oscillations per 
second. 

l’'igures 122 ami 125 show Seiln’s arrangement for demon- 
strating stationary \\a\»* trains on a pair of par.illel wire.s. One 
of the “ wires .s.V co!.^i>ts i«f a single l.iycr of fine wire wound 
on a long w ood.cn o«d. and the other ll ’ir is a very fine bare 
wire stretclu'd along-id.e of and parallel to W. In I''ig. t22 the 
upper cm! o*" tlic ’• iransu^i^^ou line " i'> open, that is, the, long 
coil .V.V and the fine wire //'//' are insulated from each other 
at the inpper e!id ; ami in I'ig. 12“; the upper end of the “trans- 
mission line " sfi. n t-i ireuited, that is. the long coil .S'.V and 
the fine wire U'll' are coimecled at the upper end by a metal 
bar in Fig. 123. In (U'der to produce a stationary. wave train, the 
arrangement shown in l igs. 12: and 123 is connected as shown 
in Fig. 124. An induction coil // charges a condenser C 



Fig. 124. 

which discliarges rcpcatc<lly across the air gap ^ and through 
the adju.stc'ible inductance ICach discharge is oscillatory (fre- 
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qiicncy e qual to \\2TrV I^C) and the terminals TT arc con- 
nected ac ross the inductance as shown. 

Figure 122 sluiws the “ traiismissifni line,’* open at the upj>er 
end, oscillating in its fundamental mcjde, the voltage at and near 
the voltage i^ntinode being suffieient to cause a brush discharge 
between the fine wire and the long coil .S\S‘, as shown by the white 
shading in the upper part of the figure, h'igiire 123 shows the 
“transmission line,’’ short-circuited at the upper end, oscillating 
in its fundamental mode, the v<jltage at and near the \’oltage anti- 
node being sufficient to produce a brush discharge between the 
finfe wire amt the coil wSW as shown by the white shading in the 
middle part of the figure. The object of using the fine bare wire 
as one wire of the “ transmis.sion line ” is to facilitate the forma- 
tion of a brush discharge. The inductance and capacity of 
the “transmission line” in h'igs. 122 and 123 is discu.ssed in 
Appendix 


36. Clock-diagram models of moving and of standing wave 
trains. — Let 1 be the maxiniuni value of the harmonic alternat- 



JE 


wire 

Fie. 125. 


ing current at a point on a transmis- 
sion line and let E be the maximum 
value of the harmonic voltage across 
the line at the point, positive direc- 
tions being indicated by the arrows in 
h'ig. 125. Let the instantaneous val- 
ues of current and voltage at the 


point on the line be represented by i and r. Then we may write : 


/ = I sin ( l i ) 

= E sin (ft)/ -f fl) (12) 


in which cd = zirf, where f is the frcijucncy in cycles per 
.second, and 0 is the angular phase difference between e and /. 
When e is ahead of / in phase tlio angle 6 is to be considered 
as positive, anil when c is behind / in phase the angle 6 is to 
be considered as negative. 

10 
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Con^ulcv tlu' two linrs t 'I ajul ( in Ki};, 126 wliosr 
rii)!v>ont tlu‘ \aliu-s I ami E t » si'aU;, ami 

inui'^itu- tlusr to n.ratc apaSMinly ab^ta the p int <> at a 

speed t>r / revoliiiions p-.r m • oju! or jtt/' ) radians |X‘i 

'Hpvomi. I'lieii the pri»jet' ions of ()l 
y-axis ^ 'Mt llu fixed line JA’ repre- 

>t !!t at eai li in'^tant the val^ -s of / and 
« re^jK-etivt ly. rile diai;ra'n. Fig, 126 
I’ahi.di i•^ iinaLaiietl to be M)fatin^), is 
eali^i! a e/ere * 

1 he eltK'k dias^rain is the simplest 
>e!u inc f<»r sh<uvinj^r the essential de- 
tail of an\- problem in alternating cur- 

JJ, rents when vtdtage and current are har- 

n€- 126 . . , . . . , 

inonic, and one rea.son why the clock 

diagram metiiod is so simple is that //wt* doc.s not enter explicitly 
into it but is taken care of l)y the assumed rotation of the clock 
diagram. It is therefore tr» be expeclctl that the siinple.st algebraic 
formulation of an\' alternating-current problem, when voltage and 
current are harm'jnic, is that which foriniilates the geometrical 
relationships of tile i lock diagram and which does nf>t involve 
explicitly any consi<k:rali(ai cf ehapsed lime. Thus let i\ be the 
-I'-componcnt and / , the i -crjmp<»nent of the vector (^I in Fig. 
126, and let c, and e ^ b*- tlie .r and r-comporients respec- 
tively of the vector (^E. Then we may write 


^='1 +>11 

(0) 

t' — <1 +y‘’u 

(0) 


in which 7= r'— i. These cxprcs.sions for the clock-diagram 
vectors / and /: constitute the basis of the u.se of complex 

*The student is sii{){x>sed to be familiar with the methods of representing sums 
and differerices of harmonic currents (or voltages) hy vector sums and vector dtfTer* 
cnccs of current ( or voltage) lines in the clrKk-diagrain. See pages 53-57 of Frank- 
lin and Esty*s lilemenU of Electrical Engineer Vol. II, The Macmillan Co., 
1908. 
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c]uantit\' in altcrnalin^-current theory.* A clock-diagram vector 
must n present the maxininm value f>f current or voltacje if its 
I)r<)jcction is to represent the actual instantanef)iis value / or r. 
It is u-iial, however, to reiiresent effective valiu s current and 
voltaffe by cI<ick-dia;^r;uTi vectors, f In all the following discus- 
sion effective lalues / and li are understood to be represented 
by clock -diagram vectors^ 

Clock -diagram model of moving wave train , — The parallel lines 
in the upper part of 127 represent a portion of a transmission 


tranmisaion line 



Bide view of clock*diagram model end view of model 

• Fit. 1:7. 

line; All rcpre.scnts a l<^ng cylinder of wood with equidistant 
radial rods (arrows) set into it in a helical row ; the cylinder with 
its attached arrows is supposed to be rotating at a speed of / 
revolutions ( = 27 rf radians) per sccoiul in a counter-clock-wise 
direction as seen from the end /> ; and the prtyections on the 
plane of the paper of the attached arrows repre>ent the values at 

*Scc pages 88-97, Franklin ami F.Mv's /'./rwm/s of /.\i . 7 //* #i/ I\ns;iNfer}ni;, 

Vol. 11. 

fSec page 62, Franklin and Ksly’s F.h'pntnts of EUc frit til Vol. IT. 
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the \ of the ti\inNini''si')ii line «*l tlu* allei cur- 
rent uiiieli i'' uitli .i -simple u.ui; tr.iin »(' electro- 

lUte^iu tie w.ue'; ni* th.e tr-insniiNsii in line ft iin lelt to 
n^ht. hi <\ nio\in;^; \\.i\e it.iin ; .in«l c *ue in j)h,is with each 
other e\eiy\\ heie tliat the j)n»u v tions of tile r.nlia.' arrows in 
I -’7 repjesei’f tlie ^ of c a*' ueil a'^ i1k‘ v.ih es «»r /. 

We lia\ e v h.t to eoii-^aier hiCh ; iiiul e positiv • tor holh 
nejoative' in eh etr- ‘rnai/u tie u.i\e ino\inL; to the i:.;ht al«»n;,^ 
the tiMii^ini'^sion liiu* in I’ie,. i jf. 'llunefoie, in an el- i tnnnaj;- 
netie w.i\ e nio\ine, [•> ti'.c the* enirent anii \oit.iL;e ir. isi c-very- 
uiieie he oooi^-ite 'v\ -ie.n. t!’ it is, ulunver thi- i»ne positive 
tile other v\. -t 'H _ .itt\e. 1 h.n- the proieelions upon the plane 
I'f tile ;M; ir-‘'tiu Mnnh.re.: airowsiu I'j-. ijS lepresent the 


tranumUftion line 
P' P 



Me view of clock-diagram model end view of modal 

hifc. 128. 

instantaneous values at the various i)oints c>f a transmis.skm line 
of the alternating^ currents / which are associated with a simple 
wave train movin^^ from li^dit to left, and the projections of the 
lettered arrows represent the instantaneous values of the alter- 
nating vultajjc L\ 
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CioH (lia^ram ntot/d of statuliui:^ 7tv//v’ irain, — L’i^urc 130 
shows two sine curves in planus at ri^hl anj.jlus to each (ither, and 
the ordinates /i, /2, /3 . . . /*i, c 2 , C3, . . . etc., <*f these sine 
curves arc clock-diatjram vectors uljicli represent the values at 



aide view 


Fic. 129. 


end view 


the various points along a transmission line of the alternating 
current i and of the alternating voltage c which are associated 
W’ith a standing wave train. The clock-diagram model Fig. 130 
maybe derived from higs. 127 and 128 by considering that a 
standing wave train is the superposition of two oppositely moving 
wave trains of ecpial amplitude^, l.et us first consider the volt- 
age distribution in a staiuling wave train with the help of Fig. 1 29, 
in which the numbered arnnvs constitute the voltage helix from 
Fig. 1 27 (that is, the numbered arrows in I'ig. 1 29 represent the 
voltages in a w^avc train moving to the right), and the lettered 

*It is convenifiit to sjwak of the vectors in a clock OI ami OE in 

Fig. 126 for example, as an alternating cun cut aiul an alternating volt- 
age respectively, although of course it is the /r,vV. / and f of the vectors Ol 

and (?E which represent the current and voltage. 
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arrows constitute the voltaj^e helix tVoin h'i^. 12.S (i iat is. the 
letteia'il arrows in i 2 () repre.MMit the \i»lla^es in a wa\ e train 
mo\in*; io the leiti. I'lie volt.it^e at each j)6int in .1 staiulinj^ 
wave is the ^inn ot the \oUa^e.s at tli.it jioint in tlie two oppositely 
ino\’inii- wa\c trains, and it is repri sentCil therelori' f>\' a clock- 
diagram line uhi^h i> the \ecti>r sum of llie i'lock-iliai,ram lines 
which reprc''ent the voliai^es in the respective movi v^ trains. 
\ow the vector Mim or* arrows 1 aiul ii in !mo. i ,?p is evidently 


Hhort-circuited 

f’nti 



7.ero, the vector sum of arrows 2 and /f in lM}^^ 129 is the arrow 
c2 in Fij{. 130, the vector sum nf arrows 3 and c in Fig. 129 
is the arrow cj in h'ig, 130, and so on. 

Let us now consider tlic current distribution in a standing 
wave train with the help of the current helices in I'igs. 127 and 
I 28. The vector sum of arn»us No. f in I'igs. 127 and 128 is 
the arrow n in l i;^. I 30, the vi ctor sum fT arrows No. 2 in Figs. 
127 and 12'' the arrow /j in I 'ig. 130. the vector sum of arrows 
No. 3 in Figs. i 27 and i 2S i-. the arrow 73 in h'ig. i ><’.), and so on; ' 

36 . Reflection of simple wave trains. — before proceeding to the 
discussion of the inlluence of line resistance and line leakage upon 
electromagnetic wave motion on a transmission line, It is dc.sirablc 
to consider more in <letail tlie reflection of simple wave trains from 
the end of the line. The reflection of a sim[)lc wave train from 
the short-circuited end of a line gives a sttanding wave train with 
a voltage node and a current antinode at the end of the line. 
Figure 130 is the clock-diagram mcidcl referring to this case. 
The reflection of a simple wave train from the o|)en end of a 
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line }{ivi s a standing wave train with a voltaj^e antinoclc and 
a cuiTciu iKule at the end of the line. If one quarter of a wave 
lenj^th (\/4j of the end of the model in I'ijj. 130 were cut off, 
what remained would he a clcick-dia^ram model representing the 
slationaiy wave train which is produced hy the retlection of a 
simple wave train fnjin the o[)en end of a transmission line. 

Ri'jh’t fion of a sitN/i/t' train from an inductivt: reedviug cir- 
cuit of Utglig/Mc resistance. — In this case no energy is absorberl 
by the receiving circuit after the steady state is reached, and there- 
fore the rellcctcil wave train is of the same inteiisit)' as the original 
Jidvancing wave train. I’lie result is the jn'oduction of a standing 
wave train. 'Fhe clock-diagram model of l^'ig. 130 represents the 
.state of affairs on the line, the only thing to be determined being 
/loiv much of the end if the model must he cut of. Let I be the 
current and li the voltage in the original advancing wave train. 
Then 

\LP^\Crif (i) 

according to equation f’jb), where A is the inductance of the line 
per unit length and C is the capacity of the line per unit length. 
The length of the current vector i\ in Fig. 130 is 2/, and the 
length of the voltage vector C5 in Fig. 1 30 is 2/:, as is evident 
from the mode of derivation of Fig. 1 30 from Figs. 127 and 128. 
Consider a point at a distance ..t from the end of the clock-dia- 
gram model of Fig. i 30. The length of the current vector (in 
tlie vertical plane) at the point is 2/cos and the length 

of the voltage vector (in the horizontal plane) at the point c is 
2/f sin 27 r.j/\. Therefore the ratio of the voltage vector to the 
current vector at the point z is 


2 1 cos 

^^The sine curves of Fig. 130 pass through a complete cycle from 5 ro to 5 — / ; 
therefore the distance A corresiKiiuls to a whole circumference or xr radians, and the 
distance z anresponds to ::/A \ 2 t radians. 


X E 21TZ 
= J tan .. 
27r.cr 1 X 


(«) 
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and throughout the n i^ion o to ' X/4 in I'm. I 30 the 
Voltaire uo ' .iluMti of the eunvnt in phase. 

Let A' he llie reai lanee of the iveeivin- eireiiit, th n elVeelive 
vt)ltai;e tii\iilt‘d In* et’lL tiv e euirent at tiieeinl of the li u; must he 
tt> A", aiu! the niusi lie i/v’ ahead <»!’ t le eurrent 

in ph.i'^e'’ hecaii-^e the \(»itaj4e at tlie end «*l'lhe liiu* is the voltage 
which acts o!^ the iecei\in.:‘ urcihl an.d. the current at the end <»f 
the line is the current uliieli enters the leccivin^ circuit, 'riicre- 
fore, tV'nn equation \\) \\e ha\ e 

---A' (iii) 


and snlvln^ this ii.r \m.- haw 



X an^Ic wliusc tangent is 


AY 


(iv) 


but the ratio Ijli is equal to ] T; A aceordiiv^ to equation (i) 
whence e(iuati<»n dv) hecoint‘*s 

r= y an;.;ie whose tan^^ent is A’l Cj L (v) 

which is the lern^th is to he ( ut off the end fif the clock- 
dia;,oam model l•'i^^^ 130 in order that the nitidel may correctly 
repr' --t nt tiie standinj.^ \Sri-ce train whii.h is producetl by the re- 
flection of a simple train of eleetronia^^netic wave!^ from the j;iven 
receiving circuit. I hu>., if A’ zero we iiave a short-circuited 
end and .: = o ; if A' is indefinitely lar^e, = X/4, and the 
reflection is of the same cliaracter as that which takes place at 
the open end of a line. 

When Af VCj/. is equal Ut unity, that is, when the reactance of 
the reccivinjj circuit is e(pial to v'LjC, then .7 = X/8. The 
clock -diagram lines at the end of the transmission line in this case 
(at a point distant X/8 from the end of the model in log. 130) 

♦See pages 6S-71 of Franklin and V/sXy*^ /<frt 9 i<nfs of Elettrical Engineerings 
Vol. II. 
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arc show 11 in 131. The t\v(i vectors represent current 
aiul volti|^c at end of line due to the original advancing wave 
train, tli* two vectors /v and J\' represent current and voltage 
at eiul of line due to the reflected w.ave train, and the two vectors 
\ and V rejiresent the actual resultant current and voltage of 
the standing wave train at the end of the line. It is interesting 


S 





Fig. 131. 

to note that the reflection which is represented in iMg. 13 1 (when 
X^Vf^fC) retards the current phase by {OA to OK) 
and advances the voltage phase by 90° ((\1 to 

When the receiver at the end of a line is a condenser, the 
reflection is such as to lie represented by the clock -diagram model 
of Fig. 130 with a length of more than X/4 and less than \/2 
cut off the end, according to the capacity of the condenser. 

Reflection of a simple waxr train from a non-iminctive receiver 
of gwen resistance. — If the resistance of the receiver is equal to 
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I Lj C no reflection takes place as explained in Art. 28. If the 
resistance the receiver is greater than \'Lji\ a portion {a) 
of the advancing wave train is al>M)rhed, and the remainder (;) 
is reflected witli reversal t»f current phase; and the current and 
voltage distribution over the transmission line is the sum of two 
distributions, n.imely, ^i) the dislnbutii»n e<^rrcspondin^ to the 
absorbed part (*/) of the orij^dnal advancin;^ wave train and (2) 
the distril)Ulion C(»rresp(»ndin^ to a staiuliuj^ wave train made up 
of the reflected wa\e train aiul the portion (; ) of the orij^inal 
advaneiiiL; wave train. If the leM'-t.mce of the »\:ceiver is les.s 
than 1 A/c'. a i><»rti«'.n oM of the aihancin^^ wave train is 
abs*»rbcd, and the reinaiiulcr \r) is reflected with reversal of 
voItaL^e phaM.* ; and llie cuiumU aiul voltage tiistribution over the 
line is the sum of twn distributions as before.* 


AV//t i (>/ (t a trtnn it ; « rc/rvV/i;* circuit of given 


resis^utnee 

have 


R and gr/iH rnu t^tUiC W — h'rom equation (7/;) we 


/ _ li 
1 \ L 


(Vi) 


where / is the current and /: tin* \ olta^^e in any travelinjf wave, 
L is the inductance of the line p» r unit len^^th, and C is the 
capacity (jf the line per unit length. Therefore / and /: in any 
traveling wave nia}’ be represented by clock-diagram vectors of 
the same length if current be represented to Jhe .scale kV C am- 
peres per inch and voTl.age to the scale kV L volts per inch, k 
being any constant. Let /„ arvl be the current in and tiie 
voltage across the given receiving circuit. Then 


is known and 


' n 



*This matter is illustrated hy problems in Appendix C. 
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is known,* where 6 is the angular lag of behind in phase. 
Draw the line 0 /:^, I^g. 132, of any arbitrary length, and draw 
the line 0 /^ making it 1 f^l Cj v -f times as long as OEq. 
Draw the line lij^ and bisect it at /. Then the line Op repre- 
sents the current (scale k\' C amperes i)er inch; and it also rep- 
resents the voltage Cscalc kv L volts per inch) in the original ad- 
vancing wave train ; and, inasmuch a- the original advancing wave 
train must be given, it is evident that /■ inav* be found. Then the 
line pE^ represents the voltage in the reflected wa\e train (.scale 
kV L volts per inch) and the line pl^ represents the current in 
the reflected wave train (scale k\ C amperes per inch l.■^ Having 
given the resistance and reactance ^ 

of the receiving circuit, the line ^ 

con.stants L and 6, the wave 
length X of the original advan- 
cing wave train, and the current 
and voltage values in the original 
advancing wave train, the resul- 
tant current and voltage vectors 
at a point on the transmission line at a given distance from the 
end of the line may be fiuind as follows : Having constructed the 
diagram, Fig. 132, turn the vectors /' and EJ in a counter- 
clockwise direction through the angle 2 Trzj\ turn the vectors 
/" and /:" in a clockwise direction through the angle 27 r,:/X, 
and take the resultant of tlie two current vectors and the result- 
ant of the two voltage vectors so found. undcr.stand why 
one should turn /' and /f' in a counter-clockwise direction, 
look at end li of the clock-tliagram model, I'ig. 127, and con- 
sider the angle between arrow I/? and the arrow distant .c from 

* Sec pages 66-71 of Franklin and Ksty’s of 

Vol. IL 

f It nced.s no argument to make the truth of Fig. 132 evident. /' and /•/ must 
be equal (in length) and in the same direction, and nui.st he equal (in 
length) and opposite in direction, must he the vector sum of F and and 
i?0 must be the vector sum of /•;' and A'". 
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the cm! of the model. 'I'o iinderstaiul the turning of /" and /i", 
look at end /> of the clock-diagram model, Fij;. j 28. 

37. Algebraic formulas for simple wave trains. — Heforc taking 
up the discussion (»f wave motion on a transmission line where 
wire resistance and line leakage are not negligible, it is desirable 
to establish the algebraic formulas for simple wave trains * on a 
transmission line of negligible resistance and leakage. The most 
useful t algebraic formulation is that which expresses by the use 
of complex tpiantity the geometrical relations in the clock-diagram 
models of Figs, ij;- and i jS. lapse of time bcr.ig omitted from 
the equations .uul left to the imaginati(»n as the assumed rotation 
of the dock-diagram model. 

Consider a \ectnr 1 in the clock diagram. The product, 
= /(cos Q 4 - ./^in O), is a vector of the same length as / but 


]y-axis 




turned through the angle 9 in a counter-clockwise direction, 
where e is the Najjerian base and 7=1 i . This is evident 
from Fig. 133.! Fet Fig. 134 represent the clock -diagram model 

♦A simple wave train <.aiiiir»i rxi'^t on a line lia\in^ apprecit^hle wrire resistance or 
leakage. 

t'l'he formulation wliieli corre'.|if>n<ls to equations (ii) aiirl (i2) where the lime 
enters explicitly is as follow- : 


I sin 2rr 


(; -f) 


/> E .sin 27r 


C-t) 


where /- is the wave leii'^jth of ‘.he wave train, 7 ’ is the periodic lime of the wave 
train, z is the distance measured a1on(; tiie axis of progression from a chosen origin 
to any given pfdrit af the wave train, and / is elapsed time. 

J See pages 88 97, I’Vnriklin and KstyVs hlnnenh of Etedrieal Kngimerin^^ 
Vol. n. 
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of Fig. 1 27 a.s seen frciiii the end H ; tlic vertical arrow is the 
.same as the vertical arrow in Fig. 1 27 and it is the clock-diagram 
vector which repre.sents the current (or voltage) at the point p 
of the transmission line. .(\t a point p' distant from p the 
clock-diagram \ ector is the arnnv He in Fig. 134, and, repre- 
senting the vector li\ (or Ua) by /„' (or by /:„'), we have 


and 


. '217 4 


1 < 

> 

II 

(^ 5 » 

. 2nz 

< 

II 

(16) 


where /' is the current vector and is the volta<;c vector at the 
point on the transmission line as shown in h'ijj. 1 27. Figure 
127 represents a simple wave train traveling to the right (in the 
direction of decreasing and e([uatiuns (15) and (16) represent 
a simple wave train traveling in the negative direction along the 
j-axis (direction of decrca.sing :). A simple wave train traveling 
ill the positive direction along the .c-axis (as represented by the 

clock-diagram model of Fig. 12S) is given by 

% 

. SITS 

(,5<„ 

= A (irw) 


38. Harmonic decaying waves on a transmission line having 
appreciable resistance and leakage. — Consider a point on a tran.s- 


generator 


end 




X 4 




■ Y 


,*.,r 7 

Flc. 135. 


receiver 


end 


mission line at a distance s from the receiver end, as indicated 
in Fig. 135. Let / (a clock-diagram vector) be the current in 
the line at the point, and let /i (a clock-diagram vector) be tlie 
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voltage across the line at the point. The arrows in Fig. 1 35 
represent posi/ivc iUnr/iom of current and voltage. 

Consider an element of the transmission line of length Aj, 
and let / + A/ and J: + A/: be the current and voltage at the 
end of the element. *is shown in Mg. 135. Let R be the 
resistance. c<uinting both uires.^ of unit length of the line; then 
/v Aj is the resistance of the element A:. Let X he the react- 
ance of unit length <'f the iiiu- ^t'»gials jtt/A wliere f is the 
wave frecpieiuy and L i^ the induct.mce of the line per unit 
length). Ti'.en AV A; is the loss of voltage in the element due 




to resistance, and this in phase with (parallel to) I as 

shown in I'ig. 136; and XI A: is the loss of voltage in the 
element due to rca<'tan^ e. ami this loss, being ahead of / 
in pha.se as shfovn in I'ig. i 3^>. is properly expressed algebraically 
as j'Xf A,:*. Therefore the total voltage loss in the element 
is A/: = (AV + yAV)A:- whence 

;"=_(A'+yX)/ (17) 

Let C be the capacity of unit length of line, then A 7 (l / 2 ir/C) 
is the current which charges unit length of line, and it is 90® 
ahead of li in phase, t Therefore, writing K for 2irfC^ and 

* In e'luation ( lo) 2 A' is the rcsi.stance of lx>ih \virc.s of unit length of the trans- 
mission line. 

t See pages 66-68, Franklin and Esty*s Elements of Electrical En^neerif^t 
Vol. II. 
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multiplying by A?, we have an expression for the charging 
current of the element, namely, KE A.; ; and inasmuch as this 
charging current is 90° ahead of E in phase it is properly 
written j'KE.-Ls. l.et i/.V be the insulation resistance of 
unit length of the line, then the resistance between the wires 
of the clement Ai" is ij.Vx i/A"; dividing /; l)y this resist- 
ance we have the leakage current X/i S'j across the line ele- 
ment Aj, and this leakage current is in phase uitli (f)arallel to) 
E. The total difference between the current which enters the 
element A; from the left, namely, / -f A/, and the current 
which flows out of the element A; tc) the right is 

A7i A~ -I- jKE Ez 
and this is equal to A/. Therefore 

+ (18, 

Differentiating equations (17) and fiS) with respect to we 


have 

,/-/i 


\h 

and 

<E-I ... 7 /i 


= (*' + 7 ^ 


whence, using the values of dljdz and dlijdz from equations 


(17) and (iS) we 

have 



d'E 



={E+jX)(X + /E)E 

(*9) 

and 

d-r 



^{R^jX\X^jK)I 

(20) 


Let us consiiler equation (20) which determines the distribution 
of current over a line having resistance and leakage, and for the 
sake of brevity let us write : 

(a +jfiY^{R+jX){X+jK) 


(21) 
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fri>ni which by scp;iratin|4 real aiul iinai^iiiaiy parts we liace 

^ -f A’-h A - + A'”’) p 4- \( A\\ - A'A' (22) 

aiul 

^ + I A [(A-’ 4- A*%V= -h A'^)ji -- h(A\V- Xh ) ( 2 i) 

in which A is the Tcsi^iiancc cif both wires in unit lcn{.;th t>f line, 
X is ctjual to 27 r x rrei[ueney x iiuhietance of unit length of line, 

I /X is the insulation resistance between the wires of unit icn^jth 
of line, and A' is eijual jtt x frciiuency x capacity of unit 
length of line. 

Two particular soIiiti»‘ns of etjuation (JO) are 

/' = / 'e- ' and * 

in which e i'* tlie Naperian base; or, sejiarating the exponentials 
into two factors, we have 

/' = //e* (24) 

and 

/''-/;. - f (25) 

in which /.' and /'* are undei»*rniined rmistants of integration. 
The rninpiete aiu e t(;u,iiit»n ( J4) i'^ shown by the clock- 

diagram model, I'ig. 1 3>'. :ind the c»>m])lete signitlcance of eejua- 
tionfjj) is ^hiown by the ^ lock-diagram model. lA'g. 139. When 
j: = O we have / = /^ in both cfjuations (J4) and (25); th«it is 
to say, the constant of integration is in each case the current 
vector at the origin of coordinates (the point on the line from 
which j is measured). At the point p on the line at a dis- 
tance from the origin, as slu)wn in Fig. 138. the length of the 
current vector is //c“' and the factor [see equation (24)] 
signifies the turning of the current vector through the angle / 3 s 
in the counter-chjckwisc direction (sec end view' in Fig. 138) 
starting from the dircctif)n of the current vector // at the origin^ , 
The clock -diagram model, h'ig. 1 38, is a left-handed helix of which 
the length of the radius is as indicated by the ordinates of 

the curve 6’C, and, as this helix rotates f revolutions per sec- 
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ond, it represents the current values in a flecaying wave train 
traveling fioiu left to right in the figure. The cluck-diagram 


^ to 





model, Fig. 139, is a right-handed logarithmic helix, and, as it 
rotates f revolutions per second, it represents the current values 
in a decaying wave train traveling from right to left in the figure. 


11 
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tiatc tqiMlions (24) and (25) witli rc.s{K‘ct to and make u.se of 
equation (iH). We thus find; 


and 




+ /iy 
y+jK‘ 


(26) 




I jH 
A’+yA' 


•/" 


(27) 


Tliercfoio the voltage vectors /•.' in the (loi'k diagram, I'i};. 
I3«S, art all ahead of tiie current wi'lors /' hy the pluasc angle 
wheie 


tan 0 = 


AW - Ki 
A-7 + Kfi 


(2S1 


anti the voltage vectors /:" in hig. i v.; are ahead of the current 
vectors I" hy tlie |>liase angle 180 -r 4 >. I'he expression ftir 
tan 0 is zero when the line losses are zero and also when the 
condition of tiistortionless wave transmission is satisfied {see 
Art 321. 

Furthermore, from eiiuations (26) and (27) we have : 


and 


whence 


and 


A' _ /' 

a+Jfi~.y + jA’ 

IV _ /" 

a +yw A'+yA' 


numerical value of li' numerical value of I’ 

+ (A-= + A-''p 

numerical value of I-V numerical value of /" 
{'t* + ^ (.V* + A*-)> 


(29) 


(30) 


Therefore, if currents he representeti in the clock diagram to 
the scale X |''A'*4- A ' amperes jht inch, aiul if \olf.iges he 
rcpre.sentctl t»i the scale I - 1 i- 4- W’ \oIts per inch, then the 
Icngth-s of anti A" are at e.icli jioint p.tch \alue of 2 in 
Figs. 138 and t39)e<]ual to the lengths of /' and /" rcsjjcc- 
tively, A Itcing any ct>nstant. 
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and i tloiity of tt di\ Mroe tniin, — Ti e \v;ivc 
lonj^th X ill I'ig. 13S is the dist.iiuv between any twi) enrrcnl 
vectors for which the an^le is ei}iial to Jtt. Thorefosc plac- 
ing fix = 2ir wo have 



The question as to the velocity <»f a tiecaying wave train is rather 
complicated unless we define the velc»cit\' as the waW length X 
divided by the ixrriod ( i j/) of the wa\'c train giving 



(32) 


Aj> a matter of fact it is not p<»>sihle to assign a definite physical 
velocity to weaves on a tr4insmission line having resistance and 
leakage, e\ce{)t when the conditit>n af <listoitionlcss transmission 
is satisfied, 

Lcgarithniw ^ / a //Wv/i.v/.; u-ttro friiifi . — The lengths 

of the ':ucce'‘--ive arrows in l‘ig. 1 ct>n>.litiite a geometric 
.series, and the ratio -.f len;^tli.s of two arn^ws c»ne wave length 
a{)art is found by substituting = 277 j d in the cr.\pres.sion €** 
giving an<i the !i.ilur«il logarithm of this ratio is 2 iralfi, 

39 ; Voltage drop on a long transmission line. — The current 
and voltage on any altrrnating-t \irn:nt transmission lino (genera- 
tor and receiver Vi>Uages .ind currents assumed to be harmonic) 
consists of the superpo^itifjii c»f a decaying wave train of current 
and voltage [/' and /:' »if eejuatrons (24) and (26)] traveling 
out from tlie generator, and a decaying wave train of current and 
voltage [/" and /:" t/ eejuathms (25) and (27)] reflected by 
the receiver and traveling back towards the generator end of the 
line. Ivdlowing is an outline of the application of ccjuations (22) 
to (30) to the exact calculation of voltage drop and power lo,ss 
on a transmission line.*^ This outline refers to the graphical 
solution of the prf)blcm ; the analytical solution u.sing complex 
quantities follow s exactly the .same steps as the graphical solution. 

* Engineers always use approximate inethcKls for these calculations. 
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A rfft'i. tT rinuit of kumoH pouuT J tu tor (cos 0) fairs a specified 
atnounl ot current /„ at a specified terminal voltage and at a 
given frt /ucncy from a transmission line of Xk.ltich the constants R, 
N and K are kmnon. It is rct/uircd to find the voltage and 
current at the 'generator terminals of the line and the pmver losses 
in the line. 

Represent volta{{es in the clock (liayrum to the scale kV «* + > 3 * 
volts per inch, and represent currents to the scale kV N* + A'* 
amperes per inch, where k is any arbitrary constant, as explained 
in connection with equations (29) and (501. Represent the given 
values of and /„ at receiver to the chosen scales, making tlie 
angle between equal to — as shown in Fig. 140 




(or in Figs. 142, 144 ot 146). liisect the line Efi^ at the point 
/, draw the arrows Op, pH„ aiul /■/, aiul then rotate the tri- 
angle OpE^ through the angle <j> as shown in Fig. 141 (or in 
Figs. 143, 145 or 147) thus giving the correct clock diagram 
Fig. 141 (or h'igs. 143, 1.^5 or 147). In this clock dwgrani the 
vectors /i/ and // represent at the receiver end of the line the 
voltage and current which are associated with the decaying wave 
train coming from the generator, and the vectors EJ' and //' 
represent at the receiver end of the line the voltage and current 
.which are associated with the decaying wave train which is re- 

« Figures 140 and 141 arc constructed on the assumption that and 4 are lioth 
positive ; that is, on the assumption that is nhentl of in phase and that the ex- 
pression equation (a8) is positive ; Figs. 142 and 143 are constructed on the assump- 
tion that 0 is negative and ^ positive ; that is, on the assumption that is ahead of 
in phase and that the expression equation (28) is positive ; and so on. 
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fleeted by the receiver. find the vectors which represent 

volta»{e and current at the *;enerattir, turn /:,/ and - / in a 
ctuinter-clockwise direction thunii^h the anj^Ic tii nidia is, and 
multiply the lent;tli ote.ich by €*‘, where / is the lenj^t* of the 
transmission line ; aiul tuin and I” in a clockwise circction 
through the aiv^le ii! radi.iu's .nul mulliply the length of r-acli by 
W'e lluis ilnd the \< ctors A ', f\ /: " and /" wliich rep- 
rc>;ent at the gt iierator cihI «>f the line the emrents and \oUaycs 
which are a-^socialed witli the respective deeayinjj wave trains. 




Then the rcsnltant of /:'/ and It" is the clock-diai^ram vector 
w'hich represents tlic total actual voltage across the generator ter- 
minals, and the resultant of I ' and I" is the vector which 
represents the current deliviTed by the generator. The differ- 
ence between tlie numerical values of /;’ and I\ is the required 
voltage drop in the line, ami the difference between the generator 
output of power f/i^/ x cosine of phase difference between E^ 
and /^) and the jxjwcr delivered to the receiver (/!,/„ X cosine 
of phase difference between and /J is the power lost in the 
line. 

This graphical solution is not capable of the precision that is 
necessar>' to justify the use of this rigorous method of line calcu- '. 
lation, and the outline of the graphical method is given in ordc^- 
that the successive steps of the following analytical solution imiy' 
be understood. In' this analytical solution the current vector 4 ' 
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at the rcc -ivcr eiul is chosen as the reference akis of phases so 
that /„ i' its own .r-componcnt, oT, in otlier words, is wholly 
real. Th*; arbitrary factor in the above discussion permits of 
aconveni*. nt si/ed (ira\vin<^ tf> be made ; this factoi may be taken 
equal to unity in llie followitij^ discussion. 

The lenjjth of llie line in Fi<^. 140 is and 

the complex expressuHi for the line ('V:,, is /:,/( -x'-f 

The lines /:[/ and /^' in L‘i^. 140 are both ecjual to half the 
vector sum of the lines and ; in order to turn the line 

A/ into its prr)pcr position as shown in 14 1 it must be 

multiplied by ; and the lines /:[/ and // so ft>und must be 
multiplied b>' V'V* 4- aiivl \ .V‘^4- A'“ rcsj^cctively to give 
the correct expressions for /:*/ aiul // in volts and amj>ercs. 


Therefore 


and 


« (.V=-’ + A- = )' " 


— 1/ 4- O*' ^ *!.£/«-*) 


(33) 

134) 


The line E" in Fig. 140 is equal to half the vector diflerence 




0 U^—‘ 0 I^ and the line I" is equal to half the vector difler- 
ence 01 ^ — OE^ ; in order to turn the line I\" into its proper 
jposition a.s shown in Fig. 141 it must be multiplied by t ?* ; and 
the lines and //' so found mu.st be multiplied by i 
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and I X’ + A“* rcspoctiwiy t«> ”ivc tlio correct expres^ion.s ft>r 
aiuf /„" in volt*! ;iml .uhIkmcs. 'I'lK-rctdrc 


i-r 4- W’)i 

} /• £ »_ 1 / '' ^ ,J* 


/" = 1 / — >/: 


(V + t^-V- 


I'o turn /:J and /,' in a counti'i-ol«>ckui^o direction through 
the angle we must imilliply both by and when so 



turned tliey nui''t b>>tli l)e nuiltij)lied b)’ ti> give /: ' 
Therefore 

// ' _ 1 /,- f ^ - s ' . i / . ^ 

- ■-•'f'u* f 2^, ^ y, ^ f 

and 


and //. 

( 37 ) 


r 

V 



(A 4 - A 


( 38 ) 


To turn /:/' and /„" in a clockwise direction through the angle 
Bl we must multiply both by e and when so turned they 
must be multiplied by c"*' to give JiJ' and I". Therefore 


pn „ Iff 1/ . ..-i 

“ f + AT*)* 




- J fi. (40) 


Whence, adding EJ and to get and adding and 
I" to get we find : 
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and 




+ e-'* 


IS- 4 - A'^)l (42) 

+ 5/'« (a» + /3»;i ‘ ^ 


To find the numerical values of /:^ and separate the expres- 
sions of etpiations (41) and (42) e:icli into real and imaginary 
components and take the sipiare root of the sum of tlie squares 
of the components ; *and to find tlie power delivered by the 
generator multiply .i -component of by .r-com|X)nent of 
and multiply ,;-component of by j -componeiit of ; and 
take the sum of the two products with due regard to algebraic 
signs, t 

♦ Thu** ihe Sfiuare niot of \\\t sum of the .viuares of the components which arc given 
in c<|ua(ioii ( 13) is | t\^ • that i^ to say, the factor ; which «iark> the 
|x>nciit is not a part thereof, the t'*componeiit is not //j,. 

fSce |>age 95, Franklin ami Ksiy’s LUnunb of LUitrua* Ln^infttin^^ V’ol. 11 . 
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GENERAL EOLATldNS oK THE ELEC rKi)MAGNET4C FIELD. 

FREE 1! EC'l koNLVGNK riC WAVES. 

40. Need of more elaborate mathematical theory. — The di.scus< 
.sion of clcctnMnay[iu‘lio waves as ^iven in t hapters IV and V is 
based almost solely upon the physical id<‘as of .Art. i.S, andin 
workinjf out the details in Chapter IV, extensive u.sc ha.s been 
made of the analoj^ies ln;tweon electric waves and waves in mate* 
rial media. This is perhaps the best possible method as far a.s it 
j{oe.s, but an analytical theory »*f electromagnetic action is neces- 
sary for the treatment of the more complicated phaiomena of 
electric waves. 

The analytical theor)' of electroimgnctic action involve.^ an im- 
portant branch of pure geometry w hich is not gctterally under- 
stood, the geontetry of scalar and vector field.s, and the greater 
part of this chapter is of nece.s.sity devoted to this .subject. Be» 
fore proceeding to the discu.ssK)n of scalar and vector fields, how- 
ever, it is desirable to establish the differential equations of the 
simple kind of canal waves which are discussed in Chapter 1^ 
and, by finding the general s<ilution of these etpiadons, to verify 
some of the inqjortant ideas which have been introduced with- 
out prcliminar)- prot^f int<» tHjapters I and II. • 

Differential equations of 'ioater loa-i'es in a canal, — The phys- 
ical actions in the ta{)cring parts of the water wave which 
is shown in Fig. 7 may be ca.sily formulated a.s follows, the 
elevation of the water level in the wave being very small as 
compared with the depth D of the still water in the canal. 
Let h *>/(•»■) be the equation to the curve IFiFIF' W’, Fig. 7 , 
formed by the surface of the water in the wave, h being an or- 
dinate measured from the normal water level, and x being an 
abscissa measured to the right from a’ chosen origin as shown jn. 

IS4 
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Fig. 14S, L«-t l>e the thickness of the slice ATi\ then the 
excess of liy tin )stalic pressure over every part «>f' face II t)f the 
slice is dJUIx-^xn where ilhjdx -^x is the difference of 

level of tiic water on the two'sides of the slice, t is the density 
of the water, an<l j' is the acceleration of gravity. 'I'hcrefore 



the unbalanced force which is pushing the .slice to the left in Fig. 
148 is 4^dx- Ax X 5 X jf X where ^ is the breadth of the 
canal. 

The volume of the slice i.s I)d-Ar; its mass is Df> Axx 8, 
and its acceleration is dv'dt. Therefore placing unbalanced force 
equal to mass times acceleration we have 


dv dh 

dt ~ ,ix 


(i) 


The negative sign is chosen for the reason that the acceleration 
is negative (to the left in iMg. 148) when dkfilr is positive (as it 
is in big. 148). 

Let dh\dt be the rate at which the water level of the slice is 
rising ; * then dhfdt'At is the a('tu.4l ri.se during the interval Af, 
and dkfdt-At x ^ X Ax is the vciluine of water which accumulates 
..in the slice during the interval At. The volume of water jjer 

ft lUftUer of fftct the water level of the slice AB in h'iK- 14^ falling, that 
; is negative in Fig. 148. 
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second winch flows into the slice across face is vl) '^ where 
:• is tlie velocity of flow of the water at face A ; and the 
volume of water per seciMul which flows out of thcsiho across 
face /> is 4' f /:'/</.*' A ryV>. Therefore the volume ^f water 
which accumulates in the slice durin*; the interval A/ is 
[r/)fi ~ i :• + • A rl/ • A/ or ~ ■ A.r • A/. 

Hence, placin'^ these twi» exj>rcssu>ns fi)r the accumulated volume 
of water equal to each other, we have 


./// 

t/r 



(«•) 


DilTerentiatin^ et]uati(in li) with rc>{K“Ct to f and equation (ii) 
witlt resiK'ct to x, wc ha\ f 


ii'v tPA 

,ir- 

and 

d’h 7 )'^**’ 

dxdt ~ dx* 

from which we have 

dt^ 



Similarly, by differentiating; equation (i) with respect to x and 
etfuation (ii) with respect to ( wc fincl 


d'h . //*// 

(iv) 


Two particular solutions of cejuation (iv) arc 


II 

1 

(V) 

and 

Vt) 

(Vi) 


in which F and / represent any functions whatever, and in 
which 

(vS) 


V-VgD 
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It is evident that ccjiiations (v) ;ind (vi) satisfy c(|uation (\v), be- 
cause by (iiffcrcntiatin^ ec|uatinii (v) »»r c(|uation (vi) we have 


dVt dVi 
dt^ * ^ \ix^ 


ICciuatioii (v) represents a wave, of any wave shai>e whatever 
as reprcM iUed by the undetermined function /, travelin[{ at 
velocity /' in the direction of increasinj^ x without any chanjjc 
of sljape ; and eijuatifui (vi) rejiresents a wave, of any wave shape 
whatever, travelinj' at velocity /" in the <]irection of decreasing x 
without any change of shape. I'o show this, consider a curve 
of whicli die ecjuation is 

(viii) 


and imagine this curve to travel at velocity I ” in the direction of 
increasing x. After / seconds the curve will have traveled a dis- 
tance Vt, the eejuation of the curve referred to a orij^in 

will be equation (viii) as before, but the etiuation to the moving 
curve referred to a fixed origin may be found by substituting 
(jr— 17) for .r' in equation (viii). 

Knowing the value of // which is associated with a pure wave 
traveling in the direction of increasing x [sec filiation (v)] , the 
correct expression for in the same wnvc may be found with the 
help of equation (ii) as follows: Differentiate cquatwm (v) wrtb 
re.spectto /, place the value of d/ijdf so found eiptal to — D drjdx 
according to equation (ii). and solve for d: jdx \ and we have 


dv _ r 

dr “ D 




or, substituting the value of /’ from equation (vii), we have 


dx» 

dx 



•/(.r- yt\ 


whence by integration we find 



17) + a cmistant 
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or, usiii*^' cquatiini (v), wr havr : 


:• = • // 4 - a i-onstant fix) 

The constant of inU*^ralii»n is a \cl(»cily i>f the incdi'nii whicli 

lias nothini; to do uitii wave niotii>n anil it thcjcforc, be 

taken e^ual t«» /cru. 

luiLiations i\) aiu! o'i) represent pure waves (wav'-s which 

travel without change of shape); ami the e(|ualily of potential 

aiul kinetic enerc;y at each p‘»iiU in such a wave may lie shown 

frciin e‘i'aati‘*n tix a'^ rdhavs : 1 he kinetic encri;v of the niov- 

* ' * 

in^ water in d canal wa\c per unit len;^th of tlie canal is 

ior*" X the potential cm ri^y i>f the water per unit length of the 

canal is x ‘tiul ihc*-c twi» expressions arc equal to each 

other according to equation tix). Ivquations (iii) and (iv) arc 
idtMitical to the differential eijuations of plane electromagnetic 
waves as di-riveil in Art, 57 at the end of this chapter* 

41. Scalar and vector fields. — In certain physical investiga- 
tions, it is necosary to cortsider lhe‘ temperature Jit the various 
points in a l)ody, the j)i\''Mne at the various points in a fluid, the 
density at the various pf»inis of a su!>.stance, or the electric charge 
jx-r unit volume at earh •point in a region. Such a distribution 
v'f tcmjier.iture. liydn 'static pre'^'^uie, or density is callcfl a .vrvj/rr/' 
yfoV/ !)<*ra',j'>e tin: fju intiiy umier eonsif ieralion is itself a scalar 
ami it has a dchnite valm; at ea» h point in a n gion or field of 
spare. I'lu: distribution is said to be honii\i(i'ntous or uniform 
when the ‘‘Calar quaiitity has tile saim: value throughout the field; 
otherwise the distribution is said to lx: non-homogem ons. An ex- 
ample of anon-homogeneous scalar field is the pressure in the 
atmosphere which ilccreases with increasing altitude. The den- 
sity of the atmosphere is also an example of a non-homogenc- 
ously distributed scalar. 

In certain physical investigations it is necessary to consider the 
velocity at different points of a fluid, the direction and magnitude 
*Srt; cliM.'US'tion on pag*: 17. 
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of the n«)v. of heal at dilTerciU points in a suhstance, or the direc- 
tion and intensity of an el*:ctric or magnetic fielcl at different 
points in pace. Such a di>tiil>ution of Hui*! \elocity or other 
vector is « ailed a in for Jitlti because the quantity under consirler- 
ation is a vector, and it has a definite value and «lirection at each 
point in a rej^ion or field of space. l lie distribution is said to be 
homogi'Ph >Ns or uniform when tin; vectr)r has the same value and 
is in the same direction throughout the field : otherwise the distri- 
bution is .aid t<» l)e non-hoinuj^eneous. 

Kxaniiiles of non-hoino^^eneoiiN vector fielti'. are : tlie water in 
a rolatin;^ bowl, the tna^netic fi<‘ld surrMundiri;^ an electric wire, 
and the electric field surrounding; a cliar^^etl body. 

42. Volume integral of a distributed scalar. — I art ^ be the 
value of a distributed scalar at a given point, the density of a 
substance at the given point, for example, then is the mass 
of material in the volume element At at the point, and the total 
mass M of the body is 

At 

or 

J/^fyjrt/r ( 43 ) 

♦ 

This summation or integral is called tlie volume integral of the 
distributed scalar yjr. The physical significance < >f x'oluinc Integra] 
is not in every case so simple as in the case of densit\’. If ^ is 
the volume den.sity of electric charge, then equation (43) gives 
the total electric charge in the region througlu>ut which the sum- 
mation or integration is exteiuleil. If yjr is the energy per unit 
volume in an electric field, in a magnetic field, in a strained solid, 
or in a moving fluitl, then ecpiation (43) gives the tt>tal energy in 
the region throughout which the summation or integration is 
extended. 

43. Gradient of a distributed scalar. — Let yjr be the value of 
a distributed scalar at a point / aiul let yjr + A^ be its value 
at an adjacent point distant A.r fnun /*\ then A^^A i is called 
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the /'niJU nt of ^ in the »1ircction of .v, or in the dirtction of 
tlie of refereiuc; 'We may. therefore, write 


~ <ix ’ ^ t/a 


(44) 


where h .iiui .m- the eouipoiients of .1 licfinite veet T which 
is calleti the ;//• or simply the of at the 

{xiint p. rile oj.nlit iu of a disiiihuletl scalar is therefore a dis- 
tributed \ector. ■ 


whert" 


I sc.il.u 4 xevtor, it » oijlv nr€«*«.viry 

it\ ><» r*|U.»I tti \/r • a 

Aic U\v ii:cclii*u ivl* w. r*^ ufiitrrslatui the 

iiitic.tiR'e c'll this condition^ con* 
sidcr « stin|de oise in two 
tlimrn.Mivift where A* 19 a rec- 
tor, A' And y are lU jr- and 
I ’Coti»()onent9» and S tf Ha com* ' 
|H>ncnt in any arhtttaiy <yrection, 
ashhuwn in the adjoining akjicli. 
'Htc aU>ve comlidon aa a^^ied 
' to t\%o diliiensipiii foeana that 
the Ifii(*ih of OS n equal to the 
Cf>nq)onrnl of A' parallel to OS 
{ A' w, whrre n if the cosine 
t»f fhc anj*h* l;ctween ^.S’ and 
th<! I Axi^) plus the component 
of i' parallel to OS(^..y'/i, 
!hf tosiiic of tliL ,Tng}»* lif»wrrn OS arul tlir j- axis) In order to apqdy 



this tonduion, let us i.o5i*.idt r \alu*‘ *»f thr (h.!nhuY»*tl scalar y» in the immediate 
neigh! jorho<i<l of a aod let u'* t}i*K»sr this an the origin of coTirdinatesi. 

Now 0 has a definite vaine ,ti every (i#»irU [jc, i\ *) in spare, that i%, ^ is a func* 
tionof the < i:j«’trdiriao-> ,x, ; and z, and it is a f.ontinuou.s function ; therefore it may 
be expainled by Marl.aiirinN thrt^rriii, and the higher terms of the series so obtained 
may l>e ignored in the small region under lonsidcrat ion. We thus obtain 


' ,{< " ’ Jy y ,h ’ 

for the value of i/« at any {xiint -c, v, c, the coefficients and ti^lUz 

being constants. Differentialing Ibis expression with respect to a variable J, we have, 
by the ordinary rules of differentiation, 

ihli dx d»}> dy , dz 

di dx ds dy ds ' dz ds 

but 
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A seal. I r c]uantity may liC' rcimtseiitcd' at each' iK>int of a 
plane l>y i lKij:»iit measured up frnm the phinc. 'I'hc complete 
dislribiitu- 1 of the srahu* quantity* u ill then be represented by a 
raised sui .ice or hill and the j^mtlient of llic scalar will l>e repre- 
scnte<l by the steeime.vs or j^rade of the hill at each point. 

'rile niMst familiar tase in which it is luxc'-siiry to consider the 
gradient of a distributed scalar in space is in the study iff luat 
flow in an extendeil sohM in which llie tenijicnitiire \an’cs from 
point to j>oint. 1 he he.it ilow at eacii point i‘^ in the direction of 
the resull.int teinper.iture gradient and is proportional thereto, 
'riuis, if the teinj)eratnre at .i givt;n point is.j;<)' and at a j)oint 
distant o. i of a centimeter in .i gi\en diietlioii it is 51'^ (J. tlien 
the comj>onent <»f the temperature gradient in tlie gi\en direction 
is 10® per centimeter, and the resultant t( niper.iture gradient at 
the point is the vector sum of the temperature gradients in three 
chosen directions, i )ne ex«unple of the gradient of a distributed 
scalar which is very familiar is the varying l)ydn»static pressure 
in llqiiid under the intiuence of gravit)-. Thus, the buoyant force 
of a liquid upon a submerged body is ecjual to the volume of the 
body multiplied by the gratlient c»f the pressure in the liquid. 

44. Permanent and varying states of scalar distribution. — When 
the value of a disirilnited scalar at each point in space remains 
unchanged, the distribulitui is said to be permanent. When the 
value at each point is changing, we have what is called a varying 
state of distribution. Thus, the density in a gas which is being 
compressed, the temperatures tlirouglioiit .1 boiiy which is being 
heated or cooled, and the energy density at various p4»ints in a 
region into which energy is llowing t»r lUit c»f which energy is 

ax Jy , ./: 

‘/i Vf ’ " '* 

as maybe easily seen ItyronMiUM'iiii; ./r, ..m- am! a** tin* lomjxnionlN »if 'Iherc- 
fore the gratliciit of »> in tlie iliivction <■ inay!»rfouna tn»in ilu* lirm lit* ills in tlictlirec* 
t ions of the axes nf ri'fermre exaetlv a*» il llie*'f* j;iailirn‘'' in llic ilirectioii'i ol the 
reference axes weir ihe ('oni|Hiiienis ol .1 \eri«ir. ImleiHl Uie jjiailiiMits in ihe tlirec- 
(ions of the reference axes are llie c«»iii|n>iienis of .1 \eru>r aiul this \ector i> the 
re.sulUint gradient or .simply the gradieiii of ihe given tlinti iluited scalar. 

12 
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flowing are examples of varyin*; scalar distrihutioiis. When the 
density of a substance at a point is decreasing, there is a flow of 
material away from the point ; when the energy density at ai)oint 
is decreasing, tliere is a flow of encri;\' away from the point 
Thus, the time rate of cham;c c»f a ilistributed scalar at a point is 
sometimes associated witli a peculiar vector distribution in the 
neh^hborlu.iod of that pi>int. riuis the time-rate-of-chan|{c-of- 
deiiNity of a fluid at a point (which is a scalar) is the essential 
feature of the peculiar ili\eri;ini^ tlistiihutioii of the fluid velocity 
near the point. ^hi‘^ sc.iKir a-pect of tlie iliver<;ence of a vector 
in the nei^^hlx'iho. id of a point is called the r//rt7;^i7/re of the 
vecu>r at the [>“i!it. See Art. 50. 

45, Streamlinesof a distributed vector. — A line drawn through 

a field so a> tv» be at each p^'int in the direction at that point of a 
ilistributed vector i^^ called, a .V//c of the di.stril)utcd vector. 

The manner of distribuii<‘n <»f a vector i> clearly represented by 
the u>»e in ima;^iiuili‘ »ii of vtjch line^^. In electric and magnetic 
fields. tlu^'C lines are calieii lin<‘s of force but the temi stream 
line uill Ijc used in -en« ral "lattmenls. 

46. Permanent and varying states of vector distribution. — When 

the inagnitude and diret iiciii of a distributed vector at each point 
in a vector il* Id an* coiivtant, the vet tor is s;iid to have a perma- 
nent state of di-.tributiMn ; otherwise the vectin* is saiil to be in a 
varying state of distriljution. 'I hus, wlien an orifice in a large 
tank (»f water is sufitlenly opened a perceptible time elapses before 
the jet of water beeinnes cstablisheil. During this interval the 
velocity t>f the water is changing rapidly at each jKunt. After the 
jet becomes steady, however, the velocity c)f the water at each 
p<)int remains constant in magnilnde and in direction. The mag- 
netic field in the neighborhocul of a moving magnet or in the 
neighborhood of a inf)ving or changing electric current is in a 
varying .state, 'fhe electric fielil in the neighborhood of a moving 
charged body is in a varying state. 

Rate of cJuiugi of a distributed vector at a pomt, — Ix‘t the line 
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OL, Kig. 149, represent the value at a ^iven instant of the velocity 
of a Iluid at the point /, and let the line oj 4- Aoi represent the 
velocity of the fluid at the point after an interval A/ has elapsed. 
Then Aa/A/ is the rate of 
chanjjc of ol or the accelera- 
tion of the fluid velocity at 
the point This acceler- 

ation is also a distril)uted vec- 
tor and it has a definite \alue direction of at p 

d t 

and direction at everv point ^ 

Fi,; :-l\ 

111 sj>ace. 

The rate of change of an electric field at each point and the 
rate of change «if a inai^netic field at eacli )>niut are very impeutant 
matters for consideration in Maxwell's theorv of the electroniat;- 
netic field. 

There is a particular type of \ector di'^trihutitai in tlie neighbor- 
hood of a point, namely, a diver«.;ence of the vector from the jioint, 
which ha,s a scalar propert}', as explained in Art. 44. There is 
also a particular type (»f ve ctor tlistribution in the neighborhood 
of a point which has a vector property. Con^iiier, ft»r example, 
the water in a uniformly rotating bowl. I'.very small j)i*rtion of 
water in the liowl is r<»tating at the same angular velocity as the 
bowl itself, and therefore the velocity t>fa small part <4 the water 
at <uiy point is a motion of translation combined with a nu>tion 
of rotation about an axis parallel to the axis of the bow l. Ignor- 
ing the motion of translation, what remains is a simple motitui 
of rotation. Therefore. ign<»ring the motiiMi of translation the 
remainder of the fluid velocity near a point in the bi^wl curls 
round the point. This curling of the fluid vclocit>’ round each 
point in a rotating bowl is the angular \eKK'ity of the fluid at 
each point, this angular velocity is itself a \ector, and it is called 

*Tn this illustration Iht* velocity uikUt o>n«iitlt'ration is the chanjjinR velocity ol the 
successive particles of the lUiid as they pa.ss the |x>iiU not the ehaiijiing vekx-iiy of 
a given particle while it is traveling along near The latter vehK'ity may be 

changing from instant to instant even though the former is inxariable. 
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the curl of the fluid velocity at the point. In fact, the angular 
velocity is equal to one half thc curl, according to the deBnition 
of curl given in Art 53. 

The time rate of change of a distributed .scalar, itself a scalar, 
is frequently associated with or identified as the divergence cX a 
related distributed vector, as e.xplained in Arts.. 44 and 50; and 
it is interesting to note that the time rate of change 'f a distributed 
vector, itself a vector, is frequently associated will or identified 
as the curl of a rcKited ilistributeil \ector; see An. 53. Thus 
the time rate of change of electric fiohl is pro]H)rtional to the 
curl of magnetic fieUl an<l tiie time rate of change of magnetic 
ficltl is pn iportional to the curl »>f electric field. .See Art. 57. 


47 . The line integral of a distributed vector. — Consider a line 
or path pp' , Irig. 1 3' \ in a vector field. Let A.f be an element 
of this line or path, let A' l>e the value of the ilistributcd vector 
at the element Aj.'. and let e he tlie angle between R and Aj. 
Then R co-< e is the rcsolveil part of R ])arallcl to A.r, 
R cos € Aj i.s the scalar part of the product of A* and As* 
and the summation 

/: = 2l/v cos € • As 


or 


A = /A- 


COS € 


(/S 


( 45 «) 


is called the line integral of the distributed vector R along the 
line or path over which this summation is extended. The angle 
6 is reckoned ljutween R and the jiositivc direction of Ar, the 
positive direction of Av being the directirm in which A^ would 
be pas.scd over in traveling along the line pp' in a chasen direc- 
tion. If the chosen direction lie changed, cos c will change sign 
at each clement. Therefore the line integral from p to pi is 
equal but opposite in .sign to the line integral from to / in 
Fig. 150. 

*The product R- is part vector and part .scalar, soa1.so is the sum or 

^ R but the scalar part only is of great importance in the theory ^f electricity 

and inagiiclism. 



GENERAL EQUATIONS. 


165 


Examplts.—^Ulm line integral of electric* field along a ^Nith Is 
called the electromodve force along the path. The line integral 
of a magnetic field along a path is called the magnetomotive force 
along the path. The line in- 
tegral of fluid velocity along 
a path is called the circula- 
tion of the fluid along the 
path. 

Cartesian expression for line 
integral. — Tlie most intelli- 
gible biisis for the tlerivation 
of the Cartesian expression for 
the line integral of a clistrib- 

*' Fie. ISO. 

utecl vector is as follows : Let 

X, 1’ anti /. he the components of the vector R and let tlx, 
tiy and be the components of the line element ds ; then we 
have 

A? = .V-|- y X (vector eejuation) (i) 

'and 

ds — dx -f (/)• -f- dz (vector equation'i (iif 

The product of the two \ectors R ami ds is part scalar and 
part vector ; * anil the product of .\' -f V -r X and dx -f dy -f- dz 
gives a number of .scalar terni.s, namely, X-dx, l' //r and X dz, 
and a number of vector terms such as .V <(r, Y dx, etc. There- 
fore, multiplying equations (i) and (ii) meml>er by member, and 
discarding the vector terms we h.ivc 

Scalar part of R-ds = R co^e-ds = X'dx -f V dy + Z-dz (in) 
so that the Cartc.sian expression for line integral is 

{X-dx + V- dy + X dz) (45^) 

Line integral of the gradient of a disfrilnt/ed scalar. — The line 
integral of the gradient of a di.stributed scalar ^ along a path 
from p 'to p* is the diflerence in the values of at / and 

*Sce Franklin and MacNutt's Klemenfs of pages 40 and 41. 




i66 


KLKCTRIC \VA\ KS. 


respectively. This is evident from the following o >ttsider- 
ations. Let R, Fig. 1 50, be the gnulient of at the element 
dur. Then the resolved ivirt R cos e of R in the direction of 
Aj is, according to Art. 43, the gradient d'^'iis in the dirc(^on 


of Ar. 

Therefore, we have 



R cos « • AjT a* • Af «a A^^ 


so that 

li = A’ cos e ' A< as 2^A^ as ^ 

(46) 


where yfr is the value of the given distribiiteti scalar at and 
is its value at 

Coroliary (</). — The line integral of the gradient of a distrib- 
uted scalar is the .same for all jwths from /> to />'; tliat i.s, tile 
line integral of the gradient of the ilistributed scalar is indc])endent 
of the j»ath over which the integration is j)erformed provided the 
ends of the path arc fi.xed. .An e.vception iri the case of a multi- 
valued scalar is discussed in .Art. 4S. 

((^). — The line integral of the grailient of a di-stributed .scalar 
around a closed loop is /crp. An exception in the ca.se of a 
multi-valued .scalar is discussed in -\rt. 48. 

Xote. — When A*. >' and X, erjuation f45/^), are the compo- 
nent gradients of a distributed scalar then as pointed out 
above 

X- dx -t- y- dr + X d.7=^dylr 

that is, X dx -f V dv Z dz is the complete dilTcrential of a 
definite function, that is, of a quantity ^ which has a definite 
value at each point in space. Therefore by rlifierentiating the 
two expressions d-^ dx = X and d^jdy = Y with respect to y 
and X, respectively, we have 

d^f ^dX 

dxdy~ dy 

_dY 
dydx~ dx 
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but the two clifTcrcntiais and arc equal to 

each other, so that \vc have 

dY dX 

aftd bjr ainiilar argument it may be shown that 


and that 


These are the conditions which tlic components of a distributed 
vector must satisfy at each jKiint in a field or rej^ion in order that 
the distributed vector may be looked u{)on as a gradient of a dis- 
tributed scalar in that region. 

48 . Irrotational vector distribution. Potential. — When a dis- 
tributed vector .satisfies e(|uations (47), it may be looked uiM>n as 
the gradient of a distributed scalar, and this distributed scalar is 
called its scalar potential. In case of fluid velocity, the potential, 
if it exists, is called velocity potential : in the case of electric field, 
the potential, if it exists, is called electric potential ; and in case 
of ms^netic field, the ijotential, if it exists, is called magnetic 
potential. When a distributed vector has a }K>tcntial, the distri- 
bution of the vector is said to be irrotational for reasons which 
are explained later. 

Examples, — The two hcav)' black circles in Fig. 1 5 r represent 
in section two long parallel metal cylinders one of which is posi- 
tively charged and the other of which is negatively charged, and 
the fine curved lines (with arrow-heads) reprc.sent the lines of 
force the electric field between the charged cylinders. The 
intensity of the electric field at a given point is so many volts per 
centimeter parallel to the lines of force at that point Let the 
plane of the paper in Fig. 1 5 1 be a horizontal plane, and imagine 
a hill built upon this plane in such a w'ay tliat its slope lines as 


dZ 

dY 

(47^) 

dy ■ 


dX 

dZ 

( 47 ^) 

~dz ■ 

~ dx ~ ° 



l68 


KI.KCTRIC WAVKS. 


seen projected upi»n the base plane coincide with the Hm ^ of force 
in Fig. t 51. If the lieight «»f this hill is measured in v tlts, then 
its slope or grade will be e.vjjres.scil in volts per centtineter at 
each point, in tact its gradient is a ctanplete representation of the 
electric field in the plane of I'ig. 151. riw luight at ti point of 



aft imagifKif hill ivltose slope is cverytohcrc equal to a given electric 
field is called tlu' eleetrie potential of the field at that point. The 
heavy cur\'ed lines ppp in Fig. 151 are the contour lines or lines 
of equal level on the potential hill which is imagined to be built 
as described above. The jiotcntial is the .same at every point 
along each of the heavy curved lines, and the.se lines are there- 
fore called lines of cqui-potcntial. 

The above e.xamplc refers to the distribution of electric field in 
two dimensions, and in this case the ixrtcntial hill may be actually 
constructed as a geometrical hill. In genenil, however, this is not 
possible, that is to .say, it is not pos.sibIc to construct a geometri- 
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cal representation of the potential liill. A clear idea of potential 
in this {.'.ciicral ease may Ije obtained as folh)\vs : Imagine any 
given di' tribution of electric field, the electric field surrounding 
a chargitl sphere for example, and imagine the region surround- 
ing the sphere to vary in temperature from point to point in such 
a way that the temperature gradient I'degrees per centimeter) at 
each point may be ecjual to the electric field ( v<jlts per centi- 
meter) at that point. 'I hcn the temperature at each point repre- 
sents the electrical potential at that point. Any surface drawn .so 
as to be at each point at right angles to the lines of fierce at 
that point is a surface of erjui-potential. In the eibove example, 
of the field surrounding a charged sphere, the lines of force are 
radial straight lines and the surfaces of e(jui-potential arc spheres 
concentric with the charged .sphere. 

In order to completely establish the value of the electric poten- 
tial at different points in .space (that is to say, the heights at the 
different points of the potential hill), a region of zero potential 
must be arbitrarily cho.son. That is to .say, an arbitrarily cho.sen 
region must be taken as the zero of potential. Then the poten- 
tial at any other point is equal to the electromotive force E be- 
tween the arbitrarily chosen region of zero j^otential and the given 
point. 

Multivalued potential, — The magnetic p«>tcntial in the region 
near an electric wire is multivalued. Imagine a plane pcrjjcndic- 
ular to the wire, and consider the distribution of magnetic fichl in 
this plane. The lines of force of this fiekl arc concentric circles 
with their centers at the wire. If this field is to he looked upon 
as a gradient, or in geometrical terms as the slc'»pc of a raised 
suriace or hill, it is evident that the hill must be similar to a wind- 
ing .stair or screw surface surrounding the electric wire, and hav- 
ing an infinite series of heights above any given point in the 
plane. These heights corre.spond to the possible values of the 
magnetic potential at the given |>oint in the plane. 

The line integral of the magnetic field in the neigJiborhood of 
an electric wire around a clo.sed curve or loop is zero if the loop 
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duos not encloso the wire .iiul therefore the line integi ul of the 
magnetic fieki along any two paths between two points is the .same 
if the {Kiths do iu>t ti'igcther constitute a closed loop which en- 
circles the wire. 

49 . The surface integral of a distributed vector. Flux. — I.et 

A and />, h'ig. 1 5 J. be the jsnnts of intersection of a closed 

curve or loop with the plane of the 
pa{>er, and let the curved line A/i 
represent a tliaphragm stretched across 
this l«M»p. Let A.V be the area of an 
element of the diaphragm, let /? rep- 
resent the value at A.V of a distributed 
vector, ainl let ( be the angle l)etwcen 
A' and the normal t«» A.S', thi.s nor- 
mal being alw.ays drawn from the same 
si<le 00 «>f the diaphragm. Then 
A’ cos e is the resolved jxirt of /i nor- 
mal to A.S', A'cikc-A.V is the scalar 
part of the product of A! and AA',* 

-S^coscAA 

=s J*/? cose *</5 (4&1) 

is called the surface integral of the distributed vector JR oyer 
that portion of the diaphragm over which the summation is lex- 
tended. If the normal to AA in Fig. 152 is drawn in the in- 
verse direction, that Is, from the side // of the diaphragm, them 
cose will be everywhere reversed in sign, and the surfium in- 
tegral, retaining its numerical value unchanged, will be reversed 
in sign. In the integration over a closed surface like a box or 
sphere, the normal is understood to be drawn outwards always. 

* The product A’ * A 5 is part scalar and |Mirt vector ; so nlso is the sum 
or i/s ; but the scalar part only is of great importance in the theory of etec* 

tricity and magnetism. See Franklin and MacNutt’s li/emefits of Mechanhtt peg^ 
dO and 41. V 



and the suinniation 

4 > 
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/ird/w/ZiV.— 'The surface inte(;ral of fluid velocity over a surface 
is the flux of fluitJ through the surface in cubic centimeters per 
second. The surface integral of any distributed vector is called 
the Jlux of the vector. Thus we speak of the flu.x of magnetic 
field, the dux of electric field, etc. In case of a closed surface 
we speak of the flux into or out of the region bounded by the 
surface. 

Car test tin expression fttr surface integral. — Let X, I 'and Z 
be the coin|)uncnts of the vector R, and let the areas * of the 
projections of the surface element dS f»n the co<)rdinate reference 
planes be dy ■ ds, dz d.v and dx ■ dy res|)ectively. Then dy • dz^ 
dz-dx and dx-dy are the components of dS considered as a 
vector. Therefore we have 

X y+Z (vector c(iuation) (i) 

and 

dS dy dz + dz ‘dx + dx dy (vector equation) (ii) 

Multiplying equations (i) and (ii) memljcr by member, and 
discarding the vector terms, we have 

Scalar part of R • dS — R cos e • dS 

(iii) 

= X dydz + V dzdx -yZ dxdy ' 
so that the Cartesian expression for surface integral is 

<I> » ff(X dydz + V dsdx + Z dxdy) (48^) 

flO. DlTergence of a distributed vector. — Consider a small re- 
gion of volume At in the neighborhood of a point p. l.et Ad> 
be the flux of a distributed vector R out of this region. It can 
be shown, when ^ is physically continuous, that the ratio AO/At 
approaches a definite limiting value as the volume clement At 
grows small.t This limiting value of A 4 >/At is called the dher- 

* We wre not oonoerned with the fact that </r • f/s* etc., are st^uare, whereas the pro- 
Jectiont of fiS may be any shape. 

f To prove this statement rigorously one would have to consider the expansion of 
the oomponents of the distributed vector by Macl^urin's theorem as in Art. 56. See 
in particuhur the discussion of velocity in Art. 56. 
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of the vector 
wo have 


A* at the p«iint />. 
~ p At 


h'rom thi » definition 

(49) 


in which A*l> is the tluxof a disirihuted vector K oi.tof a small 
region At in theneighhoihotul c^f a point.aiui p is the divergence 
of A’ at the [H)int. J'he divergence (»f a distrihutei! vector is a 
distributed scalar. A negative divergence is sometimes called a 

i'onz*i'rj^i nci\ 

CtiffiSiiUi t'v/*riSS{^'n /hr (//:vr/e7.vv.^ — Consider at a given 
point /» a small cuhic4il regii*n of whicli the c'dgcs arc A.r, 
A r and A:. Let A'. K aiui / he the components of R at 
p. 'fhe flux «»f I\ acnxs one of the A r A: faces of the cube 
is A*' Ar A: inft* the regii^n. and the tlux A* across the 
other A r Ac fare is {X+dXftix Ai) ArA: oat of the regiim. 
Therefore the total dux oiit*‘f thr irgi»»n across these two faces is 


iiX 

t/x 


• A.r 


Ar A? 


Similar expre‘'''i«’ns Ir.ld fi»r the other two pairs of fticcs, so 
that the total ilux out <'f the regi<#n i.s 






Xr Xy 


Xc 


and tln<> quantity divided by the v»*Iuinc of tlic re^jion Xx- XyXz 
gives the divergence p mi that 


,/X ,fV dZ 
^ + dy + dz 


(50) 


Several problems illustrating the meaning of this equation arc 
given in Appendix C. 

51. Brealdog op of a surface integral over a dosed surface iitte 
volume elemeote. — Consider the surface integral of a dtstiibutedi 
vector /( over a closed surface, normal directed outwards as stated 

*A rigorou* drrivatiun of «s)u«iion (50) would h«v« to be bwed upon the . 

thmof X, y amd Z by MicIjiurinS Ihcorem w eaempUlicd in eqiMStaos 
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in Art. 49. Imagine the enclosed region to be broken up into a 
nutnber ol small cells. The :ittrfacc ititcgml of R over the given 
€loH*d sun ace is ei/nol to the sum of the surface integrals of R 
wer the inclosing surfaces of the various eells^ normal directed 
outwards in each case ; this is evident when we consider that every 
wall which separates two contiguous cells is integrated over twice 
with dircitioii of normal reversed (see Art 49), so that the only 
.surface integrals which are not canceled in this way arc the inte- 
grals over the various parts of the given closed surface. 

Let be the surface integral of R over one of the cells, and 
let ]SA*c<>s€ A.V be the surface integral of R over the given 
closed surface. Then, from the above statement, we have 

i:A’cos€*A.s*= 

or, using equation (49), we have 

cos € • dS = ^ fi' iIt ( 5 0 

where the first term is the surface integral of a di.stributeil vector 
R over a closed surface, aiul the second term is the volume 
integral of p (the divergence of A*) thnmghoiit the enclosed 
region. 

Example . — According t*» (iauss’s theorem, the total electric 
flux out of a region is c<jual to 47r times the total amount of 
electric charge in the region ; but the electric flux out of a region 
is equal to the surface integral of electric field over the l)oundary 
of the region, anil the total charge in the region is equal to the 
volume integral of the density of electric charge in the region ; 
therefore Gauss’s theorem involves an equation like equation (51) 
between a surface integral of electric field R and a volume inte- 
gral, and it follow.s from (Gauss’s theorem that the ilivergcnce of 
electric field is at each point equal to 47r times the volume den- 
sity of electric charge at the point. 

08. Stdienoldal vector distribution. — A distributed vector is 
said to have solcnoidal* distribution in a region throughout which 

* Whai units of the electrostatic system are employed. 



*74 


ELECTRIC WAVES. 


its divergence is zero. The surface integral of such a distributed 
vector is zero over any closed surface. 'Hus is evideitt when we 
consider that tlie volume intcgnil of the divergence oi" the vector 
is zero throughout any region Ix'cau.se the divergence itself is 
everywhere zero, so that the surface integral of the vector over 
the boundary of any closed region must be equal to zero by 
equation (51). 

Tube 0/ JitKi . — Imagine stream lines be drawn in a vector 
field from each point of the peripherj’ «»f .1 closed curve or loop. 
These stream lines A»rm a tubular surface which is called a tube 
of flow of the given «listrihutetl vector. 

Consider a number of diaphragms across a tube of flow; the 
flux is the .same across them all. This is evident when we con- 
.sider that any two diaphragms together with the walls of the 
tube constitute a closed surface out of which the total flux is 
zero ; but the flux across the wails of the tube i.s zero, so thht 
the flux into the enclosed spiicc across the one diaphragm must 
be equal to the flux out of the enclosed space across the other 
diaphragm. 

Out/ tube. — A tube of flow is called a unit tube W'hen the 
flux through the tube is unity. For example, a unit tube has a 
sectional area of o. i square centimeter in a magnetic field of 
which the intensity is 10 gausses. • 

Imagine the entire solcnoidal region of a distributed vector to 
be divided up into unit tubes. Then the flux across any surfilce 
anywhere in the region is equal to the number of these unit 
tubes which pass through the surface. I'Uich unit tube may be 
conveniently represented in imagination by the single' stream 
line along the axis of the tube. Then the flux acros.H any .surface 
in the region is equal to the number of these linc*s passing .through 
the surface. In the ca.se of electric and nmgnettc fields- the lines 
of force are always thought of as representing each a Unh'tube, 
and the quantity of magnetic flux or electric flux throughf lur*. 
face is expressed by the number of lines of force which piss 
through the surface. 
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63. Curl of a distributed vector. — Consider a small plane area 
£kS at a iioint / in a vector field. Ix:t A/, be the line integral 
of the distributed vector A’ around the boundary of this sui^mc 
element. It can be shown, when R is physically continuous, 
that the ratio ARfAS approaches a definite limiting value as 
the surface elenicnt A.S' grows small and remains fixed in direc- 
tion.* 'I'his limiting value of AA/A.V is the component of a 
new vector in the direction of the normal to the surface clement 
AS, and this new' vector is called the t ur/ of /?. ]''rom this 
definition we have 

A A = ( ' Cos 6 • AS (52) 


in which AA is the line integral of a given distributed vector 
R around the boundary of a small plane element of area AS, 
C is the curl of R, and e is the angle between C and the 
normal to AS. 

To understand what is meant by the curl of a distributed vec- 
tor, let us consider a simple case of fluid motion, namely, the 
uniform rotation of a bowl of w'ater about a vertical axis at 
.angular velocity «. Consider the fluid motion in the neighbor- 
hood of the point />, F“ig. 153. dis- 
tant d from the axis of rotation' of 
the bowl. The motion of tliis small 
portion of the fluid may be thought 
of as made up of a uniform motion of 
translation and a motion of rotation at 
angular velocity a> about a vertical 
axis through /. In considering the line integral of the fluid 
velocity ''around a circle CC in Fig. I 53 > die uniform motion of 
translation of the fluid in the neighborhood of / need not be 




B 
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considered^ the line integral depends only upon the rotary motion. 
Therefore let us ignore the translatory motion of the fluid near p 
wd C9n8ider only its rotary motion about />. Let r be the 

eXo prove this statement rigorously one would have to consider the expansion of 
Che components of the distributed vector by t\facLaurin*s theorem as in Art. $6. See 
In perticular the discussion of velocity v" in Art. 56. 
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*fadius of the circle CQ The velocity of the fluid at every point 
aloni; the circle is«cqual to tor and it is tangential to the circle 
at each point. Therefore the line integral of the fluid velocity 
around the circle is etpial to the product of this fluid velocity by 
the circumference of the circle which gives It is there- 

fore evident that the line integral is proportional to the^area ofthc 
circle so that the line integral divided bj’ the area of the circle 
gives a constant. The pr<*portionalit\' constant in this case is the 
curl of the fluid velocity in the rotating l>(>wl, that is to .say>. it is 
not necessary in this case to consider the limiting value of AA/A 5 . 
Therefore dividing the line integral zirrho by the arci^of tlie 
circle irr wc hnd tliat the curl of. the fluid velocity in a rotary 
btnvl is equal to 2<o at evcr\* point in the bowl, where is the 
angular velocity of the bowl. 

This exjunple in which the curl of fluid velocity is shown to be 
equal to two times the angular velocity t>f the particles of the 
fluid at each pi»int is of ci>urse a very special case, but it cair be 
shown (sec Art. 56; that the motion of a fluiil in a small region 
in the neigh borliot>d of a point can ahvaj's be resolved into three 
parts, namely. (//) a uniform motion of translation of the whole 
clement of fluid, (/o a uniform rotation of the entire element of 
fluid at a definite angular velocity abfuit a definite axis, and (r) a 
uniform dilatation of the fluid in three mutually ]>erpcndicular 
directions. The uniform tran.'^latory motion of the fluid doQS not 
contribute to a line integral around any clo.scd curve nor does that 
part of the fluid moti*m whicli is associated with the three dilata- 
tions, so that a uniform rotation of a small body of fluid covers 
the case completely. If the plane of the j>aper in Fig. ijj is not 

*• t r 

at right angles to the axis of rotation of the bowl, then we neod 
consider only tliat component of flic angular velocity which is at 
right angles to flic plane, the resultant value of l^LJd^Si will 
4i>e the component of the curl perpendicular to plane of the 
paper, and it will lx; equal to two times the component perpendicu- 
lar to the plane of the pajier of the angular * velocity of the 
bowl. • ^ ' ’ 
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Cof^tesian expression for curl* — Consider the value of a dis- 
tributed vesqtor R in the nei{{hborhood of a point. Let Y 
and Z be the coini>6nents of R at the point. Consider the 
line ftitegral of R around a small rectangle whose sides are 
and A?, the shaded rectangle in Fig. 1 54, the curved arrow show- 



ing the direction in which the line integral is to be taken. The 
Hoe integral of R along the side £sy is F-Aj'; along the 
.opposite side the line integral is 



and therefore the total line integral along these two sides is 


dY 

da 


-A/- Aj 


Similarly, the total line integral along the two sides A^r .is 

. A 

'8S fnaylbe understoocl from I'ijjf. 1 5 5, and thcr«jfore the total line 
integ^l around the rectangle is 




*A rigprous derivation of eciuations (53) depends upon the use of MacLaurin*s 
thuorem. See Art. 56. 
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which, divided by the area Ar. A; of the rectangle gives the 
jr-component of the curl of A’ at tiie given point. In a similar 
manner the expressions for / and s components of the curl 
may be found, giving 


, ~ </V ds ' ds dx ' * dx dy 

where C^,C^ and C, arc the components of the curl of a dis- 
tributed vector A at a point, and X, Y and X are the com- 
ponents of the vector. 

Exampits of curl. — The angular velocity of a particle of a 
moving fluid is equal to one half the curl of the fluid velocity at 
each point. Mlectric current density, that is, the electric current 
per unit of .sectiojial area of a wire is equal to 1/4W times the 
curl of the magnetic fieUl when projjcr units arc employed. 


54. Breaking up of a line int^al around a dosed curve Into 
surface elements. — The regu>n surrounding the heavy line AH 
in Fig. 156 is a vector field and let it be a.s.sumed that the line 



integral of the distributed vector 
around the cIo.scd loop AB is not 
equal to zero. The arrow repre- 
sents the direction in which this 
line integral i.s taken (a reversal ^ 

-.lyn 1 .1' the line integral as explained 
m .\rt. 47). 


74 hue :KUc> il lOiund AB tx equal to ikt SUm tf tkt Ettc 
inftr^nh'.- .s> uij.l !h> lari. us nuxhti rf tmy urf-SCWfil; ^ 

odur-utsc. cu^hufUd IN AB, the line integnli 
various nashes iKring taken in the same direCtio«l tS itht Bn® 
intcffral around .///, as shown by the two or 
arrows. This projxmition is evident if we cotUlddr (t) fat 
integrating around the vari«.us meshes c.\ch portion of ffae'ddSCtl 
/oqp j 4 S is integrated over but once and in the 'threeUtm «/ 
laige arrow in Fig. 156, and (2) that in integrating around die 
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various meshes cacli' divitlint; line is integrated over twice and in 
oj^site directions. 

l..et bkL be the line integral around one of the meshes in 
Fig. 1 56, then from the above proposition, we have 

/AJcose/*=2A/. 

where R cos e • ds is the line integral of R around AB in 
Fig. 156 

Substituting the value of A/, from equation (52), we have 

A’ cos e • As = J 6 ' cos c • (54) 

in which the first member is the line integral of a distributed 
vector R around a closed cur\ e or loop and the second member 
is the surface integral of the curl of R over any diaphragm to 
the loop. 

Solemidal character of curl. — The curl of a distributed vector 
is itself a distributed vector and its distribution is always solenoidal, 
that is to say, the divergence of a curl is always and everywhere 
'equal to zero. This may be made evident as follows : Consider 
two diaphragms to a given closed curve or k>op. The integral 
of C must be the same over both diaphragms beaiuse each sur- 
face integral is equal to the line integral of R around the closed 
curve or loop (normal tc» .surface of integration being drawn toward 
fdie same .side of the diaphragm in each ca.se). If the direction 
*of the normal be reversed over one of the diaphragms then the 
surface integral of C over that diaphragm uill be reversed in sign, 
or, in other words, the surface integral of C over one diaphragm 
is equal and opposite to the surface of integral of C over the 
. other diaphragm, so that the surface integral of C over both dia- 
phragms is zero. But the two diaphragms form a closed surface 
,jutd therefore fT is a distributed vector whose flux out of or 
r into a closed suriace is always equal to zero, so that its diver- 
; gemee must be equal to zero as explained in Art 50. 

M. Rotational and irrotational vector distribution. Vector po> 
tentiai and scalar potential. When a distributed vector has curl 
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^ the vector is said to be rotatidilb^ i/istrihtfirtt When ^ 

- of a distributed vector is equaV^ zero, however, the V0dx>r;iii’ 
said to be irrotatimally distributtiL comparing equatioil$ (4/) 
and (53) and considering the statement in Art, 48, it is evident 
that a distributed vector can ha\ e a scalar potential only when its 
curl is everywhere e<iual to zert\ that is to say, scalar |K)tential 
exists only for irrotationally distributed vecU)rs. A rotationally 
distributed vector cannot be looked upon as the gradient of a dis- 
tributed scalar or potential. See problem 66. 

If a given tlistributod \ector has no divergence, that is to say, 
if its distribution is solenoulal. it may be looked up<m as the curl 
of another distributed vector. The new distributed vector of 
which the given distributed vector is the curl is called the tfcctar 
potential of the given distributcil vector. 

The cibove statements may be made more easily intelligible by 
rearranging them as follows: 

(a) We liave rotationally or irrotationally distributed vectors 
according as curl does or <loes not exist ; a distributed vector 
which has curl can have no scalar potential ; and a distributed 
vector which has no curl can have a scalar potential. 

{p) We have vector distributions which have divergence and 
wetor distributi(ins which do in)t have divergence. This latter 
kind of vector distribution is called solcnoidal ; a distributed 
vector which has divergence cannot have a vector potential ; and 
a distributed vector which has no divergence can have a vector 
potential. 

It is possible to separate any distributed vector into two parts, 
one of which has curl but docs not have divergence and there- 
fore has vector potential, and the otlier of which has divergence 
but does not have curl and therefore lias .scalar potential. 

The simplest example of that relationship between two dis- 
tributed vectors which is referred to in speaking of one of the 
vectors as the vector potential of the other, is found in fluid 
motion as follows : The rotatory motion of the various small por- 
tions of a moving fluid is a distributed vector ordinarily called 
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ilw vortex vector, and lines may be dtawn through a moving fluid 
90 as to be at each point {xiraliei to the axis about which the 
small parts of the fluid are rotating. These lines are called vor- 
tex lines. The vortex motion of a fluid is a distributed vector 
which is equal to the curl of the fluid velocity and therefore the 
fluid velocity is the v'cetor potential of the vortex motion. 

56. The linear vector function. — The simplest mode of dis- 
tribution of a vector througlirtut a vector field is that in which the 
components of tlie vector. are linear functions of the coordinates 
of the various points. In this case we have 

X = -h 

J « + "ii*" + + a sf (55) 

if = -f rtjj.r H- -t- 

where X, V and X are tlie components of the vector at the 
'point x,j',s,; A', 1', and X„ arc the components at the origin 
of coordinates ; and the various coefficients a are constants. 

It is important to understand that the distribution of a vector 
throughout a very small iwrtion of any vector field is of the char- 
acter represented by eipiations ( 55 ). This is evident when we 
consider first that each of the three components A' 1’ and X 
is a continuous function of the coordinates .r, r and s, so that each 
may be expanded in a series of ascending powers of the coordi- 
nates X, y, and s by MacLaurin’s theorem, and second that 
all terms of higher orders are negligible within a small region 
near the origin of coordinates. That is, we m.'iy write 


K- 




„ tiX dX dX 

And* .* ‘^"1“ j ' J' j' ' ^ 

* </jr dv da 


dY 


dV 


dV 


^ dx ' ^ dy ^ da “ 

dX dX dX 


(S6) 
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in which and /T, are the comi)onents the 

vMto» It the origin of the coordinates, and tlie coefficients of 4> y 
and £ are the values of the differential coefficients dXjdx, dXjdy, 
dX‘ds, etc. at the origin. 

Throughout the fuilowiiig di.scussiun the letters </„, <i,j, <t,j, etc. 
are understood to repre.sent the values at the origin of the corre- 
sponding differential cocdlcients in et] nations (56). In order to 
make the further discuvsinn of equations (55) and (56) as .sirople 
a.s possible, let us think of .\' }' and X as the components of 
the velocity of a fluid, and let us consider the actual velodty of , 
the various parts of the fluid in the neighborluKKl of the origin 
as consisting of three parts, namely, ( i ) a uniform velocity t», 
of which the components are .V„ an<l (.:) a velocity r'' 
whose components .V', 1’ and X' are given by the equations 

“■ ‘^.11)- 

r= iWa - rtj,)- + iK, - (57) 

Z'= i(,/„ - ,/,> + - rtJtJ' 

and (3) a velocity i'" of which the comix>nents X'*, Y" and 
Xy are given by the equations 

X"^ + i{a,, + a,,lr + i(a,j + 

1’"= i(«,5 + + iO/a -t- a„)£ ( 58 ) 

X = i(^i3 

The vector sum -f- v' + r*" is seen to be equal to the total 
velocity of the fluid at each point because X as given by equa- 
tion (55) is equal to X^-\- X' X" and the .same is true of the 
other components. 

The velocity repre.sents a translatory motion of the entire 
body of fluid in the neighborhood of the origin, the velocity 
repre.sents a .simple motion of rotation about a definite axis of the 
entire body of fluid in the neighborhood of the origin, and the 
velocity z/' represents a steady increase of dimensions of the 
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Mtlhn of fluid near the origin in three mutually perpendicular 
oiredaons, three dilatations as they are called. 

DiuMSSwn of velocity v'. — Consider a rotating rigid body, of, 
which the axis of rotation passes through the origin of coordinates, 
and let to^, and be the components of the angular^ 
velocity of the body around the x, y, and s axes of reference, 
respectively. Consider a point / of the body of which the 
coordinates are x, y, and j: as indicated in I'igs. 1 57, 1 58 and 
159. Consider, for example, Fig. 157. The velocity of the 




particle / due to the ^.'-component of the angular velocity of the 
body consists of two parts, + ya^ and — as indicated, 
and the .same considerations apply to Fig.s. 1 58 and 1 59. There- 
fore, picking out the .r-components of velocity in Figs. 1 58 and 
1 59, we have 

— jw, 

and in a similar manner we find 


y a 
Z' 


(59) 


By comparing these equations with equations (57) we find that 


O’. 


(60) 
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(0 \ ( ./ . 


1 •'■'■'I 

*V‘/« <(y) 


l)i)inU‘ii out at>ovc, the velocity 
T''' rq>rc^cnts a iiu rca-'C “f ilinii:n>ious of' «i portion of lluiii 

near the origin in three nuitu.ill)' perpeiuiit ular ilircctions. This 
part of the int>iion tjfa iltiiii in ara p«>int or this part of any vector 
hell! near a point is tiie jKirt in^on u !n\:!i the tliverj^^ence of the 
J.istnbuteti \eelo! litiHnii--. am! it i'- tlu\ part which must he CiUi- 
siiieretl it one wi'.in.'. to e*-ta}ili*'h 1 1^.;* uou'^ly the proposition in 
Art. 50, namely, tiuit tin- r.iiio A^h At appioaAu's a linile liinit- 
ing value a'- At ,‘[»proai iu*s /t n». 

To sln^w that lepitsents tliree luutuaily {)erpein!ieular dila- 
tations. U‘t U'. a.ss.nue tiuee diiatalion- paiallel to ihu-e reetanoular 
axes of refefxncc , aiui j. The tiiree coinj^ouent veloci- 

ties beiuL^ 


1 1 

In t»rder to tran'-forin tiu -e e^jii.itions to mw rertanjpjlar axes 
of reference .r, ; . and , it is very In lpful to make use of the 
velocity p*»tenlial / which, h-aii r«piations (ii is 

/’ = }.(/>, -f /’.r- + (ii) 

Let / 3 .. ; 7„ 7 ; 7 , 7. he the direction cosines 

of the rjew axes <jf referciue a , r, « referreil to the old axes 

J'l. "i- 

== + 7 , • ' 

-f- /\r 4 ‘ (««) 

= /V + 7a-. 

Substituting these values r»f a*,, r,, 4-, in e([uation (ii), we have 
the exprcs.sion for the velocity j>otential referreil to the new axes, 
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and clififTcntiatinjj this expression for velocity potential with 
respect lo .r, with respect to v and with respect to .s, in suc- 
cessi(»n, we find the expressions for the tiiree components of the 
fluid velocity referred to the new axes, namely 


A'" a. V,/3j)y 

+ f^7,^,+ ^373S)~ 

VA+ /’,y%).r+ v kp:-+ 

+ 

Ai7i'»J»' + (^/^.7,+ 

+ {■'’.7,"+ A. 7 /+ ^7,/)' 


(iv) 


'rhese equatiems exhibit the same kind of '.ymmetry as equations 
(58), that is the coefficient of j* in the expressj. >11 for A'" is 
equal to the coefficient of .1* in the ex[)ressiun for J''', and so 
on, and each set <»f eiiuations ('5S), and liv), C'»ntains six distinct 
coefficients. Therefore the^e two sets of eipiations arc identical : 
C(juations (iv) express exactly the ^ame type of motion as is cx- 
prcssetl by C(juati<»ns (5S). 'riiereforc equations (518) express 
uniform dilatitions (»f a portion of the fluid in three mutually 
perpendicular direct itnis. 

It is interesting to note that //A’' tfx -f tfV tfv -f liX' dz = 0. 
accordinjj to e(]uati<ms (57), so that the divergence of the total 
fluid velocity r„+ c*''+ is ecpial to the divere;cnce of 
From equations (iv) we have 


,/A'" //r" d/X^ , , , 

+ ... + .. = ^ + ''-3 

i ■ ^ 


dx 


inasmuch as 


<*,*+ 7i* = » . + ^1 + 7:' = I . V+ + 7s* == 1 

Therefore tlic divcrjjciicc of a fluid velocitj- at a point i.s equal to 
the .sum of the three mutually |X'rpcndicular dilatations 
of a small portion of the fluid near the ijoint. 
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57. General equations of the electromagnetic field. A coniplctc 
theory »»r inv**lves ;i CiMisiilcral on of the 

^^eneral et[uatioM.s of ihe cavtiiMua-'iu tit ikhl in inovrij; imrnia 
as well as in slalionaiy nv/tlia It is sul'tioiont fi^r th* purposes 
ol this text, ht»s\ever. to iiss the tu iu ial c‘<|na(i< as tif the 
elcctromai^iiclic liclii !or a Nlalionai) nu tiiuni in which the iiuhu - 
tivity is k aiul the pernieaiality i> /lA 

t'liPTtPit <///;/ fit i/tnY/f/. /utst of 

gi'furitl tymUiofiS, — An t»rtiinary electric current flowing through 


growing riecirk fiM 
dirttitd inward 



a wire is called a conduction current, and the magnetic action of 
such a current is discus.se<l in every elementary treatise on elec- 

*'rhf di<vCu>sfon here given foIlr>ws s«>fn<*whaf closfly that of Hertz. See Jones's 
translation of Hertz’s Eleitrii li\/ 7 rs, pages 195-240. A cliiicussion of the electro- 
magnetic equations in moving media i<i givm on pages 241-268. 

A good discussion of electromagnetic waves (whii h follows mainly the develop- 
ment given by Hertz^ is to he found in The Pyim ip/ei 0/ /Uei trif IVave Teltf^raphyy 
hy J. A. Fleming, Longmans, (jreen (Jo., 1908, pages 282-352. 

(Jnc of the simplest and Wst of the recent treatis«'.s on KIcctromagiietic Theory is 
that of Foppl and Ahraham, the first volume of which is devoted to the theory of 
electromagnetic action and the second volume of which is devoted to the modern elec* 
Iron theory. 
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tricity .ind nia^nctisin. I Iil* foniiiilation of tlic equations of the 
clectrom i^nctic field depend, however, upon a clear undcrstt'ind- 
inj.( of th( inajjnelic aclion nf an increasing electric field. In order 
to brin*.f this matter into relation with tliin^^s wiiich are familiar 
to a l)e.;inner, let us conshler a condenser A/MUl^ Fi^. 160, 
which is beiny charged by a current / as indicated, the insulat- 
iiiff material between the plates . I A /> 7 > havinjf an inductivity 
X, The capacity of the conden.ser AAHB is f^iven by the 
equation 





kA 

X 


( 0 * 


in which C is expressed in abfarads. /I is the sectional area of 
the dielectric atul x is its thickness. 

The atnuunt of charge which flows into the condenser during 
a small interval of time \t i't 


\Q = / Ar 


M>) 


and the increment of electromotive force across the plates of the 
condenser is given !>y the ecpiation 


AZ: = 


\Q 

L 


(iii) 


Substituting the value of C fmm e({uation (i) and the value 
of A(? from equatum (ii) in equation ^^iii) and .solving for / we 


have : 



A/:' 

A/ 


(iv) 


The intensity of the electric field between the plates -- 1^1 and 
liB, Fig. i6o, is c li‘,x .so that Ar=sA/:.r. Therefore 
equation (iv) becomes 



de 

dt 


(y) 


* The factor 1/47 is u single constant, atul it is written in this lortii so as to in* 
volve explicitly the velocity of light r. See Franklin aiul MacNutt's Elements i/ 
Electricity and Magnetism y |>ages 178-180. 
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In so far *is the niaj^iu tii' aetion nf the clei tih i iiirnit in 
Fii^ i(’)0 i-i coiK'eriuil. ihi' eiii uit i’4iin[>h tL‘, a tin- 

rtfi: / ll)Us thr“i!L:h the iiictallk pait the u’leui (the wire), 
\vh»it is callevi a f w;:; . M , in the liit « rtrie, and 

the displacement ciir»\ nt 


. v.t . IS e<|na! t.* / 

* tii 

'I he lir.o ink L:Ki! ^'f t!u- magnetic tleh! ■majpietomotive force) 
aroinul any clost\! ei;r\e K»«)p uhich eneirvles the path of the 
current in hi-. ir )0 is einial to 47r/.'‘ t onMilei theclose^l curve 
or loop which encircles the re^^ion wlicre the ilisplaccmenl current 
exists, the dotted line in the '-itie view h'i*^. n>o, and let us think 
of the ma;4nttonu4i\e foo e ai»>nnd tins di>ltc‘d line as de|)endenl 
upon the displacement euio^nt. then 


( line inte;4ral of maj.^neM'c held an>inui 
I the ilieiectric oi the Ct ndcnsei 



r-’ 


kA 


r/r 

dt 


(^i) 


This equation applies t*' any sm.i!! p»»rtioM of •lich-etric in which 
a chan^in ^4 elect! i< rieiti exi^s, and it leads at oiu:c: to on*‘ set of 
oemra! equations..!' tlie ehetroma^nctic field .is follows: Let 
X, / . and he ihr V i>mp«.:ient'' -'f an i !ei iric field at a point in 
abvolis pt r eenriniet**r, let A. M and -\ be the compfUieiils of 
the ma; 4 neli<' held, ainii« I k be tin* indnrii\il\’ i»f the dielectric. 
Suppose that the comixineiit X »»f the electric field is clianjj- 
irv^, then 1 / 477 /’* /ciAi'-A ) </.V/»// is the displacement current 
in abanqjeres acro^s the area Ar A . Now the line integral 
of the magnetic field around tlie element Ar A.:* is equal to the 
priKliict of the area of the element anti tlie .i'-r.omp»»nent of the 
curl of the magnetic fiehl at the point. Hut the .r-component 
of the curl of the magnetic field at the point is dXjdy ilAllih 
according to equation (53). Therefore, wlicn applied to the 
elementary area Ar • A. 7 , etiualion (vi) bect^mes 

* See pages I2I Nithols and Franklin’s Ehnufth 0/ Phy^ii*^ Vol. II. 
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These equations constitute the first group of general equations 
of the electromagnetic fiehl in a stalionar\- isniropic medium. 

Induced clcityomolhc force. Second .e^foup of general ajua- 
tions. Consider a small element of area Ar A: at a point in an 
electromagnetic field, 'fhe magnetic flux through the area is 
e(|ual to /liA- A r A:, the rate of change of this flu.x is ecjual to 
yi dlfdt \v ' and this rale of change of flux is equal to the 
electromotive force around tin; boundary of tlie surface element. 
The electrons »ti\o force ar«>und the surface element (line integral 
of electric field aroiuu! the elements h<»\vever, is equal to the 
product of the area of the element ami the .r-comj)onent of the 
,curl of electric field. fherefore. we have 


iit ■ ) ' 


(vii) 


The negative sign is clu)sen for the reason that an increasing 
magnetic fiehl through a closet! curve hiO}^ produces an elec- 
tromotive force around the lo«»p in the direction in which a /«;//- 
handed screw wouhl have in be turneil in order tliat it might 
travel in the direction t*f the increasing magnetic field, whereas 
in Fig. 160 a growing electric field as slunvn in the side view 
produces a magnetomotive fiwee around the chatted line in the 
direction in which a 7 ii^hz-handed i^erew wtuihl have to be turned 
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ii\ i>nkT that it lui^lu trawl in the iliitrtion tif ti r iiurtasinj: 
clectiic fide!. 

MqiiatiiJn (vii^ iviiucrs at xnwv Ut 



and similarly uc may olUain j 

i:\'f I / ./.V i/X\ ' (^Cy 2 ) 

.// ^ \ ,/; til J 

and 

I / /)' ./.\*\ 

<r '' u\.:i til J 

I lu‘-o t'»!iiat!' ‘Hs liu ''t i^jud »»« ;.;(nri.d fijuati«»ns 

ol' the electiMn)a;.;p*i lu' lirld in a siaiidiiar)' isnir«»|m‘ medium. 

— It is the nhio:! of this treatise to 
disenss clectnuua^nt tic wa\es in regions whore there is no free 
clectiic chai'i^e am! no free magnet poles, iiuieed such a tiling as 
a free maj^nct pc»le n^i e.vist therefore the diverj^ence of 
the electric field is zero and tlu‘ tliver^jcncc of the magnetic field 


is zero. That is 

,/X i/Y d/. 

, • J -T , =0 

i/v fir dz 

(63) 

and 

dL dM dX 

(64) 


+ 

4- 

II 

0 


y'lunii^^ns (ontaimu;^ hui om lUptmU fit Viui- 
itbu . - N*i oi\e Ot the <liffcrenti;d ecjualions (61), (()2), (63) or 
(* *4) can U: solved liecausc each of these eijuations contains more 
than one dejK:ndent undetermined varialde. A set of ccjuations 
each containing l)i.t one dependent variable may tic derived as 
follows : 

Differentiate the first of erpiations (61) with respect to / and 
we have 

_ V^fd-X ^d'M\ 
dt^ ^ K \dydt dzdt ) 


(0 
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Differ 'iitiatc the third of eijualioiis (Oj) with respect to v and 
llie sec*' id with respec t to an* I we have 


,r-A- 

\(,PY UK\\ 


z/iv/z "■ 

~ \lxdy~ dr ) 

(“) 


\(d‘X d^Z\ 

(iii) 


fJi\drj- dxd^) 


Substituting these values of and ^/ “ A in equation 

(i) we have 

iPX _ / ■' / c/-’A' ./=-v\ 

\ */.iv/r r/r- ^ //:* / 

Differentiating c(iuati<»n (/"ij) with respect to x we find 

i/‘X _ i^y 

dx^ dxJy lixdz 

Whence, cciuation (iv) becomes 

d\X VWd\Y d\X d\\\ 


d\X _ VUd\X d\X d\\\ 
dt^ ~ dy c/:- / 

Similarl/p wc may derive : 

d^Y _ V-/d‘Y d^y r/M’\ 
lit " \#/.r - ^ dr ^ d^ ) 


and exactly similar eciuati<^ns for Z, M and A' 

P/aPic — Cainsider a layer of electrt>nia«xnctic field per- 

pendicular to the .r-axis*)f reference, and suppose the state of the 
field to be exactly the same over the whole of such a layer. Such 
a layer constitutes a plane wave according to the definitions given 
in Art 14, Inasmuch as the electromagnetic field is assumed 
to be the .same over any plane layer jK'rpendicular to the j*-axis 
it is evident that all derivatives with respect to r and z are 
equal to zero. Therefore equations (65) and (66) become 
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r- 

,i w 
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(vi ! 
(vii ) 


Hut r”n)in ^ m;} ha\r 


./\’ ./.V ./.V 

if: d. 


wi'iiv'ii i- t" .ri-. ti- n i*- in* \ .iii.ili'Hi ■ • 

t»i : iiUii l.\ I ‘ V /. a!'<' t'» /no aiu! 

'll \ " /.:* t /it frit' 

t:*!d i . r .?•: t - ■ ^ .r/.. 'i: M j ;;; tt /^fttrr 

'liiir fs' i j..!s I h.al I'* to Ha\ , tlu‘ cKdiic ht'hl (arul 
aNo the Isehh \:\ a jjuiiie cltdroinaonclic uavt* lies in the 

plane of the wave. i Jeelrontaoju tie waves are therefore trans- 
verse wave*^. 

The eiMiaiiou-- lil.c \i: aj'al c\iij uhieh cio not \anish in a plane 
wave jxtrpeinlieular t*' lia* i .ixi^ are tin- ones c<»ntaining V, 

M ami >tij)p.-r iiMvsrvcr, that we wisli to c'*»nsiiler the 

valmjs «,f )’ al* M'o. a-wijiiiin;,; liin --- n\ llien itiso\iiU nt from 
tile M.Tor:'! of .;i-. ■ »,,? ; that dM.d! i- (j^ so that M is in- 

^aiiable ami if it i- aiurr than /' ro it- value depemU upon an 
outride aeti. .n ‘.viii- i; iia-^ tvahi::.; to do with the wave ni(»tion. 
I ’nen;}' *re it '.ve vi h <«*:j-idrr a piane eleeli ofnaf.MUtie wave 


jxrp»:ndi-. ‘ uar t** 


ami if 

s\f a I f ( 

:•»!)(. t rued only with 

the r-c« >rnp- »;n;ni 

of' t!j»: t !«, . tri*' firld 

UO IKfil 

<inly use the fi»llo\v- 

in<^ equations 

./'V 

1" 

,PV 

(<■>7) 


,//■ '' 


,ix- 

and 

,/-x 


,PN 

(68) 


,ir- 

” UK 

,/.P 


* t *nless ina<’ra th»* rlr« iru- or riin^nciK fK’l'l is assfM.iatnl with yoine outside nction 
basing nothin)' to <}o with tin* wa%n iitotioii. 
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I Iu.*st ccfiiations an.* jMc niical in (<inn tr) cfjiiations i^iii) and (iv; 
of Art. \.(}, and tluar soliilii>ii is similar, 'llu; velocity of an 
cicctrom ii;iu*ti(: wave is therefore ccjual to rj\ fix, and in air 
(/X = I af)d X = i) the velocity is / ' where / ' i.^ equal to 
X io'". 'rile e(|ualitj' of magnetic and electric energy at 
each pcint in a jinre wave (wave which tra\els without chanj^c 
of shap' ) may he shown by an argument similar to that which 
is Used in .\rt. 40 t«i show the equality of potential and kinetic 
energy ,it each point in a pure wave in a canal. 

58. Energy of the electromagnetic field. Poynting's Theorem. 

'I he m.c^nelic eneii^y per unit \t»luine near a j)oint in an clectro- 
ma^Mielic field is ///Stt- ( A‘“ -f- J/* .V“), and the electric enerj^y 

per unit volume near the i)oint is ^/Stt / *“ • f A* + 

'riiercfore the total energy in a volume element At is 
I /Stt • + . 1 /- + A'-’) + x/ /"’--(A"- + y- + At and the 

total energy in a given region is expressed by the volume integral : 

-1/* + v>)+ r- + (69) 

tile integral being extended thn^ughout the given region. 

Poj'fiiinjfs theorem. If the quantity of energj’ If' in a given 
portion of an electromagnetic field is changing it is evident that 
energy mu.st be flowing into cu* out of the region across its bound- 
ing surface. Hut the rale at which energy flows across a btumd- 
ing surface is a surface integral, and the rate at which the total 
energy in the region is changing is a volume integral, being the 
summation of the rates of change of energy in all the small por- 
tions of tlic region. 'Fherefore establish an expression for the 
energy stream it is nece.ssary to find a distributed vector w hose 
.surface integral taken over the bounding surface of a region is 
equal to the following volume inleg .al extended over the whole 
of the enclosed region. 

* .S<v l''rai)klin ;ni(l Mi*Nutl, /■'/«'€ /;/. /.'r €.*«./'.!/#/<,■ pajic 185. 

■j So" Kranklin ami McNuU, l\!i\tri.tty ,uiJ pai*<'s 7<' Si 



194 


ELF.CTKIC WAVES. 



The cicMrcd formiihiliDii can be matle without mucli diflkulty 
by substituting; the values of the time derivatives from eciuations 
(6i) and (mj") in etjuatii*!! (70). and makin;^ ii^^e of the uleas de- 
veh'petl in Art. 51. It is in thi^ way that Poyntinj^’s theorem 
was ori^in.illy establislievi, ‘ It is desirable, howexer. to assume 
Poyiuii^o's thot'rem as staled on paL;e establish an exprevssion 
for the ''Urface inteipal <>f t'neri;y tliuv out of a j^iven ret;ion. and 
show tliiit tliis surface intej.pal is eipjal to the expression {;ivcn in 
equation {70;. 

Let r* and (/ be the c^uiiponents of the cner[;y stream 
at a }K)int >0 that A i*^ the Mieri;) per second which flows 

across the element «»f arut //i •// , /> #/ t/r is the ener};y per 
second uhich tl* ^ ac ros< the the element f>f area (/a\ and 
C'</xt/v is theener*.;y per sei«»nd which flows aeross the clement 
< if area i/vt/]. 'I hen the divergence of the c:nerj.;[y stream is 
t/A 'rfx AAjAy -i- Ac'fA: (see Art. 50), and according to y\rt. 
5 I v.e ha\-e 

Surface intejjral <»f ener;.;y 'J f \oIume integral of divcrj^cncc 
stream over the boundary > = < f»f enerj^n' stream throuj;hout 
of a rcijion j ( the region 


or, according to cquatir>ns (48/^ (50) and (51) 


J j [Adydz 4- Bdxdz + Cdxdr) 

-///("•: 


,iA .m dc\, , , 

A + j"-"'* 


in which dxdydz is written for dr. It remains to show that the 

* Phiiosof'hix a! 7 'ranuirtwti^^ Vol. 175, Part II, paj'e 343, 1884. A very giXMl 
discussion of Poyntin^’s theoroni is {{iven on 337" 34o of Prtnciplfi of JiUttric 

Wave Te!e^raphy\ by J. A. Kh-iiiirij;. 
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second meniljcr of equation (71) is ccjual to the second member 
of equation (70). 

'I'he {'eneral expression for the cnerjjy stream at a point, accord- 
injf to eciuation (4) on paj^e 67, is 1 /47r • //<’ sin e, where H is 
the intensity of the magnetic field at the point, e is the intensity 
of the electric field at the point, aiul e is the anj^le between // 
and e. Therefore the components of the energy stream are * 


• and 


(M^-YX) 

47r ■ 


/.’= (XX -ZL) 

47r 


C= {LY-XM\ 

47r ' 


(72} 


Suhstitutin}' the values of . 1 . /> and C from equations (7’) 
in the ri^ht hand member of etjuatioii (71 ). and colloctinj' tenns 
in the proper onler, we have: 



in which dr has been written instead of d\d\d:. Hut. by refer- 
ring to equations ((il) and it is clear that the second mem- 
ber of (73) is identical to the right hand member of (70). There- 
fore: 

I ’ j*(. + Pdsdx + Cdxdj') (74) 


* 'I'lie simplest view to take of r<|u:itioMs (72) ix ti» l»)«>k ui^on tliein as the vector 
parts of the proiiuct of the vector (.V - K-f /'• hy the vt\ior ( / + J/ ^ \ 

reinemherin^ that the vector product M/ is in the 4- direction of the .r-axis, and 
that the vector product .V J' is in the — direction of the .r-axis, so that the total 
a*-coiiiiK)ncnt of the prcMliict of (.V )- >' 1 /) by {/ J . 1 / i X) is . 1 //— YX. 
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igf> 

This ii.itiK’iy, that t!u* tatc* of tin* le al cln tne 

era'?.;) in a tiu- '•niiarc nf ilir vntnr 

J /• 7 v' tiu' !v. ■■naiai \ lii< i-^di iishr-^ the 

cerrectiU‘''> ‘<1 eiiiiation*' "j;.*.- « nimi i»»i the ( 'inponriits 

t)f the ener;;}’ sireain in the eiet ir-nnanju lii f’u hi. * 

m 

69. Wave motion generated by moving charges!. — a 

charj^^eti .sphere !)e t in nn^iion earryin;; its eleelrie field alony 
with it. Th«»se j)t*ints ,.n the splure at the emis of a diameter 
paraiiel to the nioiinn nia\* he vaihd the poles of the sphere, and 









side view 


front viciv 


the reyi'>n on tile sj/m-jc ini«lua\' iMlacen its j)oIes maybe called 
its e(|nat'>ria! n-oion. '] li». e h i tiii: fifld uliich emanates from the 
equatorial r< c.non of tin: qdicic m<»v<’s sidewise and creates a 
mat^netic field wliich <’in h s around. the sphere in planes at rit^ht 

prf><)t' i' ni'n h '•jinjilff tli m ilj* xn.jin.t! j>f(K»f yivrn Ijv ]’f>yiitiii^ l>ecausr it 
a\oias Jii] c on'i‘!f rit'io!t jiI t)n‘ limio nf .t parh.u ml* ^r.ili(»n ; but f)f cotirsi* llie prci^if 
herf* Wf>uM li.jnlly b*' < «»ri'>ub'n*a iot y it wc hju! iwil previously and 

imk-pfnflfnlly deri^fd .m •wpir-.-inn j«»r tlii* in«Mj»y sln-aiu. 

■f a ids vnUrf ait K b* Muild br iiiatlr to i«-frr to wnvi' motion ]m>du< «*d by inovinj; 
m.i^'iu t by .^iib-tiliiUnji tlir* word^ //•/// for #//*</;/< //V/r/, and rlr*hii 

Jit'fii for ma'^mhf ft I'U lliiouj'bout. 
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.in}.;l«:s tn the dircc lion <if tin* motion. Consider the electric field 
which -manalcs from the spiiere at an\' j>oint distant Iroin 
the ecaalor. 'The component, j»arallel to the equatorial jdane, 
of thi ' field mo\ es sitlewi'.e ai:*! produces magnetic fieltl uhich 
circle*, annmd the .sjjhere in jdanes ])aralli.l to tiic equatorial 
plane. 'I'he magnetic field which is thus produced in the neigh- 
borhood of a moving charj^ed sphere intensifies b}’ its inducing 
action the component of the electric field which is parallel to the 
equatorial plane at eacli point, and the result is that the electric 
lines of force which emanate from the charged sphere turn more 
and more into directions parallel t»> the equatorial plane as the 
speed of the sphere increases. At low speeds tliis concentration 
of the electric field into the etjuatorial plane is eiuircl\’ negligible, 
but at sjieeds approaching the velocity of light llie ctTect is \ eiy 
marked. The general equations at the eUrln *magnelic field 
lead one to infer that the electric linos <»f fwroe would emanate 
from a charged spliere ,is slu)uti by the fine lines in the side view 
of Kig. H')i if the sphere were ino\ing at the velocity of light in 
the direction of the heavy arrow /' 'l lie dots in tlie side \iow 
in iMg. ibl represent the magnetic lines of force \\liicli circle 
around the charge as sImwu in the front view. Tlic radial lines 
in the front view are tlu* lines of force of the electric fieUl.*'' A 
detailed discussion of the theory of moving charges is bc\ ond 
the scope of this text but the state of affairs re})rescnted in iMg. 
l6l is e.xtremely useful in giving a simple insight into sinnc of 
the nu^st important phenomena <»f electromagnetic waves. 

Harr slievts in spaiw — 'Fhc mathematical in\estigatit>n of the 
electromagnetic effects tiue to charges mo\ ingat niiKlerate veloc- 
ities is quite complicated. This is cxcinidificil l\v the tlieury 
the Hertz o.scillator as originally devehqx'd by I lerl/.t When 

^■Thp solution of tlu* jjciirnil isjuation.^ of llie elivtioni.uinetiV fioM in fhe rejjion sur- 
rounding a nuning rbarged spheie wa^ tiisi di veloju-d l»y J. J. riu>inM>n. See AV. . v.' 
ICfsrarJifSj pages |6 Dxioid, iSg^. 

t 'I'his theoretical discussiewi may be found in Jones''; Uan^lniioii of Heri/.'s 
IX Vim on pages 137-155. 

A gotui cliseu‘»sion of this matter is given on j>ages J30-35J0I’ Klemiiig’s Prin^hJfs 
of Khu'tric ll’tn’e Ifiegraphy, 
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lijS 

the veli'city t^fa niMvin*.; » is tN|ual to the velocit} <»!* hV^ht. 

however, the wave ini«tu»ti.as intern ^ iVoin the ^^cneiMl eijiiations 
c^the olectrotuaj^nelic tlcKl, lu eoiiies very Minple, aiul some of the 
m«>st iniporiaiU facts ciMu erniii*^ the esiahlishinent of electric aiul 
magnetic fields caa hcclctirly mulerstood by coasklerinj; the wave 
sheets which Wi'uld be poKhiceil b\’ charges movint;^ at the 
velocity of li^ht.^ C'*>i'.sidcr a pt^sitive char‘(c at Tij;. 162, 


A. 



I 


ti,., J^-2. 

with electric field einaiialiii^ fniin it in all <lirections, and imagine 
this char;.;e to l)e Mid<lrnly jerked into motion at the velocity of 
liyht as iiulicated by the heavy arrow /' in I*'it;. 162. After / 
seconds the change would be at /»', havin^f mrwed through the 
distance f/; this sudden m<»lh>n of tlie charge generates a 
spherical wave sheet .S.V.S.V w ith its center at /> ; this spherical 
wave sheet as it moves mitwanls at velocity J' in all directions 
from /> wipes out thi: electric field, as it w'erc ; and w'hen tlie dis- 
tance 1 7 becomes very ^reat, the sphtTical sheet .S'.S’.S W becomes 

* This inethfKl is Uii#' to Hca\isifl<\ Sec Jiifittvmaiinetit Thfory, Vol. I, pages 
57-65, and Vol. II, page's 367- 372. 
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scijsil)l\ a piano sheet with the charge at its center, as represented 
in iMfj, 16 1. 'I'lie electric lines of force in the wave sheet SSSS, 
Fig. 162, emanate from the positive charge at /' and trend alon^ 
the “ meridian lines of the 
spherical sheet as indicated 
by the arrow-heads. The 
magnetic lin<?s of force in 
the wave sheet SSSS cir- 
cle around the point />' 
along “ parallels of lati- 
tude.” 

Consider two ccjual and 
oppo.site charges . / and A* 
lying close together and 
producing no electric field. If one of thcMC charges /> were 
suddenly jerked into motion at the velocity of light as indicated 
by the heavy arrrow /' in Irig 163, a spherical wave sheet 

.V.S’.S.S' would travel out- 
wards from A ; and this 
wave sheet would establish 
the radial electric field which 
is represented by the fine 
radial lines of force in Fig. 
163. According to the 
modern electron theory a 
free charge (positive or nega- 
tive) is alwa\'s proihiced by 
the separation of pi^sitively 
and negatively charged 
particles, aiuf, if one of the.se 
charges remains stationary, 
the electric fiehl is built up 
arouiul it by wave motion 
.some what as repre.scnted in ITg. 163. The heavy arrow-heads 
in Fig. 163 show the trend of the electric lines of fiwee in the 
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wave sheet, and the magnetic lines of foree in the wave sheet 
ciivle anniiul />' as in I'i^. n'>e. 

^ lina'nne the inoMiv* ehao'r at r in I'ii’ lOj to havi- traveled 
to a disi.iive tnMU the ]>t‘int A 1 lim the spheiital wave 

sheet in tlu; ni i:^h.l>' »i hootl p* \N*'uld hi- a pKine w.we shei*l 
like that lepie'-enteil in I'i^. P«i. l i- represi-nt.s wlhil 

U'‘uld laki place if ti'e !n<nin;^ chaise were to^lx* suddenly 
hnar^ht t- » rest. 1 he \\a\ e --heet l i^;. i^'^pwinild continue 

to tiavel at the veiMcity of Iii;ht, .ind .i spheiical wave sheet 
wouicl trav el oiitua-(!'' fr-an lav in;.^ <lown the eh-c 

trie held .ir. 'und thi- '.t.uMonaiy chaip;e at as u presented In* the 
radial iirroW'-. 

Inia;jitU‘ two ^..aa! ,\\h\ »»pp. ••^ite ihape.es inovin^ tow.uds each 
(‘tiler willi tin- .4’ liid*h ea^ h t hap.n heiii;,; acce »mpanied 

hy a plane wave -d’a c-t as lepn -t. nted in li;.;. h » I . .ind inia;.;ine 
tin. twot”! .i; . . . h, [r: ’t to r- -t at the insi.int thev' e(Hne to- 

j^elln r. 1 : m s o pJ < -eras tiie -t.tU ••fanhii-* / seeonds after 



the collision, if collisir^n it may l»e called. The plane wave sheets 
.S' .S'^ and .S,\ which were niovinj^ with the charifes, continue to 
travel onwards, and the spherical sheet SSSS emanates from the 
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point where the collision to<jk place. In this case, however, no 
electric field is laid down hy the sjilierical wave sheet as it spreads 
out from its center A!', ^ 

lo^nre lOO shows what takes place when two e(jual and oppo- 
.site char^jes A and A’ are jerked apart c‘ach at the \elocityor li^^^ht. 
A splierical wave slieet .SAA.V emanates from the j>oint / where 
the two charj^es A and A were initially h)caled. 



60. Theory of the Hertz oscillator. I'he solution of the e;en- 
eral eipiations of the electromagnetic field, namely, eipiations 
(di), (dJI, (d^) and (O4) in the return surrounding a very small 
llcrt/ oscillator was first esta!)lished by Ilcrt/.’^ Some idea of 
the action of the Hertz o.scillator may be obtained by imagining 
the oscillating charges to be jerked backwards and forwards at 
the \ A )city of light. In this case the waves which emanate 
from the o.scillator would be very simple, as shown in I'igs. idy 
and 168. 

Two ccpial and oppo.site charges A and /> are located initially 
at the point 0 in I'igs. 167 and id8, and suddenly jerked aj)art 
at the velocity of light and brought to rest in the pi>sitions A 

* See Jones’s translation of Hert/.s /•,'.>«/»;. J/'/rvv, paj*e< i.v-155. A jjtxxl treat- 
ment of this subject is to l)c found in Flcininjj's /*»///< /AVf KU^tric Jl\ 37 r 

panes ^520“ 342. This <liscussion in Fleming’ luKtk includes also a derivation 
of th«* iS|iiatioii expre.ssinn the rate at which energy is radiated l»y an oscill.itor. 

The theory of the damped oscillattu- has been de\ eloped hy Kail Fierson and 
Alice Lee. See rriuciplts of A'/Vi .'//.* pages 313- 352. 
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aiul /> as shown in A spherical wave heel 

emanates from the point at the instant of separat.tai of the 
tw'o chary;es ; when the two charj^es have reached the points 
.1 aiul />. this wave sheet is a sphere ot which .//» is a diam- 
eter : at the instant of stopping of the charges ./ and // two 
spherical wave sluets and emanate from the points 

-1 and /> ; aiul i(>7 slu>ws the pi>sition of the three wave 



sheets at a given instant. The wave sheet establishes the 

radial field due to the pr>sitivc charge -d alone, the wave sheet 
establishes the radial field due to the negative charge /? 
alone, and the region which is enclosed by both and is 
the region in wdiich the total electric field due to both charges is 
fully established. 

Imagine the wave sheets in I'ig. 167 to have traveled outwards 
to a great distance, thus establishing the field due to the two 
stationary charges A and />’ ; the fine curved lines ccc in Fig. 
168 represent this field. After this field has been established, 
imagine the two charges A and B to be jerked into motion at 
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llic velot ity of lij^ht towards each other, and brought to rest 
when th* y reach the point in 168. At the instant of 
starting' a spherical wave sheet would emanate from A, 



• and a spherical wave sheet would emanate from />, as 

explained in connection with Fig. 1 62 ; the wave sheet wij^s 
out that part.of the field which is due to the charge leaving 

in the region 6M the field which is due to charge alone ; 
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aiul ihc wave sliocl W wijK's out the fioKI which is d le to charge 
/>’, Icavinij in tlu- nr^ion thu the held which is due '<> charge /I 
alone. In the region which is encloseil by b«»th and \ 
the electric field is entirely oblitcTdeil, except in the wave sheet 
ssss which emanates tVi'ui the point at the instan; when the 
charges .1 and A' come together, as t‘xpl.uned in connection 
with Fig. 1O5. 
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61. MArconi’s work. {* — A complete installation of ap[>aratus for 
electric wave tele^jraphy c«)nsists of a 1 lertz oscillator at the send- 
ing station with arrangements for .setting it into o.scillation, and a 
similar osdllatur (resonator) at the receiving station with a detec- 
tor device which is actuated by the electric o.scillations of the receiv- 
ing resonator. The o.scillator.at the .sending station and the resona- 
tor at the receiving station were at first made in the form of long 
vertical wires suspended by kites or held in position by insulating 
supports, and they are usually called antcnnic. Figure 169 
shows Marconi’s apparatus for electric wave telegraphy as used 
in 1896 ; A^A, are .strips of wire netting supported by insulators 
A 1 V from enws-arms at the top of two tall masts J/JA The.se 
strips of wire netting together with their connections to earth con- 
stitute the .sending antenna and the receiving antenna respective!)'. 
The transmitting antenna is connecteil to earth through a scries 
of short spark gaps S, an 4 its electric oscillations are excited by 
the induction coil / by closing the key A’. The electric waves 
emitted by the sending antenna produce electrical oscillations in the 
receiving antenna, and the slight amount of electric current which 
surges to and fro through the coherer C caicses the coherer to 
become conducting, so that the batter)’ B produces current 

* For a full di.scussioii of thi.s subject see J. A. Fleiniiij»’s splemlid work, '/’^e /V///- 
i>/ EUitrk //'i/rv Tdep'aph\\ l^onginans, (ircen & Co„ 1 90S. This work 
contains a very complete discussion of the following subjects, (a) electric o.scillation.s, 
( 6 ) high fre(]uency electric mea.surements ( measurdlienl of high frequency current and 
of inductance and capacity), (< ) damping and resonance, and (i/) electromagnetic 
waves on pages l'-4i8, and a very complete survey of the methods and appliances in 
electric wave telegraphy is given on jniges 419-653. 

t A full account of the work of Marconi is given on pages 419-463, and an account 
of the contributions tc the development of electric wave telegraphy by others is given 
on pages 465-544 of Fleming’s Principles of Electric If are Tele^rapltym 
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through the c«’‘herer aiul actuates a relay /?, which in turn 
actuates a tclej;raj)h stuuuler »»r reconlcr /'. rwo« >il.sof wire 
(inductances) /.L prevent the hi>;h frctiuency current in C from 
flenvinjj tliroujjh the relay A’ to c.irth while they irerniit the 
current from the batteiy /• tt> tlow throuiih the coh< rcr. 




Fie. 169. 


Figure 169 shows tlic essential features of the present-day 
apparatus for electric wave telegrapTij’, and the improvements 
which have been made since 1X96 may l>c «lescribed under three 
headings ; f i ( The methods of exciting the electrical oscillation.s 
of the sending antenna, ( 2 ) the iletails of construction of the send- 
ing and receiving antennar ; and (^3) the design of the detector C. 

62. Simple modes of oscillation of a Hertz oscillator. — The 
electrical oscillation of a straight rod, as described in detail in 
Art. 2t, is ver>' different from the electrical oscillsition of the 
two wires of a transmission line. An clement of a transmission 
line includes a portion of each of the wires, and every such ele- 
ment of a transmission line has the same inductance A and the 
same capacity C ; the velocity of progrcs.sion of an electric wave 
is therefore the same at all iwints along a transmi.ssion line ; con- 
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scqucnliy a transmissiDn line which i.s vihraf//7ff />/ a hf\;/icr moc/c 
breaks ‘sp into a nuiiiher of vihratin^^ scj^Mncnts of equal lenfjth, 
except ihc sej^iiieiit^ which are at the ends of the lines, exactly 
as in the vihratif>n of an air column with open end^; and there- 
fore th«: frequencies of the 
successive simple modes of 
oscillation of a transmission 
line are approximately proi)or- 
tional to the successive whole 
numbers. The vibrating se^^- 
rnents of a straij^ht rod. how- 
evefj are not uf equal len^qh, 
and the frequencies of the suc- 
cessive simple iiKxles of osi:il- 
Uilion of a strai»^ht rod are not 
even approximately pn » im » r- 
tional to the successive whole 
numbers 1, j, 3, 4, 5, etc. 

Consider tbost: successive 
simple modes of oscillation of 
a straight hkI for w hich tlicrc 
is a voltage node at the center 
of the rod. For every such imnlv of oscillation the inidiUc r/thc 
rod might be connected to an infinite conducting i>Ianc ar rii^ht 
angles to the rod withr>ut altering the character of the f»>iilUuons. 
The presence of the conducting jilane makes the two ends of the 
rod electrically independent of each other, and therefore a rod 
which stands upt>n an infinite conducting plane (like the sending 

or receiving aulewnw in Fig. 169, for cxunvplo^ vil^vatcs exactly as 
one half of a roti of di>uhlcd length. Figure r;o represents the 
voltage and current distributiems along an antenna wdiich is oscil- 


'j 




lating in its fundamental mode. The horizontal distance from 
the vertical line to the dotted curve in the left-hand part of the 
figure represents the elTective value of the alternating voltage 
between that point on the rod and the ground, and the distance 
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from tiu? vortical rocF to the clottoil curve in the right hand part 
of the figure represents the effective value of the alter lating cur- 
rent at the given i>*»int in the rod. l-igure 171 represents the 
current and voltage di^tributhms ah»ng an .intenna whi h is oscil- 



voliage current voltage current 

dUtributioH distribution distribution distribution 


second mode 

Ffv'. Jri. 


third mode 

Fn.- 172. 


lating in its secoii'i inod<*. aiul Fig. 172 reprcM.nts the voltage 
and current disiributiorH along an antenna which is <»sciliating 
in its third inotlc. * The oscillation of the antenna Wj in Fig. 
169 which is produced by the f«>rmation of a spark across gaps 
.V consists principally of the funikimental iimde, although higher 
modes of oscillation are present to some extent. The length of 

♦The numerical values in Figs. 171 and 172 are taken from the obMrved |)osition.s 
of the mxies on a long coil like .V.S" in Fig. 123 with the Miiall fine wire IVIT re- 
moved. See Fleming’s PrindpUi of lilrttrU lfW?r Teh};raphy^ * 5 ^* 

positions of the no<lcs on a straight rcxl or long coil depend u|xin the shape of the 
conducting surface u{x>n which the rod nr coil standsi anrl this is not specified in the 
experiments of Fleming. 
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the c'lntciiiia in 1 70 is a|n)n)xiinatcly equal to one quarter^ 
of the wave-length of the dectroinaj^netic waves which arc 
emitted. .jiuI the lenj^th of one of the vibrating segments in Figs. 
17 1 and 172 is appn)xiinately eciiial to one half of the wave- 
length of the electromagnetic waves which arc emitted by the 
antenna. 

63 . *“ System of waves emitted by a Hertz oscillator. — Figure 173 
shows a snaj)-shot, as it were, nf the electric lines of force in the 
waves which are emitted by an c»sci]lating antenna A. The dots 
represent the lines of ff)rce of the magnetic field, t 

64 . Recent forms of sending antennae. — In ()rder to prouced 
electric waves of great energy intensity, it is necessary to store as 
mucli electric energy as possible in the antenna before the break- 
ing down of the spark gap .V in Fig. 1 69. This initial store of 
energy is wholly electric energy, and its amount is proportional 
to the capacity of the ui)per part of the antenna w'ith respect to 
earthy and proportional to the square of the voltage which is re- 
quired to break across the spark gap. Therefore it is desirable 
to give the antenna a very large capacity with respect to the 
earth.J iMgure 174 shows the sending antenna at the Marconi 
station at Cajic Breton, Nova .Scotia. The supporting towers 
arc 210 feet high, and they support (by means of insulating links) 
the large fimnel-sliaped net-work of wires which constitutes the 
antenna proper. 

*Kx.actly r(|ual to 1/5.06 of tlie wave-lenj»th if the antenna is very slender. See 
Adams’ Pri/.e T.ssay on “ Kleciric Waves’* by H. M. Macdonald, Cambridge Uni- 
versity I*res.s, 1902, page ill. 

t This sketch is liascd uiwn Herl/’s solution of the general equations of the electro- 
magnetic field in the ncighborlio<Ml c»f a small o-scillalor. See Hertz’s /-’/ a 7 r/j 
(Jones’s translation), pages 157-150, also Fleming's Prhtn/*/fs of EUctric 

fKiw TrU^raphy^ pages J2S^^^52. 

% A very large capacity with respect to the earth might beoluaiiicd by using a large 
horizontal wire net foriiiiiig a large-capacity cmulenser with respect to the surface of 
the ground. When such u net is discharged, however, it docs not emit its energy 
rapidly in the form of electromagnetic waves, because such a system is to some extent 
a closed o.scillating system. 'I'liiis, an oscillating transmission line f^adiates energy 
only at its ends and such a transmission line is to a great extent a closed oscillating 
system. 

IS 
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iManoiii showed in iyo6^that the radiathiiis of an inclined 
antcnn.i are much more intense in tlie directiejn (Opposite to that 
in wlii< h the inclined antenna points than in any other direction ; 
such ;in inclined antenna is most stnaiyly affected by waves com- 



Fig. 174. 


ing from the direction in whicli its radiation would be most in- 
tense. When it is dc.sired to send signals from a wireless tele- 
graph station in a certain direction, this property of an inclined 
antenna is made use of, the practical fomi of the inclined antenna 
being a long band of horizontal wires supported at a considerable 

*See paper “On Mclhcxls Whereby th*^ Radiation of Electric Waves May be 
Mainly Confine*! to Certain Directions, and Whereby the Receptivity of a Receiver 
May be Restricted to E led rii^ Waves Coming from Certain Directions,'* 
of the Royal .Siv/V-Zr </ Series A, vol. 77, page4ij, i(X>6. See Pnnciples 

of Elect ric If arr Tcle^^raphy^ J. A. Fleming, pages 624-'644. 
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hri’’iii !'.! s i! Nlipp' •! I'' »iih! l»i^>uj*hi iit^wnkit t»n< I'lul t** tljt* 

SmA i:\ -iir,, 

I :u v i*. -‘. ::i)v i pr *>!' tlu- iiu lifu'tt aiiU^n .1 i\ si mc* 

tiiii' " i!i,v ‘.i ’-. ■ ' t ! .vti t ?•:« ihi«*i ii* *!^ **i ai) iiuisitil siiip (ruin 
ssh’f :i ' it ^ f’ rr^ftvctl. An aciitud re- 

.ir :;?u;i I- • r- '• si i *:nu! ihr si^Muls arc at a maxi 

t adU !-.:^a tlu !i [Uiinls tin vtl)' away 

f‘r •:!: -i -.•. 

65. Methods of excitinj: electric osciliationA. — M r incihmi 
' * V . i ‘ li.-itu o! a '-ciuln aiUt nna 
i*. '^v • i . u * . * ■ ‘ ‘ i : 1 .1 hai j. c acrn'*< a 

. .: ■; %’• , It K-] 1*, N. .jsir t a^c'* tiu* < ‘St il- 

.«> roinit iwcr and 

‘ ' ' * : ir r. t r ( r t » »il. i!i«‘ <»'*iilla- 

ti ’ ' :' ■• - t . : •* i\:> sisuiiiiv* ant«;nna by 

s >:i:. : • i I , !t '\ts what is tailed 

t * ‘nphiip' *1 !n' in 
^ tt :: « ’ ai // ti.ai;;;f‘' the 

♦ :td< < f ( , and iJie' t »»n- 

d' !in* ; haiLj* s at I’O'^s the 

/ '‘j»aiiv j;.i|> ;; thriiu^.li the in- 

I • j ~ d.a<iari<f /' 'Mn: iiuluct- 

am c // cojrsiimio the pri- 
mary roil of a transformer of 
which the secondary coi) //' 
iw in the antenna circuit 

rlK. J7.T. 

Wticn the iiuitual induciftnee 
of the two coils // //' is very larfjc, we have what is called 
ri^i couplin:^ and when the mutual inductance is small, we have 
what is caUed loose couplhtf;.^ 

Figure 1 24 shows a slight motlification of inductive coupling. 
The terminals 77' may be connected across a portion only of 

^The th<f)ry of h>r>sely rouplrd rirruils ;;ivrn in wr»wr Hrtjill tn Fleming's J*rm» 
cipUt of EU^^tri, \\%r f '/ pMges 217 2 V' 'I his lh»*<»ry has been developed 
in the tno<if rornplcfo manner by l/iiii' f 'ohrn of the ( nitrd States Utireau of Suund* 
ar<ls. See HulUtin of liunuu »J SttinJorti^^ for 
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the inductance A thus j»ivin^ what cMjuivalcnt to the arrange- 
ment Known among electrical engineers as the autfjtransfo|jp[icr. 
h'igure I20 shows what is called electrf)static ctiupling, a modifi- 
cation tjf which is sometimes used in electric wave telegraphy. 

/ 7 u’ arc A — It was shown by lV)ulsen in 1903 that 

eleclrir oscillations (jf very considerable intensity arc steadily 
maintained through an inductance and condenser which arc con- 
nected in series with each 
other across the terminals 
of an electric arc, as shown 
in Fig. 176, in whicli /»* 
is a !>allast consisting of 
resistance and inductance, 
and A and C constitute 
the oscillating circuit. I liis 
mode of exciting electric 
oscillations has been ajrplied to electrical wave telegraphy and 
more recently to electric wave telephony. 

66. Electric wave det#*ctors. t — The type of detector which was 
used in the early experiments of Marconi was I^ranly's coherer 
which consi.sts of a small i|uantity of metal filings lying loosely 
between the ends of two metal rods. Irigure 177 shows the 


Fig. 177. 

essential features of the coherer ; 7 T is a containing tube of 
glass or porcelain, and J/ represents the metal filings between 

* Fig. 124 shows only ^ |)orlion of /. in the coiulenscr circuit, the statement here 
refers to the connection of the tcrmiiwls 7 T across a |K>rtion of this portion. 

f The Poulseniirc is quite fully ili.scu.ssed in Fioming’s Prina/^lesof F.httric 
TeUiiraphy, pages S44~^53* 

X A very complete discussion of electric wave detectors is given in Fleming's 
rr.wcf/.Vs iyf EUarU irave 7 pages 353 - 404 . 
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the two metal plugs PP. The coherer is inserted in the circuit 
of t]^ receiving antenna as shown at C in I'ig. 169. Tlie con- 
taining tube is ke])t in constant mechanical vibration so as to 
continiiali>' separate tiie metal filings, anil iiiuier these conditions 
the battery current from />j in Fig. i6y can flow through the 
coherer only while the receiving antenna is oscillating electrically 
under the influence of waves from the sending antenna. 

Another torm of detector due t' Klemencic is shown in Fig. 
178 as arraiiijed for observations in the laboratory. A Hertz 



"'to galvanometer 


Fie. 



f).scillator (resonator) AP* is set into (;scillati«)n by waves fn»m a 
similar I fort/. oscilLit'U-. The .surges of current flow through the 
extremely fine wires afi of iron and Constantin and heat the 
junction /. Tlie wires a' and P thus constitute a thermo- 
element, and conne< tioiis are made a very .sensitive galvanome- 
ter as indicated in I ’ig. 178^/. 



PART II. 


HARMONIC ANALYSIS AND NON-HARMONIC 

I’Llixtromotivl: forcls and 

CURRENTS. 


2IC 




CHAPTKR VIII. 

HARMONIC A.\ALY.SI.S. 

67. Harmonic analysis. Fourier’s theorem. — Before undertak- 
ing to di.scu.s.s the causes of non-harmonic electromotive forces 
and currents, and before undertaking to describe the phenomena 
which arc associated with non-harmonic electromotive forces and 
currents in the principal types of alternating-current machines, it 
is necessary to discuss a theorem concerning the resolution of 
any given non-harmonic electromotive force or current into har- 
monic parts. A general statement of this theorem is as follows : 
Consider any periodic electromotive force or current of which the 
period is T seconds. This electromotive force or current may 



be resolved into a series of harmonic parts of which the periods 
are, iT, 7y2, 7y3, Tj^, etc., the effective value of each 

of these parts being determinate, as explained later. Stated in 
another w'ay, this theorem is as follows : A periodic curve of any 
shape wliatever, for example, the periodic cur\'e shown in Fig. 
179 , may be exactly matched by piling, one upon another, a series 
of sine and cosine curves of which the are T, Tfz, 

T/i, Tl$, etc. i where 7" is the wave-length of the given 
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periodic curi'e. the amplitudes of the various .sine and ci»sine 
curves bein^ determinate as explained later.* 

The harmonic parts inU> which any t;iven alternating electru- 
motive force or current may be resolveil are called the 
components or .simply the hannonics of the j'iveii eleclu)molive 
force or current. That harmonic which is of the same fieipiency 
as the given alternating electromotive force or current is called 
the fundamental harmonic, and the others are called the double 
harmonic, the triple harmonic, the quadruple harmonic, etc., in 
order. It is shown later that only odd harmonics occur in the 
electromotive force and current curves which arc ordinarily met 
with in practice. 

68. Mathematical formulation of Fourier’s theorem. — Before 
attempting to formulate I'ourier’s theorem it is necessary to con- 
.sider the algebraic eriuati(»n.s for sine or co.sine curves of which 
the wave-lengths are T,^ y’/a, 7 / 3 . etc. Thus the erpiation 
to a .sine curve of which the period is 7'/« is 

, . 2Trnt 

y = . f .sm ^ 

where is a constant and t is elapsed time reckoned from 
any ehosen in.stant. The angle zirntj!' changes from zero to 
27r;/ (that is, from zero to n x 3^0'') while / changes from 
zero to /] tliat is during one period of the given non-harmonic 
electromotive force or current. Therefore sin 27r//// 7' is a 
harmonic electromotive force or current which passes through ;/ 
complete cycles during one period of the given electromotive 
force or current, and the coefficient /!„ is its maximum value, 
or AJv 2 is its effective value. 

* One of the best mathematical discus.sions of Fourier’s theorem is to be found 
in Byerly’s Fourier's Theoty and Spherical Harmonic Ginn & Co., 1893, pages 4- 
8 and 30-68. 

t The words period and luavedemgih are used synonymously in this discussion of 
Fourier’s theorem. The period is the time of a complete cycle of electromotive force 
or current, and the wave-length is the length of one complete wave of the electro- 
motive force or current curve. 
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Other matters which must be clearly understood before enter- 
ing' into a iliscussion of h'ourier’s tlieorem ;irc the following: 

(1) 'I lk average value, during a complete cycle, c)f the sine 
scjuare (<u' the average value of the cosine square) of a uniformly 
variable angle * is e(|ual to one-half. 

(2) The average value, during a complete cycle, of the product 

. 27 r/// . 27 r;/// 

.sin y. X sin 

is equal to zero when n and m arc different integers. 

(3) The average value, during a complete cycle, of the product 

27 r/// 27 r;;// 

cos y, X cos 

is equal to zero when n and in are different integers. 

(4) The av'erage value, during a complete cycle, of the product 

, 27 r;// 27 r;;// 

Sin y, X cos y, 

is equal to zero when n and /// arc integers, ccjual or uncijual. 

A clear understanding of these four proju^sitions is ab>c»Iute]y 
cs.sentia!, and the discussion <»f a few particular cases is more to 
the purpose than an elaborate algebraic proof. It is important to 
note that the only difference between a sine curve and a cosine 
curve is that the ordinate of the sine curve is zero where the or- 
diinatc of a cosine curve is a maximum. Thus both curves in 
Fig. 180 are .sine curves if the abscissas (angles) arc measured 
from the point 0 \ both curves in Fig. 181 are cosine curves if 
the abscissas (angles) arc measured from the point 0 ; one of 
the curves in Fig. 182^/ is a sine cur\'e and the other is a cosine 
curve if abscissas arc measured from the point 0 \ and curve 1 
is a .sine curve and curve 2 is a co.sine cur\ e in Fig. 182/', if ab- 
scissas are measured from the point 0 . • 

* Thus 2frutl T is a uniformly variable angle because it is proportional to the 
elapsed time /, afrri / T being a constant. 
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Kigiiro I So represents a speelal case of projx>sition (2) above, 
namely, the case in which //= i, and /« *= 2. I’i^jure 181 



represents a special case of proposition (3) above, namely, when 
« *= I and itt — 2. Figure i82</ represents a special case of 
proposition (4), namely, when « = 1 and » i, and Fig. 182^ 



represents a sjjccial case of ])ropnsition (4), namely when « r= i 
and m =2. The pnxluct of the ordinates of the two curves in 
each of these figures passes through exactly similar sets of values 
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in the regions ,•] aiul . 1 ', in the rejjions />’ and /)', etc., but 
the values arc opposite in sion, so that the averaffc value of the 
product is in each case etpial to zero. 

A curve which is to be resolved into harmonic components may 
be either an arbitrary curv e, of which a complete wave is made 
up of simple algebraic curves such as portions of straight lines, 


C onjieyel€jTjjMnd§)^ 



Fig. 183. 


arcs of circles, and so on ; or a curve to be resolved into har- 
monic components in.iy be an iU'taal electromotive force or cur- 
rent curve as determined by an oscillo[^raph, or an actual tide 
curve as determined by a tide recorder. Thus, Fig.s. 183, 184, 

♦The student should plot the curves of which thc^dinates represent the pitxlucts 
of the ordinates of the sine and casine curves in Fi^s. iSo, iSi and 1S2 ; and draw- 
ings should be made somewhat similar to Figs. 180, 18 1 .ind 182, but for other values 
of n and w. 
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1 85 and iS() arc arbitrary pcrioilio ciirxcs c»f which “iic complete 
wave pmc complete cycle) is nuule up i>f portions of ^ irai|^ht lines, 
and 1 m^. 214 is owe half of a ctunplete alternatinj^ e lectromotive 
force wave as determined by actual observation. 



Fig- 184. 


Let V l)e the ordinate of a j^iven periodic cur\'e at time /, as 
indicated in V\o. 179. Then Fourier s tlieorem may be written 
in the form 

, , . 27r/ . 4*77/ , . 27r;// 

V = .1^ + MU -m y. + 1 - .1^ sin + • • ■ (75) 

♦ 27r/ 477/ 2-jrHf 

+ cos y, -f /.j cos y, + • • • -f- /)\, cos y, . . . 



To understand the significance of the terms in equation ( 75 ), 
let us consider the general term sin 2irnt/ T, and the general 
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U rin /» cos27r;///7* Now the an^jlc J' is ccjual to zero 

wlicn / - o, ancl it is equal t«» jtt or wlien /= 7 so 

that the anj;le 29r/// /' increases from zero to 2ir (that is from 



zero to 360**' ) while / chanf;es fi*»m /cr«# to /'v/, that /«. during' 
1 //th of a cycle. 'I hal is to sav, .1^ sin /‘ is the ordinate 

of a sine curve which has // C4>mj)lete cycles during; one cycle <tf 
the original j^iven cur\ e. Similarly, the expression /}\ cos 2irNt l T 



P().siti«’e values of An and Bn^ 


is the ordinate to a cosine curve which has ;/ complete cycles 
during one cycle of the original given curve, liquation (75) 
therefore expresses the ordinate of the given periodic curve as the 
sum of the ordinates of a series of sine and cosine curves of which 
the [KTiods are 7 ", 772, 7/3, 774. etc. 
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The trend of the siijj: and cosine curves udiich con -spond to 
positive and ncj»ative values of tlie coeflicients . 1 ^ 4‘nd is 
shown in Fi^s. 1S7 and 188. 

CimccrniN^ l Oi fficitHi — Consitler the avcraj^c value of each 
member of equation (75) during a complete cycle. The average 



value of the left-hand member is the average value of y during 
the cycle, and the average of every term in the right-hand 

member is zero except 
constant term 
Therefore is equal 
to the average value of 
y during one cycle, that 

gjritof ftote 


(76) 

The coefficient is 
therefore equal to zero 
when the average value 
of the ordinate of the 
periodic curve during 
one complete cycle is equal to zero. This is always the case 
in alteniating electromotive force and current curves. 

Conditio^is under ivhich the A coefficients or the B coefficients 
are equal to zero, — Figure 189 shows the portion of a sine curve 


Fig. 180. 
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near thi; onyin of coordinates, and iMg. J90 shows a portion of 
a cosim curve near tlic origin of ctjordinatcs. In Fig. 189 (sine 
curve) tlic ordinates corre.sjK>nding to the abscissas + / and — t 
arc ecpial to eucii other in value but opposite in sign. In Fig. 
190 (cosine curve; the ordinates corrcsj>f>nding to abscissas +/ 
and — t are ecjual t«j each other in value and of the same sign. 
Whetu ver the given perio<lic curve has the kind of symmetrj- 
with ri'spect to thej'-axis, that is pos.sessctl by a sine curve (Fig. 
189), then the />’ coefficients in equation (75) are equal to zero; 
that is, the given periodic curve is resolvable into a .series of sine 
curves. 'J'hus, the curves shown in Figs, 183 and 185 are 
resolvable intfi series of sine curves. 

Whenever the given ix'riodic curve has the kind of symmetrj' 
with respect to the J'-axis, that is possessed by a cosine curve 
(Fig. 190), then the A coeffi- 
cients are equal to zero ; th^ is, 
the given periodic cur\'c is re- 
solvable into a .scries of co.sine 
curves. Thus, the j^jcriodic curve 
shown in Fig. 184 is resolvable 
into a series of cosine curves. 

It often happens that a given 
periodic curve may be resolved 
into a series of .sine curves or into a scries of cosine (Curves ac- 
cording to the choice of the origin of coordinates. Thus, the 
curve shown in h"ig. 183 is resolvable into a series of sine curves 
and the same ctirve in I'ig. 184 is resolvable into a series of 
cosine curves. 

Whenever a given periodic cun*e possesses neither kind of 
symmetry (Figs. 189 and 190), then the curve is resolvable into 
a series of sine curves and a .series of cosine curves. Thus, the 
curves in Figs. 1 79 and 1 86 arc each resolvable into a series of 
.sine curves and a .scries of cosine curves. 

ResuUant hannonic of the «th onier. — The two terms of the «th 
order in equation (75), namely, A^ sin 27 tHtj T and cos 2ir;/// 7 ", 
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are together equivalent to a single harmonic curve Lecause we 
may write 

, . 2^/// ^ 2irnt . . /27r;// \ 

A^sm y, +^^cos ==r6^sin( + 0 ] (77) 



in which aiul 0 ^ are 
coiiNtants which depend 
upon and /\^. In fact 

1 W-4. 7 ?; ( 7 «) 


tan 0, = 


/>’ 

n 


(79) 


This is evident when wc c«)n<ider that .1^ sin 27r7/// 7' and 
/\ cos 277;/// /' are twn liarmnniceleclroinotive foiTes(i>rciirrcnts) 
in quadrature with each other as slunvn in the cK»ck-diagram, 


one _ •!??? Z ^ 



Fig. 191, In determining tlie value (;f 0^ the algebraic signs of 
A^ and /i^ must be duly considered. If it is desired to plot the 
resultant ;/th harmonic as shown in Fig. 192, the distance // must 
be made equal to ^^7/060;/), the value of 0^ being expressed 
in degrees, 

69 . Even and odd harmonics. — Under certain conditions, a 
periodic curve has odd harmonics only (no harmonic of an order 
divisible by two), under certain conditfonsa i>eriodic curve has no 
harmonic of an order divisible by 3, under cerhiin conditions a 
periodic curve has no harmonic of an order divisible by 4, and so 


HARMONIC ANALYSIS. 


227 


on. Tlic most important case for present purposes is the case in 
whicl) «»nly odd harmonics occur. Thus, the alternating electro- 
motive force and current curves which occur in practice have only 
odd harmonics. This is evident from the following considerations : 


N 


vnuuiutunLi^ 


s 


N 





The north and south poles of an alternator are always alike as 
shown in Fig. 193. Therefore an alternating electromotive force 
curve always has the kind of symmetry which is shown by the 



curve in Tig. 193 ; A or H (lutif a ferioti apart), 

equal ami opposite values of y occur in order, as slunon hr the fine 
vertical lines in the hnver part of Fig. rqj. This kind of .sym- 
metry is posses.sed by all odd harmonics but not possessed by any 
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even harmonic, so that a curve like tluit slu)\vn in Ki i<^3 can- 
not have an even iiarinonic. 

Fitriires 194 and 195 show that the triple harmoni* curve Nt». 
3 has the kind of symmetry abi»\ e specified, and the same is easily 



shown for any odd harmonic ^^sine or cosine) Kvery even har- 
monic (sine or cosine), on the otlicr hand, passes through like 
values of like sign when one starts from two points A and B 



(half a period apart), as shown for the double harmonic sine curve 
in Fig. 196. 

70 Evaluation of coefficients in equation (75). — The general 
method of evaluating the coefficients and in equation 
(75) is as follows : 
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'riic \alue of IS j^ivcn by ccjuation (76), which is derived 
ill Art 

Multiply both mcnibcrs equation (/S) by sin 2irtiijT^ and 
consider the average value of each member fif the resulting equa- 
tion during a wluile cycle 71 The average value of the left- 
hand member {f sin 2-;/// 7 *) will be 


I 

J 


I 


f . sin 


2r;// 

7 


.r// 


and the average value of every term in the right-hand member 
will be zero except the term . sin* 2r;/// /*; and the average 
value of this term is - /„/2.* Therefore, 


or 


‘.'1 = 
2 “ 

1 f*'’ . 2-/ 

= . 1 /sm 


■* t/ii * 


2 . 27: nt 




/// 


(80) 


Multiply both 'members of equation (75) by cos zrtHtjT, con- 
sider the average value of each member of the resulting equation 
as above, and we hnd : 

_ 2 f”‘ 2-nt , fo , 

j. j /cos (81) 

Example. • - Consider the iK'riodic cur\’e which is shown in Fig. 
197. The first wave of this cur\'c consists of the straight line of 
which the equation is y = /. Therefore, substituting t for y 
in equations (7O), (80) and (8i). we find tlie values of the coeffi- 
cients in c(]uation (7 5), giving : 


X-/V 


Z{ 

2 IT \ 


. 27r/ I . 4Tr/ 

sin sin ... 


I . 2Ttnt \ 

+ 7 +"} 


1 *2) 


This scries gives the value / between the limits / = o to 

^See propositions (i> (2), (3) ami (4) in Art. 68. 
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Heyond these limits it ^ives ll>e ordinate of the j{iv< n periodic 
ciir\'e which is sht>wn in h'i^. uj~ heransc each term m eiiuation 
(82) remains imchan^^ed in value when / is increaseil by any 
multiple of /’ inaMiuich as this is etpiivalent l»> itu 1 easing the 
angle ZirntjT by a midtiple of 300°. 



71. Fischer-Hinnen’s method for evaluating the coefScients in 
equation (75).* — The integrations inv«>lvcd in equations (76), (80) 
and (81) cannot be perfonned algebraically unless y is a known 
algebraic function of A Therefore the cticfiicients in equation 
(75) cannot be determined algebraically from an experimentally 
determined electromotive force or current curve. To determine 
the A and /> coefficients for a given exjHrrimentally detcrminetl 
curve, actual step-by-step integration or mechanical integration 
may be resorted to. 'I hus a large number of e(|uidistant ordi- 
nates (included in <ine cycle) may be measured, these ordinates 
may be multiplied by the corresponding values of .sin 2 w«// 7 ’, 
and the sum (jf these products may be multiplied by 2 and divided 
by T [according to equation f8o)] to give the value of ; or 
the equidistant ordinates of the given cx]x.*rimentally determined 
curv’e maybe multiplied by the corresponding values of cos 2 w«// 7 ’ 
and the sum of these products may be multiplied by 2 and divided 

♦This method is described i)y J. Fischer- Hinnen in the ElutroUchnnche Zeit- 
tchrift for May ig, 1901. A very gorKl discussion of the method is given by P. M. 
Lincoln in the Electrir Journal for July, 1908. 


HARMONIC ANALYSIS. 


23 * 


by 7 [accordinjf l<j cciuation (8i)j to give the value of 
Ihi.s method for evaluating the coefficients in equation (75) is 
very U dious except wlien the intcgrati«)ns are i)erformed by the 
harmonic ana]y;(er as explained in the following article. l‘'i.scher- 
Ilinnen's method for determining the harmonic components of a 
given ]x.‘riodic curve is very ca.sy to apply when the higher har- 
monics are negligible ; the method du|K;nds upon two propositions 
as follows: 

(1) Consider « ec^uidistant ordinates of a sine or cosine curve 
(wave-length 7 ), the distance between adjacent ordinates being 
Tfn. The aigebmic sum of these ordinates is zero. Thus the 
algebraic sum of the equidistant ordinates in Figs. 198 to 201 is 
in each ca.se equal to zero. In Fig. 198 the first ordinate a is 



at the middle point of a half-wave, but the algebraic sum of the 
two ordinates is equal to zero wherever the first ordinate may be. 
Similarly, the algebraic sum of the sets of ordinates in Figs. 199, 
200 and 201, respectively, is equal to zero no matter where the 
first ordinate of a set may be placed. 



Fic. 202. 


Fie. 203. 
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The aliDve proposiiinu m.iy he easily est.d»lislu*cl in ^ts 54cnt ial 
fi)rni by means of the cluek-tlhij^ram uhit h is so mih h used in 
the elementary theory of .ilternatin^ currents l‘'.i|ui(li tant orili- 
nates of a sine or ci»sine curve are etpial to the respect ve projec- 
ti«»iis iUi any tlxcd line of eiiuidistafit vectors tt, l\ //, etc., 


I 



ms:7 

Fig. 204a. 


as shown in 202 ; and these ccpiidistant vectors may be ar- 
ranj;cd as the sides of a rejjular polyj^t)n as shown in Fig. 203. 
Therefore, the vector sum of r/, c, //, etc., is zero, and con- 
sequently the algebraic sum of their pn>jections on any fixed line 
is zero. Figure^ 202 ami 203 are constructed for ;/ = 5. 



Fig. 204b. 


(2) Consider // cejuidistant ordinates of the ///th harmonic 
curve (wave-length, Tfm), the distance between adjacent ordi- 
nates being T The algebraic sum of these ordinates is cero if 
m is not multiple The truth of this proposition may be 
made evident by a detailed cf>nsideration of Figs. 204, 205 and 
206, as follows : The first ordinate a in Fig. 204/1 being located 
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arbitriiril\ , the distances to the other c)rtlinatcs of the set arc \l 
and or 2^/ and 4^/, resjKrctively, where /(= 7 '/;;/^ is the 

wave-len;;th of tijc yiven harmonic. 'I hesc ordinates are evi- 
dently tli«: same exactly as ordinates at distances of \l and \l 



iis7 mss 3 
Fig. 205a. 


from a, as shown in Fig. 204//. Therefore the algebraic sum of 
the set of three ordinates is zero according to proposition (i). 

The first ordinate a being located arbitrarily in Fig. 205^? the 
distances to the other ordinates of the .set are |/, f/, i|4 if/, 
2^/ and 2^4 rcsixjctively, where / is the wave-length of the 
given harmonic. These ordinates are evidently the same exactly 



Fig. 205b. 


as ordinates at distances of ^4 24 24 7/. f/ and §/ from a, 
as shown in Fig. 20$ fi. Therefore, the algebraic sum of the set 
of seven ordinates is zero, according to proposition ( i ). 

An example where ;// is a multiple of // is shown in Fig. 
206. In this case the ordinates lie in identically similiar {X)sitions 
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in the dilTcrcnt wave.sof the jjiven harinonic, .so that t!»c ordinates 
are all of the same value anil of the .same siyn. rivrefore their 
sum is not equal to zero. 

I _oii« cgcl* T_ y 

Ur-ojcM I 



I I 

I 



mm 8 mm3 

Fit. 206. 


When ti is a multiple of m there are njm equidistant or* 
dinates in each complete wave of the given harmonic, and their 
sum is equal to zero according to proposition (i). 

When « aiul m have a common divisor d *, then we have 
«/</ equidi-stant ordinatc.s in w/i/ wave-lengths of the given 
harmonic, and w/i/ is not a multiple of ;//</. This case, there- 
fore, falls under one of the cases discussed in connection with 
Figs. 204 and 205, and therefore the algebraic sum of the ordi- 
nates is zero. 

Di'lenHUKitiou of the highest affreciahle harmonic by hischer- 
Hinnen's method. — Fischer- 11 innen’s method is practicable only 
when all harmonics higher than a certain order are negligible. 
Thus, in the alternating electromotive force and current curves 
which occur in practice, harmonics above the 1 3th or 1 5th are usu- 
ally negligible. Figures 207 and 208 show a given periodic curve, 
the origin 0 being arbitrarily cho.sen. Consider one complete 
cycle of the given curve, measured from 0 as indicated in both 
figures. The ;/th harmonic of the given curve is equivalent to 
the two curves A and B added together (ordinates added). 


* Greatest common divisor. 
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Curve .1 is a sine curve of wliich the maximum ordinate Is the 
value ol coefficient in C()iiation (75), and /> is a cosine 
curve of wliich the maximum ordinate is the value of the coeffi- 
cient in e(]uation (75)- hiym'os 207 and 208 are construc- 
ted for « =« 3 for the sake of clearness, but in the discussion of 



Figs. 207 and 208, ;/ is understood to refer to the highest order 
harmonic that is appreciable in value. 

Consider the « equidistant ordinates a^, a.,, a^, etc., of the 
given curve in Fig. 207 ; the first of the set being at middle 
point of the first half-wave of the curve cl (distance of a^ from 
j'-axis equal to T f^n). The algebraur sum of rf,, a^, etc., is 
equal to nA^. This is evident when we consider that the ordi- 
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Male of the ^iven curve at any point is etjnal to :lie sinn of 
the ordinates of all its harni«>nics at that point, when -ve consiilcr 
that the ordinates of the /» curve in Imj;. 207 arc zero at the 
points </,, </j, etc., and when we renieinber that the alge- 

braic sum of all other harmonics (not including the ;/th) of the 
given curve at the |K>ints </., etc., is etjual to zero ac- 
cording to propositions (1) and (2) above; the multiple liar- 
monics, 2//, 3«. 4//, etc., being negligible. Therefore, we have 
for the highest appreciable harmonic 

+ • • •) (‘*^ 3 ) 

in which is distmt /’/.p/ from the origin, .ind the di.stanccs 
to tt„ (j_, t<4 </,, (/j to .mil so on arc equal to 
Consider the « equidistant ordin.ites />,, /\, etc., of the 
gi%-cn curve in Kig the first of the set />, being coincident 

with the ) -axis. 'fhe algebraic sum of />,, A^, Aj, etc., is ecpial 
to so that for the highest appreciable harmonic, we have 

+ ■) (84) 

in which is at the ori^^in and the distances to b^ to b^, 
to l\ and so on are etjual to 7 ’///. 

Detirmination of the lt*7oer harmomes by hischer-^I linnctf s 

method. — If the highest appreciable harmonic is, say, the 1 5th, 

then the 13th, the i ith, the 9th and the 7th can be determined 
by the above method, iisin^ equations (83) and (84); but the 
5th harmonic cannot be so determined because the algebraic sum 
of five equidistant ordinates of the given curve depends uj)on the 
15th harmonic as well as upon the 5th harmonic; 15 being a 
multiple of 5 [see proposition (2) above]. 

The true value of the coefficient is given by the equation 

A = + ^ 1 * (8s) 

in which i.s the incorrect value of /f, as calculated by equa- 
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tion (H3>. The truth fjf this formula may be shown by consider- 
ing Fij,,. 20 <j which shows the harmonic curves A,^s\x\ 2 ir^tjT 
and //,j sin 27 r 15///'. 'Hie positions of the two curves in Fig. 
209 correspond to positive values of the coefiicients and A^y 



The sum of the five c<jiii<!istant ordinates nt the given curve 
<^2, etc., . (lej)ends <inly upon the curves ./, and . accord- 

ing to propositions (i ) and (2) abovi*. and it is evident from Fig. 
209 that one fifth of the sum of the five e<juidistant ordinates 
(which is eipial t<» -/./) is equal to — A^^, so that equation 
(85) follows .'it once. 

The true value of is given by the equation 



in which is the incorrect value of />,, as calculated by equa- 
tion (84). The truth of this equation is evident from Fig. 210 
which shows the harmonic curves corresponding to positive 
values of the two cocfHcients and 7 >Y.,. and which shows 




Fig, 212. 

An argument similar to the above based c/ii propositions (i) 
and (2) and upon I'igs. 211 and 212 leads to the following equa- 
tions for the true values of and />^ ; namely 

•^3 ~ “1“ (®7) 

-Sjjj (88) 

in which and /?,' are the incorrect values of and 7?. 
as calculated by equations (83) and (84). 

DiterniiHatton of the fundiintcntol h(tf'Uiotiic.~—lel^\\tc 213 
shows (for positive values of the coefficients) the trend of the 
harmonic curves corresixinding to A^, /!,, A^, etc., and the ordi- 
nate a of the given curve is evidently equal to A, — A^ ~f- A^ 
— Aj + A^— etc., .so that 

A,^a + A,-A, + A,^A,^A,,^ A„ + A„ (89) 
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HjiiiiLii l^v , tliut ordiimtc *)f tlic ^ivcii curve wliicli is ccjincidcnt 
with the.; -axi.s is equal te. //, -f- //, + etc., so that we 

have 

J{, - H, - li, - /;„ ~ ~ (ijo) 



Ao/f. Kquation.s (85) to (90) refer to the ca.se in which the 
2l.st and hijjher harinonic.s arc neglijjible. It is of course 
nece.s.sary to attend carefully to algebraic signs in the use of 
equations (83) to (90). 

Iixamplc. — The full line curve A in Fig. 214* is the ex- 
perimentally rlctermined electromotive force cun e of a certain 
unitooth alternator (armature winding placed in / slots, where / 
is the number of field magnet poles). The curve CC is the 
remainder beyond the 13th harmonic, and the dotted curve B is 
the sum of the odd harmonics from i to 13. Chot>sing the origin 
of coordinates at the ijoint where the fundamental harmonic cuts 
the axis of abscissas and taking the maximum value of the funda- 
mental harmonic as i. 000, the maximum values of the \-arious 
harmonics and their pha.ses are as given in the following table. 
The maximum values given in tliis table are the values of the 
expression |/ ^ 1 ^* -f and the pha.ses are the values of the 

angles whose tangents are equal to In case one would 

wish to plot these various harmom'es, the phase angle for each 

•Taken from Allernnfinir Current PMenontena hy C. P. Steinmetz. Figures 218, 
219, and 220 are also taken from Steinmetz. 
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harmonic wouUi have to be laid off using the waved t ngth of that 
harmonicas 360®. 


Fundamental Harmonic. 

Max. Valtt*. 
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72 . The harmonic analyzer. — The method outlined in Art. 71 
for the determination of the various harmonics of an exjicrimcnt- 
ally determined curve is tedious, and several machines have 
been devised for carrj'ing out mechanically the integrations which 
are described in Art. 70. [See eejuations (76), (80) and (81).] 
The best known and perhaps the simplest of these machines is 
the one which was suggested by Professor James Thom.son and 
perfected by Sir William Tliom.son (Tx)rd Kelvin).* The inte- 

* See Section 37 of the article on 7 /V/<r.t in the Encycloptirdia Dritannica, ninth 
editioD. See abo articles by James Thom.son and by Sir William I'honison in /Vv- 
ceedings of the Royal Soneiy\ Vol. XXIV, 1876, page 262 and pages 269 and 27 K 
Sec also a paper by Sir William 'lliomson in the Proreedings of ihe /nslitute of Civil 
Engineers (British), Vol, I*XV. 
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Rratin^j part of the machine consists of a circular disk of steel 
/)/}, I'ig. 215, which is mounted upon an inclined spindle as 



Bide view oiew in direction of 

the arrow A 

Fig. 215. 


shown, a steel sj)here .V and a steel cj'lincler CC which is carried 
upon two pivots /y>. 'I'liis integrating mechanism is also shown 
in Fig. 2 16. 'Fhe periodic curve which is to be analyzed is traced 
upon paper and wrapped around 
a' cylinder /:/:*, Fig. 216, the 
circumference of the cylinder be- 
ing equal to one complete wave- 
length of the periodic curve. 

As the cylinder /:/: is slowly 
turned, the tracing point is 
made to follow one complete 
cycle of the curve, and the .steel 
fork /*' pushes the .sphere back 
and forth along the diameter D/) 
of the circular disk so that the 
distance of the center of the 
sphere from the axis of the disk 
is at each in.stant equal to the ordinate / of the given curv’c as 
shown in Fig.s. 216 and 217. 

This cylinder Jili is geared to a series of cranks any one of 
which may be so connected to the disk JW as to cause it to os- 
cillate back and forth about the supporting spindle as an axis as 
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the cylinder EE is turned. One of the cranks would cause the 
disk DD to make one complete oscillation while the cylinder 
EE makes one revolution, the next crank would cause the disk 

DD to make two oscillations 
while the cylinder EE makes 
one revolution, the next cri> ik 
would caust the disk DD 'o 
make three u :illiatiuns durii g 
one revolution of the cylind - r 
EE, atul so on. Thus, the //th 
crank would cau.se the disk DD 
to make ;/ complete oscilla- 
tions during one revolution of 
the cylinder EE.. Let / be the time of one revolution of the 
cylinder E.F., then the angular velocitj' of the oscillating disk at 
any given in.stant is equal to sin 27r;///7'.* The sphere E rolls 
on the o.scillating disk aiul against the cylinder CC cau.sing the 
cylinder to turn at an angular vehjcity which is at each instant 
equal to yfe x .sin 27 r//// T, where c is the radius of the cylinder 
CC. Therefore the total angle turned by CC during one com- 
plete revolution of the cylinder EE, that is, in T seconds, is 



I 

c 




fsm 


znnt 

T 


dt 


Therefore, according to equation (8o), the coefficient /!„ is equal 
to 2c\T times the angle in radians turned by the cylinder CC 
during one revolution of the cylinder EE, and this angle may 
be determined by attaching a pointer to the cylinder CC and 
reading the position of the pointer on a divided circle. 


73. Examples of the distortion of electromotive force curves by 
Irhlde and quintuple harmonics. — The upper curve in Fig. 2i8 
shows a simple sine curve, and the curves a, b, c, d and e 

* This means that the disk makes n complete oscillations in T seconds, and it 
means that the maximum angular di.stance of the oscillating disk from its mean or 
middle position is //2fr« of a radian. 
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show resultant curves obtained when a triple harmonic is added 
to the given curve. The curve a is obtained when the triple 
harmonic passes through zero at the same instant that the funda- 



mental harmonic passes through zero, but in a reverse direction, 
that is, the triple harmonic is changing from positive to negative 
at the instant that the fundamental is changing from negative to 
{x>sitive ; and the successive cur\’es h, c, ti and c are obtained 
by shifting the triple harmonic to the right, step by step, ^ of 
T at each step, where T is the wave-length of the fundamental 


*The student should plot the fuiuinmental harmonic and the triple harmonic in the 
various |)ositions to give the resultant curves /s r, and 
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The upper curve in Kijj. 219 shows a simjjle sine curve, and 
the curves a, fi, r, d and e sluiw resultant curves obtained 
when a quintuple harmonic is added to the i^ivcn curve. The 
curve a is obtained when the quintuple harmonic ]ku>.scs through 
zero at the same instant that the fundamental harmonic passes 



through zero, but in a reverse direction, that is, the fundamental 
changes' from negative to positive at the instant 'that the quintuple 
harmonic changes from positive to negative ; and the successive 
curves, b, c, d and e are obtained by shifting the quintuple 
harmonic step by step, g*,, of T at each step, where T is the 
wave-length of the fundamental curve.* 

* The student should plot the fundamental harmonic and the rjuintuple harmonic in 
the various positions corres|)onding to curves A, r, d and e. 
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Figure 220 shows some characteristic wave shapes which con- 
tain fiindamentiil, triple, and quintuple harmonics. Taking the 
maximum value of the fundamental harmonic as unity, the equa- 
tions to these curves are as follows : 



Curve aa : 

y 1,0 sin fi -f o.is sin (3^3 180®) -f o.io sin (5/3 -f i8o°) 

Curve M : 

y as 1.0 sin /8 + 0.225 + o*05 5^ 

Curve cc: 

y>B t.o sin /3 + 0.15 sin 3/!? -f- o.io .sin (5/3 + 180°) 
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Curve dd : 

.1' =1.0 sin + o 15 sin (j/Si -f iSo^) 4-010 sin $$ =• 

74 . Effective value of a non-harmonic electromotive force (or 
current) expressed in terms of its harmonic components. — (.'<tn- 
siilcr the electromotive force 


. 27r/ . Girf 

i’ = - /. sin -f- * sin y -!-••• 


(•■) 


Siiuaring both members of this equation and we liave 

. , flTT/ ) 

<'* ss Ai sin- y. + •'•IJ sur -i j 

, , . 2ir/ . Cirf 

•4 2A^AJ sin y.- sin y,- -f • • • 


(») 


Now the average value of sin* 2vntj T is one half, and the average 
value of any cro.ss-product like sin 27r////y'xsin 2“w///7‘ is 
zero, so tliat 


r = 


./? Ai A; 

*+ r+ - 


(iv) 


Hut /lJ/2, .•l*/2, etc., are the sc|uarcs of the effective values of 
the respective harnnmics aiul thereCnre we have the proposition : 
The square of the tffeetive ralue of au alternatiu}; electromotive force 
or current is equal to the sum of the squares of the effective values 
of its harmonics. This proposition is here derived for the .s|x:ciai 
case in which the harmonics are expressible by a series of sines, 
but the derivation may be easily generalizetl .so as to include both 
the sine series and the cosine series in e(|uation (75). 

75 . Power relations of the various harmonics of an alternating 
electromotive force and of an alternating current. — Consider the 
electromotive force 

„ . 2 irt „ . (mt ^ . low/ . 

^ as E, sin .j. 4- E, .sin yv + E* sin y,- -f • •• (1) 

* The student should plot the fundamental, and the triple and quintuple harmonics 
in the positions corres|x>nding to these equations. 
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ulul tile I urrent 

, . 2irt , . Cvt \oirt 

t — I, sin + Ij sin + Ij sm y H (ii) 

The instantaneous power is 

. .27r/ . ./yn-t 

et a. E,I, siir y. + Ejlj sm^ ,j, + • • • 

/•r» * • • 29r/ . (yvt 

+ (Eilj + E3I,) sin ^ sin + • 

and tile averafje power, /’ is 

„ E,I, E,I, E.I. . 

' -• + ;*+■•• (tv) 


(hi) 


inasmuch as the average value of every cross-product of the 
form sin 2ir«//7' x sin 2 trtntlT is zero, or in other words, every 
harmonic of the current is “ wattless ” with respect to every har- 
tnottic of the electromotive force except the harmonic of the same 
order, and every harmonic of the electromotive force is “ 'wattless " 
with respect to et>cry harmonic of the current except tlu harmonic 
of the same order. 

The above discussion is limited to the sine series in equation 
(75) for the sake of simplicity ; but it may be easily extended to 
include both the sine series and the cosine series in equation (75). 
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NOX-IIARMONIC EI.lXTROMoriVK FOKCl-S AND Cl’RRKNTS 

IN I'RAcnci:. 

76. Causes of non-harmoidc electromotive forees of altematiog- 
cuirent generators, (ii) Dhtribution of a field flux md distribu- 
tion of armature u'hidings . — Figure 221 .shows u two*pole alter- 



nator with a uniformly distribiiU d iIu.n under the pole-faccs and 
with a fringe of flux beyond the j)ole tips, ;tnd l*‘ig, 222 .show.s an 



armature between two nearly flat pJIle-faccs. If the flux density 
at the point b in Fig. 222 i.s proportional to the co.sine of a 
the flux is said to be hannonically distributed. 
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When the arinutlire winding is concentrated ^onc slot i)er {jole) 
the elect nunotive force curve is similar t(* tlie curve of distribution 



* 

Fie. 223. 


of flux if the slots arc small, \\1icn. however, the wincHnjj is 
distributed, the electromotix e ft^rce curve is different from the curve 



oae-Jk«lf cycle 


m 


224 . 


of flux distribution.. Thus, Fig. 223 shows the electromotive 
force curve produced in a concentrated winding by a flux which 
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is uniformly clistribtitcJ uiuicr the [mle faces (frint;e ( f flux be- 
yond the pole tips is ignorcil so tliat the drawings may l»‘ simple), 
Fig. 224 shows the two electromotive force curves tuta atta 



FiC. 22Sa. 


aaa and bbb bbb bbb due to two separate concentrated windings, 
a and b, and the curve KF in the lower part of Fig. 224 is the 
electromotive force curve protluced l)y tlic two windings a anil 
b connected in series, thus giving a winding which is distributed 



in two slots per pole. In this case, also, the fringe of flux beyond 
the pole tips is ignored. Figures 22^a and 225^ show the elec- 
tromotive force curve which is produced by a band of conductors 
ab. 

When the field flux of an alternator is harmonically distributed, 
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then the ■ lectnnnotivc force «»f tiic alternator is harmonic whether 
the; winding' is ilistributed or concentrated. 

((>) Ai niature nwtioii . — When an alternator is loaded, the 
armature current tends to crowd the field flux under the trailing 
j>ole tips, as shown in Kig. 193, and the electromotive force 
curve is distorted in a manner which is at once evident from 
Fig. 193. 

The armature reaction of an alternator aflixts the electromo- 
tive force curve of the machine not only by distorting the field 
as shown in Fig. 193, but also by alternately strengthening and 
weakening the field, as the armature rotates. As a given arma- 
ture coil comes into the position in which it surrounds a field 
pole, the magnetizing action of the current in the coil either helps 
or opposes the field flu.x according as the alternator delivers 
leading current or lagging current to its recei\-ing circuit. This 
magnetizing or demagnetizing action of the armature current is 
pulsating and it causes the electromotive force of the alternator 
to become non-harmonic to some extent. 

• (r) Pulsation of inductance. — The inductance of an alternator 
armature (the inductance of one of its windings if it is a polyphase 
armature) varies with the po.sition of the armature. As the arma- 
ture is turned slowly the inductance reaches a maximum value 
when the pole pieces britlge over the slots in which the armature 
winding is placed, and it reaches a minimum value when the slots 
in which the winding is placed lie between the pole tips. There- 
fore the inductance of an alternator armature pulsates when the 
armature rotates. The eflect of this puLsating inductance is to 
cause the electromotive force of the alternator to become to some 
extent non-harmonic.* 

77. Causes of non-haxmonic currents. — The cau.ses of non- 
harmonic electromotive forces of alternating-current generators 
are discussed in Art. 76. The production of a non-harmonic 
current may depend upon the use of an alternator having a non- 

* Any attempt to formulate the actions described in this article would lead to equa- 
tions of extreme complexity and the results would not warrant the labor involved. 
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hariuoiuc clcctioniolivc force, or the reactions of a rco ivin^ circuit 
may cause an alternator having a iiarinonic eiectrouu live force to 
deliver a lUMi harnuaiic current ; and the reaction of a reccivin<» 
circuit may in turn result in the production of n< n-harnionic 
electrt>nu>tive forces aciiKss /* »///<»/; of llie i ceivin^ cir- 

cuit even thoiu^h the elcclroinotive fi>rce of the «;eneiator he har- 
monic. rherefore, in iliscussini; the proiluclion of n* n-harnionic 
^irrent, we shall consider first the production of iioU' harmonic 
current by a generator of wliich the electnnnotive fi»rce is non- 
harmonic, wo shall then consider the pn^duction of non-harmonic 
current by a generator having a harmonic electromotive force, and 
we sliall finally consider the production of non-harmonic electro- 
motive forces by the reactions of a receiving system. Before 
entering uf)on this discussion, however, it is important to con:- 
sider constant versus pulsating resistances and inductances. 

The current pn iduoed in any ordinary nun-inductivc circuit is 
proportional to tlio electromotive force. That i.s to .say, the ratio 
Jijli^ms R) is a constant for such n circuit. In an electric arc, 
however, tlic current is imt proportional to the v«)ltage across the 
terminals and tlicrefore tlie r.itio /;//( = R) is not constant in an 
arc. An electric arc is said t<.» have a rfsistmu'C, 

The inductance. /, of a c*>il may be defined as the quotient 
‘I>// where is the llu.v-turns correspondin{( t«> a pjiven value 
of the current /. When the cr»il docs not contain an iron core, 
4> is proportional to /, .so tluit the ratio <!»//( =» L) is con- 
stant. When, however, the coil contains an iron core, is not 
proportional to I and the ratio 4>/ /( — /■) is not constant. In 
fact, this ratio falls oiT in value with increasing value of / on 
account of the magnetic .saturation of the iron. Therefore when 
an alternating current flows through a coil of wire wound on an 
iron core the value of 4> //(=/.) varies as the current rises and 
falls. A coil with an iron core is therefore said to have a pulsat- 
ing inductance. 

m 

Non-haraonic currents in circuits of constant resistance and 
constant inductance. — Con.stdcr a non-harmonic electromotive 



»\-HARM{,)NI<: KLKCTR()M< ITIVK H iRCKS. 


253 


fon c of V liicli the values of the fuiKiatneiital and successive har- 
monics aie -1,,./,,./.,,,/^, etc. Tlie values «)f the fundamental 
and succi-ssivc harmonics <if the current which is ])rfKiuced by 
this elecMromotive force throuj^h a non-inductive circuit are pro- 
])ortional to ^ . 1 ^, etc., and the currt'nt cim c is of ox- 

aotly (hf Mime shiif*c as the electromotive force curi'C. The values 
of the fundamental and successive harmonics of the current which 
is produced by this electromotive force through a highly inductiv^ 
circuit ( Without iron) are proportional to A,, AJ2, AJi, 
etc. The values of the fundamental anil successive harmonics of 
the current which is produced by this electromotive force through 
a condenser (resistance of circuit negligible) are proportional to A^, 
lA^, 3/lj, 4 A^, etc.* The effect of inductance is, therefore, 
to tend to eliminate the higher harmonics of current whereas the 
effect of a condenser is to exaggerate the higher harmonics of 
current This is shown very strikingly in I'ig. 226, in which A 
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226 . 

is a non-harmonic electromotive force curve, C is the curve of 
the current produced by in a highly inductive circuit (with- 

* These relations nre evident from the discussion of the fundanientahproblem of 
alternating currents on pages 66-70, Franklin and Esty’s EUnu'nts 0/ /CtW/rira/ En- 
gineerings Vol. II. 
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out iron), and /> is the curve of current pn^ducecl by .1 
through a condenser (resistance t)f thecirc«iit very squall). 

Production of higher harmonics by reaction of a receiving circuit 
having pulsating resistance or pulsating inductance. > - I'i(;urc 227 
shows tile nia<;neti/in};-currcnt curve /» of a transf >rnier wliicii 
is supplied fri>in an alternator which gives a liarni 'nic electro 



motive force. The electromotive force being harmonic, the curve 
of core flux of the tran.sformer d>, Tig. 227, must l>c harmonic 
if the resistance of the primary coil is .small, and the current cor- 
responding to each value of <!> may be determined from the 
hysteresi.s curve of the transformer core (the dotted curve in Kig. 
227). 

If a harmonic current be cau.scd to flow through a winding of 
wire on an iron core, the electromotive force across the terminals 
of the winding is non-harmonic. In order to produce a harmonic 
current through a winding of w'ire on an iron core (or through 
an electric arc) it is necc.ssary to u.sea high-voltage alternator giving 
a harmonic electromotive force and to include a very large non- 
inductive re.sistancc in .series with the coil (or arc) so that the elec- 
tromotive force across the coil (or arc) may be negligible in com- 
parison with the total electromotive force of the alternator. Figure 
228 shows the electromotive force curve ee across a winding of 
wire on an iron core when a harmonic current flows through the 
coil. This electromotive force curve may be plotted as follows 
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Fic. 228 . 



Fie. 229. 
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on the assumption that the resistance of the wiihiiny is zero. 
Having given the hysteresis K>op for the given ning of current, 
as shown in I'ig. 229, the flux corresponding to each value *»f the 
current is knt>\vn, and the flux curve I*’ig. 228. m.«y be plotted. 
The ordinate i>f the electri>mt>tive force curve is then j)ro|H>i- 
tional to the of the flux curve at each point of linte. 

Figure 230 sltow s the curve of current / through .lU arc Iainj>, 
and the curve c'f elect rtunotive fmee c across the te rminals of 
the arc. If the arc lamp were t*> be eouiu cted in ‘ ciies with a 
ver\' large non-intlucti\ e resistance to an alternator giving a har- 
monic electromotive fi>rce, then the current curve wcmld be har' 
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monic as a!>ove explained. The curves in big. 230 were obtained 
with a moderate amemnt of resistance and .^omc inductance in 
series with the arc, and neither the electromotive force curve nor 
the current curve are harmonic, although the electromotive force 
of the generator was approximately harmonic. 

78. Effects of higher harmonics. — Nearly the whole of alter- 
nating-current engineering is based upon a simple working theory 
in which the alternating electromotive forces and currents arc 
assumed to be harmonic ; as a matter of fact, Jpwever, the elec- 
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troniotivc forces and currents arc never exactly harmonic, and 
therefore the behavior of tlic various alternating-current machines 
<leparts to some extent from the simple working theory. This 
dejMirtuic or difference in behavior due to the non-harmonic char- 
acter of electromotive forces and currents may be spoken of as 
the cffei t of higher harmonics. It Ls not usually considered in 
pr.'ictical work except in a few instances. 

/// gi Ht ftil, (he details of behavior of an alternating-cnrreni 
machine of any kind tvhen electromotive forces and currents are 
non-harmonic may be thought of as the combination or summation 
of the different effects V’hiih icoidd be produced by the several har- 
monics taken singly. This is exactly true in those cases in which 
an e.xact proportional relationship exists between electromotive 
force and current (when resistances and inductances do not pul- 
sate). When, however, tlie system contains arc lamps or induc- 
tances with iron cores, then the efiects of the various harmonics 
taken singly cannot be added together to give the effects- of all 
together. For practical purposes, however, the effects of non- 
harmonic electromotive forces and currents may usually be 
thought of as the summation of the efiects which would be pro- 
duced by the various harmonic components taken singly. 

The synchronous motor. — Consider an alternator delivering 
current to a synchronous motor, and suppose the electromotive 
force cur\'e of one machine to differ from the electromotive force 
curve of the other machine because of the presence, say, of a 
quintuple harmonic. The action of the two machines due to the 
fundamental harmonics of their electromotive forces is that which 
is described in any ordinary discussion of the synchronous motor, 
and the effect of the quintuple harmonic in the electromotive force 
of one machine is as follows : This quintuple harmonic is an elec- 
tromotive force which is not opposed by any corresponding elec- 
tromotive force in the other machine, that is to say, the circuit of the 
two machines is a short-circuit in so far as this quintuple harmonic 
of electromotive force is concerned. This quintuple harmonic of 
electromotive forqe produces, tlierefore, a short-circuit quintupfe- 
18 . 
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harmonic curnmt. It must he remembered, howe\ er, that when 
an alternator is short-circuited, tiic sliort-circuit cut t ent is limited 
mainly by the very large inductance of the alternator armature, 
and the power which is represented hy the short-eirctiit current 
is not excessively large. In the case of the quintuple harmonic 
the short-circuit current is even more effectively limited by tlie 
inductance of the two alternator armatures because of the higher 
frequency, so that the short-circuit quintuple-harmonic current i.H 
not \'cr>' large, and it rei>rcsents but a very small additional power 
output of the alternator becau.se it is nearly 90*’ behind the quin- 
tuple harmonic of electromotive force in phase. 

Another way of looking at the e/Tect of a non-harmonic elec- 
tromotive force of an alternating-current generator which drives 
a synchronous motor is as follows : Suppose that an ordinary 
alternator is short-circuited through a zero re.sistance. The 
short-circuit current in the alternator armature may be thought 
of as modifying the field flux in such a w.ay as to reduce the ac- 
tual induced electromotive force in the alternator armature to that 
value which Is cafxiblc of producing the actual short-circuit cur- 
rent through the armature resistance. In the same way, the 
.short-circuit quintuple harmonic current which is de.scribed in the 
foregoing paragraph may be thought of as modifying the flux 
distribution of the generator so as to cause a great reduction in 
the value of the quintuple harmonic in the generator electromo- 
tive force curve, and as modifying the flux distribu^on of the 
synchronous motor so as to introduce an opposing quintuple 
harmonic in its electromotive force curve. If the resistance of 
the circuit were zero, then the quintuple harmonic electromotive 
force which is introduced into the electromotive force curve of 
the motor would exactly balance the reduced quintuple harmonic 
in the electromotive force curve of the generator, and the short- 
circuit quintuple-harmonic current would be the amount of quin- 
tuple-harmonic current, required to so modify the field fluxes of 
the two machines as to bring about this result. 

The induction motor. — The behavior of the induction motor 
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due t<* the rundamcntai harmonic of tlic electromotive forces of 
supplj' is that which is discussed in any elementary treatise on the 
induction motcir. The effect of the presence of, say, a triple har- 
monic in the supply electromotive forces may be described as 
follows: This triple harmonic protluces its own rotating stator 
magnetism which, of course, rotates at a si)eed three times as 
great as the stator nnagnetism due to the fundamental harmonic of 
the supply voltages. W'ith respect to this high-s|>ced stator mag- 
netism the rotor runs at a very great slip with large RI* losses 
in the rotor. That is to say, the motor behaves with reference to 
the triple harmonic of the supply voltages in a manner similar 
to what its behavior would be with reference to the fundamental 
harmonic of the supply voltages at very low speed. 

Influence of higher harmonics upon core losses in transformers . — 
Tlie maximum flux density reached in the core of a trans- 
former is proportional to the area under the half-wave of the elec- 
tromotive force curve,* the smaller this area the lower the value 
of the maximum flux density and consequently the lower the 
hysteresis loss in the iron core for a given frei]uency. Consider 
two kinds of electromotive force curve, a flat-topjxid curve and a 
peaked curve, the eflbetive values being the same, say, 1,000 volts. 
The flat-topped electromotive force curve will have a greater area 
under its half-wave than the i)eaked electromotive force cur\'e. 
Therefore, the hysteresis loss in a transformer core is less when 
the alternating electromotive force cur\-e is peaked than it is when 
the alternating electromotive force curve is flat, botli electromo- 
tive forces having the same efiective value and the same frequency. 
The eddy current loss, on the other hand, depends only upon the 
eflective value of tlie electromotive force. 

Effects of higher harmonics in long-distance transmission . — 
The frequency of the fundamental mode of oscillation of a^trans- 
mission line is in every practical case much higher than the fre- 
quency of the alternating current used in (Mwer transmission. 

*Sc« Franklin & Esty’s Ehmtnti of EUctrkal Enffin€erin^^\K\, II, pages 

ao8*3ia • 
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Thusli transmission line 200 miles lon^i, t>pcn at the distant t iul, 
would have a fundamental frequency of 232 cycles per sec*)nd, 
and the frequency of tiie sectnul mode of itscillation Wiiuld be 
696 cycles per second, as explained in Chapter V, wiiereas, the 
frequency usually employed in alternating-current |><j\cer trans- 
nussionis 25 cycles per second. Therefore, transmission lines are 
not usually set into very violent electrical oscillarion. If, how- 
ever, higher harmonics exist in the electromotive force of the gen- 
erator, or if higher harmonics arc introduced into the system by 
the reactions of the receiving circuit, and if the frequency of 
one of these higher harmonics h.ip|)eiis to coincide * with the fre- 
quency of one of the simple modes of oscillation of the transmis- 
sion line, then very violent transmission line oscillations may be 
produced, and the insulation of the line may be endangered. 

79 . The elimination of triple harmonics in a three-wire three- 
phase system. — Some very interesting and important effects arc 
produced in three-wire three-phase systems because the three- 
wire scheme of connections makes it imj)f)ssiblc for the triple 
harmonics of the electromotive forces of a Y-conncctcd three- 
phase generator to contribute to the voltages between mains, and 
because the armature wintlings of a ^-connected thrcc-pliase 
generator aftord a short-circuit for the triple harmonics of the 
electromotive forces. Also .some interesting effects are pro- 
duced when the receiving circuits of a three-wire three-phase 
system produce triple harmonics of electromotive force or current 
by their reaction, as explained in Art. 77. 

(a) Y-conncctcd generator .^ — Figure 231 represents a Y-con- 
nected generator, and the arrows indicate the chosen positive 
directions in the armature windings A, li and C. On the 
basis of the.se cho.sen po.sitive directions, the three electromotive 

* CoiDcidence of frequency of an alternator^ and frec|uency of one of the simple 
modes of a transmission line means that the generator end of the line is very near to 
a voltage node. If this distance is as shown in Figs. ii6, 117, llSor 1 19, then 
the value of the voltage across the line at a voltage antinode is equal to I /(sin 
times the generator voltage a»exp1ained on page 125, on the assumption that the re- 
ceiver end of the line reflects completely, and on the assumption that line losses are 
zero. < 
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forces jl, li and C may be consitlered to" be 120® apart in 
phase so that they may be represented by three vectors 120® 
apart in a clock diagram or by the three sine curves A, B and 



C in Fig. 232. A small portion only of each of the sine curves 
A, H and C is shown in I'ig. 232 in order to avoid confusion. 
‘ The three armature windings of a three-phase generator may be 
assumed to be exactly alike, so that if the electromotive forces 
A, B and C are non-harmonic, the triple harmonic of each must 
be related to the fundamental in precisely the same way. Sup- 



pose, for example, that the triple harmonic of A is represented 
by the curve in Fig. 232, tlien the triple harmonic of B will 
be represented by the curve and the triple harmonic of C will 
be represented by the curve r,. But the curves and r, 

are portions of the same triple-frequency curve, as shown in Fig. 
232. Therefore, on the basis of the choice of signs which is 


262 


KI.KCTRIC WAVl-S. 


represented by the arrows in iMg. 231, the triple hamvnics of the 
tliree electromotive forces are in phase with each other, that is to 
say, the triple harmonics of />’ and C are all in the direc* 
tions of the arrows in Fig. 231, or alt in the reverse direcfioQ» 
simultaneously, and //wsf triple hanmmes do mo/ coM/ri^u/f to thi. 
etectromoth>e forces between the maim. This is evident when we 
consider that an electromotive force in the winding A, Fig. 231, 
in the direction of the arrow and an equal electromotive force in* 
the winding Ji in the tfircction of the arrow raise both of the 
collectoY rings a and 2 to a certain [xjrtcntial higher than tin* 
potential «.>f the neutral junction ..V without producing a difler- 
once of potential between the rings. That is t»> .say, oven if the 
eIectromt>tivc forces «>f a Y-connected three-phase alternator con- 
tain triple harmonics, those triple harmonics are absent from the 
electromotive forces between the mains.* 

if) Delto-connectcd generator. — I'igure 233 represents a delta- 
connected three-phase generator, and the arrows indicate the 



*The sbsence of thethiid harmonic from the electromotive force between the ter* 
minals of a Y-coonecled three-phase generator is a particniar case of the foUowing 
general fact: Consider n separate armature windings displaced Z^ojH electrical 
degrees from each other and properly connected to give a ♦■connected M>phaae gen* 
erator. Then the »th harmonic b absent from the elecliomodve forces aetoea the 
terminals of the machine. 
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chosen {K>sitive directions. The triple harmonics of the three 
electromotive forces, A, B and C are in phase with each other, 
. as explained in connection with Fig. 232, that is to say, these 
triple harmonics of electromotive force are all in the direction of 
the arrows in Fig. 233, or all in the opposite direction simul- 
taneously, or, in other w'ords,. they all work together around the 
short-circuit formed by the delta-connected windings. The delta- 
connected three-phase alternator is, therefore, short-circuited with 
respect to the triple harmonics of its eleetromotive forces. The 
effect of this short-circuited condition may be descried as fellows, 
if the armature resistance be neglected (it usually is negligible as 
a matter of fact). The triple harmonic of current which is pro- 
duced reacts upon the field of the alternator and alters the distri- 
bution of the field flux so that the triple harmonics of the electro- 
motive forces arc reduced to imperceptible values. 

(<•) The threc<i>irc line provides ho return circuit for triple har- 
monics of current, and therefore, even if triple harmonics of electro- 
motive force were not annulled as above explained, no triple 
harmonic of current could be delivered to a balanced three-phase 
receiving system by a three-wire line. This is evident from what 
was stated under (<r), above, as to the fact that all three triple 
harmonics of three-pha.se voltages or currents are positive simul- 
taneously and negative simultaneously so that all three triple 
harmonics of current would have to flow outwards (in the direc- 
tions of the arrows in Fig. 331) in all three line wires simul- 
taneously, which is obviously impossible inasmuch as no return 
circuit is provided for currents which flow outwards in all three 
mains simultaneously. 

80. The influence of triple harmonics on the current and voltage 
relations in three-wire three-phase systems. — On the assumption 
that voltages and currents are all simply harmonic, that is con- 
sisting of the fundamental sine waves alone without^ higher har- 
monics, it can be shown * that the voltage across the terminals 

• See FrenUln end Esty’s Etementt «f Eltctriial Engineering, Vol. II, pages 
. 108 and 109. 
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of a Y-connccted tlirce-pha.sc generator is etjiial to 1 3 times th»: 
voltage of one armature winding, and that the current in one line 
is 1 3 times the current in one armature winding of a A-cunnectcil 
three-pliase generator. 

In the V-scheme of connections the triple harm' >nics teiul to 
make the line voltage less than |'3 times the voltage of one 
winding liecause the triple harnuniics are present in the windings 
but balanced out across the lines. 

In the A-schemc of connections the triple harmonics tend to 
make the current in each winding very much more th.in i/t 3 of 
the line current because of the short-circuited triple harmonic of 
current in the three windings and the entire ab.scncc of the triple 
harmonic current in die line wires. 

4 . 

81. Appearance of triple harmonica in balanced threei^haae 
receiving ayatema. — It i.s pointed out in Art 80 that triple har- 
monics in a three-phase generator are balanced out and not trans- 



mitted by a three-wire line. Such triple harmonics cannot there- 
fore influence the receiving circuits. When the receiving circuits 
contain pulsating reactances or pulsating re.sistances (see Art. 77) 
triple harmonics of electromotive force or current appear in the 
receiving system without showing themselves on the lihe and of 
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course without influencing; the generator. In the following dis- 
cussion the line voltages and line currents are assumed to be 
simply harmonic, that is to consist of fundamental sine weaves of 
electromotive force and current without any higher harmonics, 
an<l th( discussion is limited to the effects of pulsating reactances 
(|)rimaiy coils of transformers). A very slight modification 
would <idapt the discussion to the effects of pul.sating re.si.stances. 

(//) ncIta-couHiCti'd receivers, — Let H and Fig. 234, 
be tlirce primary coils of three tran.sformcrs which are supplied 
over a three-wire three-pha.se line, and let us consider the mag- 
ncti/ing currents of the three transformers. The voltage acro.s.s 
each transformer being harmonic the magnetizing current must 



be non-harmonic as explained in Art. 77. Consider the triple 
harmonics of the three magnetizing currents. These triple har- 
monics are all in the directions of the arrows in Fig. 234 or all 
in the opposite directions simultaneously. Therefore the triple 
harmonics of the magnetizing currents of three A-connected 
transformers circulate back and forth around the short-circuit 
formed by the A-connections. 

{S) Y-connectedrecehcrs, — I-et B and C Fig. 235, be the 
three primary coils of three transformers supplied over a three- 
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wire tlirec-phase line. The magnetizing currents of the three 
transfonners must be simply harmonic * because triple harmonics 
of current would have to flow all in the directions of the arrows 
or all in the reverse direction simultaneously which is obviously 
impossible. Therefore the electromotive forces across the trans* 
former primaries must be non-harmonic as explained in Art. 
77. This non-harmonic character of the electromotive forces 
across the primaries of Y-connected transformers consists chiefly 
of the presence of triple harmonics which of course balance out 
between the line wires so that no effect of these liarmonics is 
transmitted back to the generator. 

(c) Infiutncc of a 4th on triple harntonitS in three-phase 
transmission, — Ct)nsidcr a Y-conncctcd threc-pluisc generator 
delivering current over a three-wire line to Y-conncctcd receiving 
circuits as shown in I'ig. 236. Tlie generator voltages may 



contain triple harmonics without influencing the line voltages or 
the line currents, and triple harmonics may be created by pulsat*^ 
ing reactance in the receiving circuits without aflecting the line 
voltages or the line currents, as already explained. 

If a 4th main is connected as shown in Fig. 236 then complete 
circuits are established from generator to receiver for triple har- 
monics of current and the three phases become independent of 
each other as in an ordinary single-phase system. Suppose, for 

* Hannoiiics of 5th and higher orden not here considered. 
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example, that the generator voltages and contain no 

triple harmonics, whereas triple harmonics of electromotive force 
are introduced into the voltages and C^ as explained 

under (fi) above. Then the unbalanced triple harmonics of 
/f, and will produce triple frequency currents over the three 
mains /, ^ and j and over main or, if both neutral junc- 
tions (of generator and of receiver) are grounded, the triple fre- 
quency currents over /, 2 and j will have a ground return. 

If one neutral junction only is grounded, say the neutral junc- 
tion of the generator, then -a voltmeter connected from the other 

* > 

neutral junction to ground will show the value of the triple har- 
monic of -f (which is of course the same as the triple 
harmonic of /?^ + or of + Cy ) ; this voltage between a 
** neutral " junction and ground may amount to several thousands 
of volts in the case of a high voltage transmission system. Ac- 
cording to the simple working theory of alternating currents 
(electromotive forces and currents assumed to be harmonic, or, 
in other words, effects of higher harmonics ignored) there would 
»bc no electromotive force between the neutral junction of Y-con- 
nected receiving transformers and ground when the neutral junc- 
tion of the step-up transformers at the generating station is 
grounded, and an inexperienced operating engineer who is 
guided wholly by the simple working theory is likely to be 
ignorant of the danger which is involved in the existence of this 
voltage between a neutral junction and ground. 

88. Influence of triple harmonics upon the power factor of a 
three-phase generator which supplies currents over a three-wire 
line, — A three-wire di.stributing system constitutes an open cir- 
cuit with reference to the triple harmonics of electromotive force 
of a Y-connected three-phase generator ; and therefore the power 
delivered by each winding of such a generator to a non-induc- 
tive receiving system is not equal to £/ where E is the elec- 
tromotive force across the w'inding, as measured by a voltmeter, 
md / is the current in the winding as measured by an ammeter. 
The actual power delivered by the winding is less than El, That 
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is to say, the power factor of the generator is less than unity. '" 
That is, the output capacity of a Y-connected three-pha.se gen- 
erator may be slightly increased by providing a fourth line wire 
as shown in Fig. 236, if triple harmonics exist. 

When a three-phase generator liaving triple harmonics of elec- 
tromotive force is A-connected to a three-wire line its output 
capacity is less than it would be if four line wires were used as in 
Fig. 236 for two reasons, namely, first the short-circuit triple 
harmonic of current reduces the available voltage of each wind- 
ing by annulling the triple harmonic of electromotive force by 
armature reaction, and second the short-circuit triple harmonic 
of current adds to the heat generated in the armature windings, 
and the capacity rating of the machine is thereby reduced. 

* The student should be able to derive an expression for the power factor in terms 
of the effective values of the fundamental and triple harmonics of the generator elec- 
tromotive forces, higher harmonics being ignored. See Art. 75. 
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INDUCTANCE AND CAPACITY OF TRANSMISSION LINES. 


88. Inductance of transmission line. — The inductance of a 
transmission line is given by the formula 




0.001483 X log,„ 



(91) 


in which L is the inductance of the line in henry’s per mile 
(actual mile of pole line), D is the distance apart of the two wires 
center to center, and R is the radius of each wire, D and R 
being both expressed in terms of the same unit This equation 
is only approximately true as will appear in the following deriva- 
tion, and indeed for most practical purposes we may use the 
equation 


Z = 


0.001483 log,. 



(92) 


because the radius of transmission wires is usually quite small as 
compared with their distance apart 


ne.237. 



Derivation of €qtiaHon — Figure 23713 a sectional view- 
of the two wires W" of a transmission line with outflowing 
current I abamperes in one wire and returning current 7 in 
the other wire. In order to determine tlie inductance of one mile 

c 269 



270 


ELECTRIC WAVES. 


of the line (161.000 centimeters of lino) it is necessary to find 
the magnetic flux which passes between * the wires of one mile 
of the line, that is to say, it is necessary to find the magnetic flux 
which crosses the plane PP, h'ig. 337. Consider an clement of 
this plane of which the width is A.t- and the lengtli is 161,000 
centimeters, and of which the distance from the center of the wire 
W is X, The magnetic field intensity at this element due to 
the current in wire II'' is 


H' 



(0 


and the magnetic field intensity at this element due to the current 
in wire IF" is 


//" 


2/ 

D-x 


ir 


( 2 ) 


Multiplying the total magnetic field intensity H' + N" at the 
element by the area of the element (161,000 Aa*) we have the 
flux across tlte element, whence, using tlie values of H' and 
//•' from equations (ii) and (iii), we find 

. _ /<fx dx \ 

A 4 > = 322,000 + 2)- ^ j (iii) 

Integrating tin's equation between the limits xma R and 
Ic — D — Rf we have 

^ = 644,000 log, (iv) 

but the magnetic flux which pas.ses between the wires is equal to 
the inductance of the wires multiplied by the current, that is 
= LI. Therefore, from equation (iv) we have 

L « 644,000 log. (v) 

This gives the inductance of one mile of the line in abheniys. To 
find the inductance in henrys divide by 10’, whence, using ordi* 

*The flux which crosses through the msteriel of the wires is neglected in this dis> 
cussion, and therefore equation (91) is only approximately true. 
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nsry lo(.'.iirithms instetid of natural logarithms, we get equation 
(9*)- 

84. Capacity of transmission line. — The capacity of a trans- 
tni.ssion line is given by the formula 


J-943 


I o'* xTlog, 


r.-o 


in which C is the capacity of the line in farads per mile (actual 
mile of pole line), D is the distance apart of the two wires center 
to center, and R is the radius of each wire, D and R being 
both expressed in terms of the .same unit. This equation is only 
approximately true as will appeal* in tlie following discussion, and 
indeed for most practical purposes we may use the formula 


C ^ 


1-943 




Equation ( 93 ) for the capacity of a transmission line may be 
derived from equation (yr) by using equation ( 9 ) on page 8/. 
It is instructive, however, to derive equation ( 93 ) directly as 


! IP' 




■<^i 


he- "Z* V 

Fie. 238. 

follows : Figure 238 is a .sectional view of the hvo Avires If’*' 
of a transmission line, and to find the capacity it is necessary to 
determine the voltage between the wires with an assumed amount 
of charge per unit length on each, positive on one wire and nega- 
tive on the other. The wires are small in diameter as compared 
with their distance apart, and therefore the charge is uniformly 
distributed around each wire,'*' and the electric field due to either 

*This assumption of uniform distribution of charge around each wire is not of 
course exactly true, and therefore equation (93) is only approximate. 



2/2 


elf:ctric waves. 


of the wires alone is symnictrical witli respect to the wire. Let 
r' be the intensity of the electric fieltl due to charge on 1 1 ’' at 
all points distant .r, centimeters from the center of IP. Then 
2 irje/e' is the electric _ flux outwards from / centimeters of the 
positively chained. wire, and -this fl.ux is, according to Gauss's 
theorem, proportional to the charge /(7 on the wire. In tact the 
fltix when expressed in volts per centimeter x .square centimeters 
is equsd to 1.131 x 10” x the charge in coulombs. Therefore 

2irx/e' = 1.13 1 X 10“ X <2 X ^ 

whence 

^^1.131 X' io'» 0 

2 ir X ' ' 


in which r' is expressed in volts per centimeter and (? is ex- 
pressed in coulombs. The electric field intensity at the point 

/, Fig. 238, due to the negative charge on wire IP' is given 
by the equation 




ff 


1. 1 31 X 10'* (J 
2ir D — X 


(«■) 


The total field intensity at the point p in Fig. 238 is t' r" 
volts per centimeter, which, multiplied by the small element A.r 
of the dotted line gives the voltage along this element, namely, 

s= (f' -f e") A.r (iii) 


Substituting the values of c' and e" from equations (i) and (ii) 
in equation (iii) and integrating the resulting expression from 
x^ R to X ss D — R, we have 


1,131 X 10' 


TT 




in which E is the electromotive force in volts between the wires 
and Q is the charge in coulombs on each centimeter of each 
wire, positive charge on one and negative charge on the other. 
The charge on one mile (161,000 centimeters) of one wire is 
161,000 (2* whence, from equation (iv) we have 
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Chartre on one; V 
of et^r.wire - f 


•.;lf > 5" * 

^ M *t> *^4, 

m tte |fquare Di9ctce|g is tin; o^adfy om. 
aott, JiM in and we (9|) 

opu|i^ ioig^tW in detibi|^|i^>. 
for^.tfU* capacity if 

is an dectric charge concentra;^ at a poft^ aSdi^av 
-hi|ie:.i^n^' is an heebie ch^ge distributed unifonnly aloi^ at 
Stra^ht lintf Poin^ chargees and line charges are of . oou^ 
ihatiietnatical idegls. Let A and Fig. 239, represent two 



charges, positive and negativc^perpendicular to thdg^e . 
-the paper, th^ Being Q coulombs of positive char^ ^ cehtir ■ 
meteg of leng^ :of A and Q coulombs of n^ative <;hatge piar- 
' ei^|tBieb«r length of B. Consider the electric field date to A 
>'hl<^, ! Thit^ electric field is given by the equatidn 

2w. r ' ' 

*> 

/IBy ;tntegi«tiflg this Itxpression between die limits rwr, to 
r mm it yrt have 
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1.131 X 10“ 

2i>r 


j2(log.rf--log,r,) 


as the potential difference between the origin and the point p in 
so far as this potential difilerence depends upon the charge A, 
Similarly we find 


L13I X 10“ 
2ir 


•C?(log.r,- log,</) 


as the potential difference between tlie origin and the point p in 
so far as this potential difference depends upon the charge B. 
Therefore the total potential difference between the or^[in and the 
point p due to both charges is 




.1.131 X 10“ 


Zlt 


<2(log,r,-log.»',) 


which may be written in the form 

A'glog,^^*^ * (vii) 

in which K is written for the constant 1.131 x 10’*/ 2w. 

The equipotential surfaces may be found by placing » a 

constant, which giv'es 

a constant (viii) 

which is the equation to a system .of circles, as shown in Fig. 

240, that is to say, the equipotential surfaces are a s}ratem of cir- 
cular cylinders with their axes parallel to the linear charges A 
and B, and the circles in Fig. 240 are the intersections of these 
cylinders with the plane of the paper. 

An equipotential surface in an electric field may- be replaced - 
by a thin metal shell without altering the distribution of the field 
in any way.* Thus, the plane equipotential surface CD in Fig. 

*The line of argument in this paragraph gives rise to the theory of electric images. ' 
See Elements of Electricity and Magnetism^ by J. J. Thomionf >40-185^ 

Cambridge, 1904. 
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240 ma}' be replaced by a plane sheet of metal, and any one of 
the cylindrical surfaces, for example the surface EF, may be 
replaced by a cylindrical shell of metal. Under these conditions, 
the total charge on CD is negative, and on each unit length of 
CD per])endicular to the plane of the figure the amount of charge 
is the same as on the line B ; also the amount of charge per 
unit length of the cylinder EF is the same as the charge per 

C 



\D 


Ftc. 240. 

unit length of the line A ; and equation (vii) is an expression 
for the potential difference between the plane CD and that par- 
ticular cylinder EF which corresponds to the chosen value of 
the ratio r,/r, in Fig. 239. Therefore the foctor by which Q 
is multiplied in equation (vii) is tiie reciprocal of the capacity per 
uidt length of the blinder and thd plane CD taken together 
to form a condenser. 

To derive an expression for the capacity of two parallel cylin- 
der Gif and EF, Fig. 240, consider that eqwtion (vii) ex- 
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presses the potential diilerence octween CD and RF^ and that 
the potential diilbrencc between GU and. nuiy be expressed 
by an equation similar to (vii), namely 

= A’C>log,^'^^,^ (ix) 

Therefore the total potential difference between GIT and EP is 

^ = A'<? log. ^ ^ (x) 

The coefficient of Q in this equation is the reciprocal of the 
"capacity per lengtli of the cylinders GH and EF. This expres- 
sion for capacity may be transformed so as to contain the radius 
of £F, the radius of GH and the distance 
between centers of EF and GH^ giving for the value of C in. 
** electrostatic '* units per centimeter length of pair of cylinders 

1 

iP’- w+jg.=)+>/ 1(95)* 

jA,;e, - I 



To derive this equation from equation (x) consider Fig. 241 in 
which the fine-line circle of which the diameter 2 <i is equal to 
the distance between the line charges A and B. This circle 
cuts both EF and GH orthogonally; therefore cOp and A Op' 
are right triangles and we have : 

rf* (xi) 

and 

(xii) 

The ratio of two lines drawn from A and B to any point on 
'EF is equal to rjr^ according to equation (viii). Consider the 
point g. The distance Ag is equal to — (D^ —■ R^) and the 
distance Bg ia.equal to -f (i 9 , -- /?,). Therefore 

r, d + {D ,-R^) 

*See TTke Theory of Electricity and Magnetism^ by A. G. Webftert Midnilhui 
and Company, 189J, pages 311-315. 
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aiid similarly, by considering the point ^ on this circle GH 
we have 

Also wc have 

D^D, + D, (^) 

Using equations (xiii) and (xiv), we have at once an expression 
for *'/‘i |r^rJ' which can be reduced to a form containing D, 
/?, and i?, by using equations (xi), (xii) and (xv). 
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85 . Inductance and capacity of Sdbt’s artificial tranamisaion 
line aa ahown in Figa. laa and 123. — The inductance per unit 
length of this arrangement of Seibt’s is mainly dependent upon 
the inductance of the long solenoid or coil, which is equal to 
henrys per centimeter of length, where s is the num- 
ber of turns cS wire per centimeter length of the solenoid and r 
Vk ^e radius of the j^lenoid in centimeters.* 

' ' The Oapadty of Seibt*s arrangement per unit length is sensibly 

, : Fnudclin & M^Natt*! Elements of Blntricify ami Magnetism^ page 154. 
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the same as the capacity of two metal cylinders one of which 
has the same radius as the long solenoid and the otlier of which 
is the fine wire IFIF in Fig. 123 . Therefore the capacity per 
unit length is given by equation (95). 
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ELiXTROMAGNETIC AND ELECTROSTATIC SYSTEMS 
OF UNITS. 


One of the greatest annoyances in the study of any branch of 
physical science is the entirely unnecessary multiplicity of units 
in common use. Thus, we have in the theory of electricity and 
magnetism the electromagnetic c.g.s. system of units, the electro- 
magnetic practical system of units, and the electrostatic system of 
units where a single system of units would suffice. Certain elec- 
tric and magnetic units are defined in the same way in all of these 
i^stms. Thus a wire has one unit of resistance when one unit 
of current generates one enei^-unit of heat in the wire per 
second, a condenser has unit capacity when one unit of charge 
is forced into it by one unit of electromotive force, an electric . 
circuit has one unit of inductance when one unit current in the 
circuit has one half a unit of kinetic energy. * On the other hand, 
certain electric and magnetic units are defined diiferently in the 
electromagnetic and electrostatic systems and a clear insight into 
the electrostatic and electromagnetic systems of units may be 
obtained by considering only those units which are difierently 
defined in the two systems as follows : 

Jibe electromagnetic c.g.s. system of units is based upon the 
following five equations : 






io whidh F is the force in dynes with which two magnet poles 
^ - and w, repel each other, </ is the distance between the poles 
cdidn^rs, and ft is the magnetic permeability of the inter- 

- fellow dMttheuniUofmiituce, capidtjr, indociance, etc., arewiae 

Thus the unit of resbtence is defined in tenns of the unit of 
4^ the wit hf current !s dUbrent in the different systenis: 

279 
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vening medium. Taking the value of ft arbitrarily ^tial to unity 
for air, this equation defines the “electromagnetic " unit of mag* 
net pole, that is to say, the unit pole in tlie electroma.^mctic sys* 
tern is a pole of such strength that it will exert a force of one 
dyne upon an equal pole at a distance of one centimeter in air. 

(ii) tn/f 

in which F is the force in dynes with which a magnet pole of 
strength tu is acted upon when it is placed at a point in a mag* 
netic field of which the intensity is //. This equation defines 
the “ electromagnetic ’’ unit of magnetic field intensity, the gauss. 
A magnetic field has an intensity^ of one gauss when it exerts a 
force of one dyne upon an “ electromagnetic “ unit pole. 


(iii) 



in which S is the intenaty of the energy stream in an dectro* 
magnetic field in ergs per square centimeter per second, ff is 
the intensity of the magnetic field in gausses, and r is the hiteno 
aity of the electric field in “ electromagnetic cg.s.“ units (abvolts 
per centimeter) ; S, H aryj e being mutually perpendicular. 
This equation defines the abvolt per centimeter. 


(iv) 


F^ qe 


ifi which is the force in dynes exerted upon a charge q by 
an electric field of which the intensity is e abvolts per centi* 
meter. This equation defines the “ electromagnetic c.g.s.'* unit 
of charge (the abcoulomb) as that charge which is acted upon tqr 
a force of one d)me when it is placed in an ele<^ric field of which 
the intensity is one abvolt per centimeter. 


i 



in which is the f<^ in dynes wjth which two cc^fteentintei^v. 
charges 7, and q^ (both erqrressed in abcoulombsyattraet (^ch ; 
other. Tl^ e^^on (tefines tte inductivity « of i^,meiii|t^; i^ 
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A mcdiuin wo Ad have an inductivity of one ** electromagnetic 
unit if an abcoulomb of concentrated charge exerted a 
force of <»iie dyne upon another abcoulomb of concentrated charge 
at a distance of one centimeter in that medium. The inductivity 
of air in ** electromagnetic c.g.s.” units is i.ii x units. 

T/ie electrostatic system of units is based upon the same equa- 
tions as above, but with the inductivity of the air taken arbitrarily 
equal to unity ; and the equations are used in the reverse order 
in defining the various units : 

(V) F-y-j; 


in which « is arbitrarily taken equal to unity for air, and the 
“ electrostatic ” unit of charge Is defined as that charge which will 
exert a force of one dyne upon an equal charge at a distance of 
one centimeter in air. 

(iv) . F^qe 

On the basis of this equation the “ electtostatic ’’ unit of electric 
field intensity is defined as a field which will ^ertone d3me upon 
an ^'electrosbdic " unit of charge. 

(iii) 

On the basis of this equation the “ electrostatic “ unit of mag- 
netic field is defined as a field of such intensity as to give'an 
energy stream of i /4ir ergs per square centimeter, per second 
in conjunction with an *' electrostatic ” unit of electric field ; H, 
e and 5 being at right angles to each other. 

(ii) . ' 


On the basis of this equation the electrostatic " unit of magnet 
ix))e is.defined as a pole which will be acted upon by a force of 
04^ ^^e by a magnetH^ field of one “ electrostatic ” unit in- 




I 
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On the basis of this equation the " electrostatic ’^nit of perme- 
ability is a permeability such that an ulectrostatii- " unit pole 
would exert a force of one dyne upon an equal pole at a distance 
of one centimeter in a medium of which the permeability is one 
“electrostatic” unit 

TABLE. 

Rklai'ivk valuks op units. 

V — 3 X lo*® centimeters per second. 

The units of the practical system are the ampere, the volt, the ohm, the coulomb, 
the farad and the henry. It is convenient to use the prefix a6 to desi^atethe *• elec- 
tromagnetic c.g.s.” units, namely, the abampere, the abvolt, the at>ohm, .the abcou- 
lomb, the abfarad and the abhenry. 

One ** electrostatic ” unit of charge i/r abcoulombs lo/r^ coulombs. 

One electrostatic '* unit current abampercs — lo/r amperes. 

One “electrostatic’* unit magnetic field - 1/?' gausses. The unit of magnetic 
field intensity in the “ electromagnetic system is called the gauss. 

One “ electrostatic” unit of electromotive force v abvolts t*/ io? volts. 

One “electrostatic” unit o( electric field ’=zv abvolts per centimeter srr/io* 
volts per centimeter. 

One “ electiosutic ” unit magnet pole ir “ electromagnetic ” units of magnet 
pole. 

One “electrostatic *’ unit of capacity i/«i* abfarads sre to^/t^ fiituds. . 

One “ electrostatic ” unit of inductance abhenrys hentys* . 

One “ electrostatic ” unit of resistance abohms ohms. ^ - 


The reason for the appearance of the veloci^ of light v- fn 
teUe of ratios of electric mid magnetic units may be seen frtivck 
equations ($a) aifti (6<r) on page 85 as foUours. Consitto 
tion (6) on page 84. The factor a in this equatim^ls: ^. 
inductivity the air in “ electrostatic ” units and it is. equiat- tb 
i/t^ according to the footnote on p^es 83 and 84 ; and 0ie fac- 


tor a« in equation (6a) on page 8^}, which should be ’re|:^r 
sented by the single letter k, is the inductivity of any. gi^ 
medium. Consider what the velocity fn eq.uatioits (5^y||i^; 
(6a), page 8$ would have to be in order that r 
by the motion of -H nay he the same thing as ' Vj;!! 
motion induces and in order ^t If .may'^iie 
filing as H. Under tiiese conditions F is 
the same thing as v in the above table. 
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for V in equttions (s^) and (6a) on page 85, and solving, we find 

i//i* 

that is, the velocity of an electromagnetic wave in any medium is 
equal to the square root of the product of the permeability of the 
medium and the inductivity of the medium. Therefore, whatever 
units arc employed, we have 

(vii) 

In the “ electrostatic ’’ system k for air is taken arbitrarily 
equal to unity so that equation (v) for air becomes 






when " electrostatic ” units are employed. On the other hand, 
in the “ electromagnetic ” system ft for air is taken arbitrarily 
equal to unity so that the inductivity of air in this system is equal 
to I /«^ according to equation (vii). Therefore in the “ electro- 
magn^lic " ^stem equation (v) becomes 




(ix) 


. Given two charges which exert a force of one dyne on each 
other at a distance of one centimeter (“ f|ectrostatic ” unit 
charges). The force exerted by these two charges is of course 
, tm^uUDged if we assume both charges to be expressed in " elec* 
tmnu^^tic " units according to equation (ix), that is, F in equa- 
tioti (ix) is one dyne if Q and Q' ^ one ** electrostatic” 
but when expressed in "electromagnetic ” units, the numeri- 
values of . G O' must each be equal to i/v to give F 
.to one dyne. That is to say, to express a given chai^ m 
^!f|chl«i:biomagnetic ” units requires a number v rimes as small as 
the same charge m " elecbnstaric ” units. Ther^ore 
:riyfe>-'^;d|eefcrqoi^p^ unit of charge is v rimes as large as the 
uiut df charge. 
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Ae vdo^ li 

'ji(€ dtfectittii 
'dr ilie 

velodtyr at each pcmt of the wmw 
. S. What is the most suitable velocity of proputsbh 
boat in a canal 7 feet deep ? Ans. 1 5 feet per second. 

Mte. -i- 'Wliea a canal boat is propelled at the velocity of wave ptogtesiion in tbe 
canal, h rides on the wave which it pradncea, and leas force is required to propel it 
than would be required to propel it at a cnuiderably less velocity ; also the agitation 
of the wator b less pronooneed than it would be if theVmt were trebling at oonsid. 
crably leas velocity, and the waaUng'of^ Canal bankafo cdrtCipjMilin|^yvlaaa> .- Thb 
foct was di s cov er ed by John Scott RuimII rifoul tSjtfc Sac SMtSd A airAl||j|pl^ 
“Wave” in Emyehftedui BriHutMica% Ninth Bddan. 

a earthqiiike in Jspan usudly^pro^u^ Ajli^^ 
adjdning pcemi. The mMon the;w|;^;'^#i[ji^^^ 0 ^^ 
approximately a uniform hotisbnthl fow ^ 

the ocean at a given point, and theidhre 
sion of such a wave is deterttiined equS^if ‘ 

If the average depth of the oc^ he^een 
cisco is i8,o(^. fee^ 

^sarUiqilake wdve in 

CISCO, a distance of a^roximately 5,000 miles? 
hours. 

4 . In a tidal wave which travels up a river from the ocean the 
motion of the water is approximately a uniform horizontal flow 
• 284 
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Chapti-k 11. Wavk-Trai.ns ani> .Mooks ok Oscillation, 

13. Plot two sine curves aloii}; the *iaitic axis of abscissas, one 
of the .sine curves to represent a snap-shot of a simple wave-train 
traveling ..long a rubber tulx:, aiui the ordinates of the other .sine 
“urve to rcpfe.scnt the sidewise velocit\- of the rubber tube or 
e^pf stretch of the tube at each point. 

oppositely moving similar trains of waves A 
^ aac 1.5 mches, 2. finches, and c a* 
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represent elapsed times. Plot a curve of which the ordinates rep- 
resent the varying distance of the middle point of the rail from 
the wall and of which the abscissas represent elapsed times. Plot 
a curve of which the ordinates represent the varying velocity of a 
point 7.5 feet from the free end of the rail and. of which the ab- 
scissas represent elapsed times. 

10 . Plot a curve of which the ordinates represent tlie varying 
distance of the middle point of the helical spring of Fig. 35 from 
the fixed end of the spring and of which the abscissas represent 
elapsed time, the initial stretch of the spmg being 2 inches. 

11 . Assuming the face of the hammer to come squarely against 
the end of the steel rod in Fig. 36, calculate the greatest velocity 
of the hammer which will not batter the end of the rod (l) on the 
assumption that the material of the hammer is absolutely rigid, 
and (2) on the assumption that the hammer is made of the same 
kind of steel as the rod and that the hammer is in the form of a 
short cylinder of the same diameter as the rod. Ans. (1) 30.7 
feet per second ; (2) 61.4 feet per second. - 

Note , — The resilience of a material is the amount of potential energy per unit 
Tolume in the substance when it is strained to its elasV'c limit. The density of steel 
'is 584 pounds per cubic fcx>t and its resilience is 8640 foot-pounds per cubic foot. If 
the hammer in Fig. 36 is assumed to be perfectly rigid, the velocity v of the steel in 
the wave is equal to the velocity of the hammer before it strikes the end of the rod. 
If the hammer is of the same materia] as the rod and if it Is cylindrical and of the 
same diameter as the rod, then the velocity v of the steel in the wave is equal to half 
the velocity of the hammer before it strikes the end of the rod. 

Id. Many substances, for example cast iron and glass, sustain 
a much greater stress under compression than under tension. 
Imagine a rectangular wave of compression, 2 inches long, to travel 
along a glass tube and be reflected from the free end of the tube, 
and suppose the compres.sion in this wave to be aj^roximatdy a^' 
the limit of strength of the material; Plot a sketch showing the 
region where the compression first changes to tension attiietime.; 
of reflection. How long a portion of the end of the tube wljl ^ . 
broken ofiT? Ans. i inch. 






CMAFTBII 11. WAVB>TttAIJ»« AKO MoOES OF OsClIXATIOIt, 

18. Hot two sine curves along the same axis of abscissas, one 
of the dne curves to represent a snap-shot of a simple wave-train 
traveling along a rubber tube, and the ordinates of the other sine 
curve to represent the sidewise velocity of the rubber tube or 
the degree of stretch of the tube at each point. 

14. Given two oppositely moving similar trains of waves A 
and B, Fig. 14^; as 1.5 inches, ^ » 2.5 inches, and = 5.5 



inches. Draw these two wave-trains with point p of the upper 
train directly over the point p of the lower train, as shown in 
the figure, and draw the resultant of the two trains for this posi- 
tion. Make five additional drawings showing A and B and 
their resultant | of a period later, | of a period later, | of a period 
later, and | of a period later, a period being the time required 
for tile waves to travel over the distance ^ -f-c. 

. 18. A simple train of sound waves coming from a distant body 
Vitwath^ 356 times per second, strikes a wall perpendicularly 
Apd is reflected. A standing \^ave-train results. At certain dis- 
from the wall, or at certain points A, the air is subjected 
to compression and rarefaction but does not move; 
'^'d at certain distances from the wall, or at certain points B, the 
;^'ihiOives. fe> and fro but is not condensed or rarefied. What are 
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A ciUl«i aad,ijf!iat'4Pe''tlte.i 
.pii^ts.ihm tiie wall i WImt aixt the poi^v 3 - ^ 
ate ^ distahces of dits soks ijf poiiits' froth 
series of pdnts does the suri^ of ^^the waU bdc^ ? ' 
Distances to pcunts A 64.5, 129, 193.5 cgitfn^eteri^ 
tances to pdnts B 32.25, 96.75, 161.2$ centimeters, etc. . 

< 16 . The ear is affected only by variaSons of pressure, not by 
air movements. At what distance, or distances, from a refkscting' 
wall will the sound of a distant body become inaudible when the 
body makes 1 25 vibrations per seconif^nd the sound strikes the 
wall perpendicularly? Ans. 66, 198, 330 centimeters, etC; v. 


Chapter III. Electromagnetic Action. 

17 . An electric neld like that which is represented in Fig. 63 
decreases in intensity at the space-rate of 100 volts-per-centimeter 
per centimeter of distance along the axis of reference, (a) Find 
^ electromotive force around a rectangle in the plane of the 
paper in Fig. 63, the rectangle being 30 centimeters long ^parallel 
to AB F^. 63) and 20 centimeters wide, (fi) Find the fate 
which the magnetic flux through this rectangle must be chafing', 
in order to produce this e!Mtromotive»3orce around it. (c) l^nd 

• the rate at which the numeric field in Fig. 63 perpendiculaf to, 
the paper is changing because of the tapering of the electric field. 
Ans. (a) 60,000 volts ; (f) 6 Xi 10“ maxwells per second} (c) 

1 X id** gausses per second. f 

18 . Consider two line wires (ribbons) A A' BB' ' F^. iS/t and 
imagine the current in these wires (ribbons) to be disttitm^ ito 
that the current at any point p b represented Ity the oidiiteto- ^- 
of a straight line CC. The magnetic fidd between 

is a tapering field as desdibed in 'ednndidqn with 6$ 

62, the lines of force of the ikld being: Pdpoodieid^.toihep^^^ 
in Fig. i8p and ^fleeted away from the.rM|der^.“ ini 
the magnetic field in gaussesatmiy point p 
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SO COL 
Fig. 18|X 

current at the point pp is 50 amperes, and the current at point 
p^p* is zero. Find the rate at which the electric field from 
ribbon AA* across to ribbon BB* is increasing in volts per 
centimeter per second. 

Note. — The simplest method of handling this problem is to calculate the rate at 
.which charge is accumulating on each square centimeter of the inner faces of the rib- 
bons due to the tapering curi^nt, positive charge on ribbon AA^ and negative charge 
on ribbon BR*, and to consider, with the help of Gauss’s theorem, the intensity of 
the electric field which is associated with these charges as follows. Consider one 
square centimeter of the inner face of the upper ribbon. The current which flows into 
this area across one side is one ampere greater than the current which flows out of it 
on the other side according to the data of the prc^lem, and therefore one coulomb of 
charge is collecting per second upon each square centimeter of the inner faces of the 
ribbons. The total electric 6 ux which emanates from one coulomb of charge is 
1.131 X lilacs, where one line is the amount of flux crossing one square centi- 
meter in an electric field of which the intensity is one volt per centimeter. There- 
fore, since one coulomb of charge is collecting per second on each square centimeter 
of the ribbon AA^^ it follows that the electric field between, the ribbons is increasing 
. at the rate of 1.131 X *0“ volts per centimeter per second. See Franklin and Mac- 
Nutt's Elements of Electricity and Magnetism^ Arts. 91 and 98. 

19. A long wire of which the resistance per centimeter of 
length is 0.02 ohm carries a current of 30 amperes. («) Find the 
rate at which energy flows in upon each centimeter of length of 
the wire in ergs per .second. (^) Find the intensity of the energy 
stream in ergs per second per square centimeter at a point dis- 


30 
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tant 15 centimeters from the axis of the wire, (r) FIikI the ht- 
tensity* of the electric held parallel to the wire in abvolts par 
timeter. (ti) Find the intensity of the magnetic held in gaSMfiia^ 
at'a point distant 1 5 centimeters from the axis of the ydre. 

(a) 18 X 10^ ergs per second; (^) 1.91 x 10* eigs per squi^ 
centimeter per second*; (r) 6 x id' abvolts per centimeter ; (</) 
0.4 gauss. 

20. Consider two line wires in the form of two flat metal rib- 
bons so centimeters wide and 3 centimeters apart At a given 
point p tlie electromotive force between the ribbons is 100 vdlts 
and the current in each ribbon is 10 amperes. (/:) Find the ratl- 
in ergs per second at which energy flows |)ast the point p from 
the generator towards the receiver in ergs per second using the 
ordinary formula, P =1 EL {b) The electric field intensity be- 






genmdwr 


\Bcm, 


'f-lOOvolU 




A' 


„ Fir 20p, 

tween the ribbons at the point pis 33.3 volts per centimeter and 
the magnetic field between the ribbons is uniform and perpep- 
.dicular to the plane of the paper in Fig. 2op. Find the intensity 
of the magnetic field in gausses. Ans. (<r) ' io'** ergs per second ; 
(p) 0.25 1 gauss. 


NoU, — «The energy which is transmitted past the point p streams through the re- 
gion between the ribbons £tid therefore the sectional area of the energy stream is 150 
square centimeters. See Arts. 19 and 20. It is intended that the magnetic field in- 
tensity be Calculated with the help of equation (4} on page 67. 


Chapter IV. Electromagnetic Waves. 

21. The capacity’ of one mile of a transmission line is'*o.i mi- 
crofarad, ancf the voltage between 8ie wires is i,oob volts. Find 
the amount of chaige on one mile of each of the wires, and cal- 
culate the current required to transfer this charge. forwards into 
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the next mile of the line during the time i^uired for {91 electro> 
; inagnetic wave to travel one mile (1/186,000 9f aisecond)! Ans. 
1^6 amperes. 

Thit problem illustrates the meaning of equation 46^) on page 86. 

88 . Make a jteries of sketches as suggested in the footnote on 
page 88. 

88. Make a series of sketches as suggested in the footnote on 
page 94. 

The successive configurations of the oscillating line in Fig/ioo maybe 
thought out in the simplest possible manner by imagining a long-drawn-out wave 
IVIVIVIV^ Fig. 23^, to shoot out from the battery B very much like a ribbon 
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coming continuously out of theomouth of a prestidigitateur. The total current' in the 
line and the total Voltage across the line at any given point and at any given instant is 
found by adding up the voltages and currents associated with the successive laps of the 
long-drawn-out wave. From B to A is one complete oscillation of the line. 

M. Make a series of sketches as suggested ih the footnote on 
page 96. 

86. A transmission line consists of two copper wires each ‘0.5 
inch in diameter at a distance of 36 inches apart center to center 
and has a current of 100 amperes in it due to short-circuit at the 
end of the line. The end ofihe line is suddenly opened. Calculate 
- the value to which the voltage Setween the wires would rise if it 
were not for the breaking down of the insulation. Ans. 59^^620 
volts. 
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A^.— See Aj^pendSt A for foroMtlas for celcuUlIng inductaace end cepedty .of 
transmission lines. The answers to this and the following proUems are caletdawil 
front capacity and Inductance as determined by equations (93) aai (94), 

86. The transmission line specihed in problem 25 is open at thie 
distant end and it has an electromotive force of 100,000 volts 
connected between the wires so as to cliarge them as the two 
plates of a cpndenser. The distant end of the line Is then sud- 
denly short-circuited. Find tiie value of the current which is 
established in the lino wires immediately after the short-circuit. 
Ans. 167.7’ amperes. 

27 . A 100-volt battery of negligible resistance is connected to 
a transmission line the distant end of which is .short-circuited. 
The diameter of the wires of the transmission line is ^ inch, 
their distance apart center to center is 36 inches, their resistance 
is assumed to. be negligible and they arc a.s.sumed to be perfectly 
insulated from each other. Plot a curve of ’w'hich the ordinates 
represent the succes.sive instantaneous values of the current at the 
battery end of the line and of which the abscissas represent 
elapsed times, the length of the line being 5 miles. 

Noie, — At 6rst a wave shoots out from the battery as iiicHcated in Fig. loo, the 
voltage in this wave being equal to the battery voltage, and the current being related 
to the voltage according to equation (yb). When this wave reaches the short-cir- 
cuited end of the line, the voltage at the extreme end of the line drops to zero and the 
current is doubled. This condition of zero voltage and doubled current is established 
over the whole line by a wave of arrest which travels back towards the battery end 
of the line ; and when this wave reaches the battery end, battery voltage and trebled 
current are established over the whole line by a wave of starting. When this wave 
of starting reaches the short-circuited end of the line the voltage drops to zero again 
and the current rises to a quadrupled value, and this quadrupled current and aero volt- 
age are established over the whole line by a wave of arrest which travels back towards 
the battery end of the line, and so on. See Note to problem 23. 

88. Describe the precise manner in which a train gains velocity 
under the constant pull of a locomotive suddenly applied, ignoring 
friction. 

Noit, — The manner of starting the train is precisely analogous to the manner of 
setting op current in the transmission line in problem 27. 

29 . The transmission line specified in problem 27 has its distant 
end open. Plot a curve showing the successive instmitaneoufr 
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values of current at the middle of the Kne when a loo-volt bat- 
‘tery of negligible reastance is suddenly connected tO' one end cX 
the line. 

AWa— S ee Note to problem 23. 

30 . The rear end of a train is tied to a post Describe the be- 
havior of the train under the constant pull of a locomotive suddenly 
applied, ignoring friction. 

A'o/f, — The behavior of the train in this case is precisely analogous to the oscil- 
lationspf the open-ended transmission line under the conditions speciHed in problem 29. 

31 a. Calculate the resistance of a non-inductive receiving circuit 
which will completely absorb an electromagnetic wave on the 
transmission line specified in problem 27. Ans. 596.2 ohms. 

31 b. A transmission line has such inductance and capacity per 
unit length that a pyre wave with 10,000 volts across the line has 
10 amperes in each wire. A long-drawn-out rectangular elec- 
tromagnetic wave comes up to the end of this transmission line 
where a non-inductive receiving circuit is connected across the 
line. The voltage in the wave is 7,000 volts and the resistance 
o^ the receiving circuit is 500 ohms. Find the current and 
voltage in the reflected wave and specify which is reversed at 
reflection. Ans. -Current equals 2.333 amperes, voltage equals 
2333 volts. Voltage is reversed. 

Sic. A battery of .which the resistance is 500 ohms and of 
which the electromotive force is 8,000 Volts is at a given instant 
connected to the end of the line which is specified in problem 3 lA 
Find the value of current and voltage in the pure wave which 
starts outfrom the battery. Ans. I— 5.333 amperes, E = 5333 
volts. 

JVoif, — Let / be the current in the wave (and of course in the battery). Then 
8000 is the voltage across the terminals of the battery or the voltage in the 

wave, and we have 

}C(8ooo— 

which determines /. 

82 . A 10,000-volt battery of negligible resistance is connected 
-to the end of a five-mile transmission line like that specified in 
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problem 27, and the distant end of the transmission line is con* 
nected to a non-inductive receiving circuit of which the resistance is 
1,192.4 ohms. Plot a curve of which the ordinati s represent the 
values of the current at the battery end of the liiu' and of which 
the abscissas represent times reckoned from the instant of con* 
necting of the battery. Resistance of line wires assumed to be 
negligible. 

jYtt/e. — I’ntier the conditions s|)ecified in this problem, a first wave, of battery 
voltage and corrosp(3nding current, shoots out from the battery end of the line and b 
partially reflected from the receiver end of the line, as explained in Art. 28.'' This 
reflected wave is then completely reflected from the battery end of the line with re* 
versa] of voltage phase, and this completely reflected wave is again |jartial]y reflected 
from the receiver end, and so on. The successive Instantaneous values of ciirmit at 
the generator end of the line are represented by the ordinates of the brohen curve in 
^8* ordinate a of the dotted line is equal to the ttltlmate steady volne of 


! 



PIC. 32p. 


the current ( 10,000 volts divided by 1,192.4 ohms) and the dbtanoe ^ is*e^iw} to tlM 
time required for an electromagnetic wave to travel over twige the length of the line. , 
In this problem the initial value of the battery current is greater thanj^ ultimate 
current benuse the receiving circuit has a,r<qjstance greater than i/Z/C* ' It Is in^ 
teresting to consider the .case in which the resistance of the receiving ciiciiit ialessthiio 
VTfe. Then the initial value of the battery current is less than the olthnite steidjy^ 
value and ft approaches the ultimate value in a curve exactly shnilar to die pprtioh! 
AB of the curve iq Fig. 32/. 
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88. A battery of which the resistance is equal to VLfC is 
suddenly connected to a transmission line, the distant end of which 
is short-circuited. Describe, what takes place. 

Noif, — In this case the .system settles to a steady unchanging state after the time 
required for a wave to travel over twice the length of the line. ' 

84 . The distant end of the transmission line in problem 33 is 
open. Describe what takes place. 

Note, — In this case the system settles to a steady unchanging state after the time 
recyiired for a wave to travel over twice the length of the line. 

85 . Calculate the leakage resistance between the wires on one 
mile of the transmission spedhed in problem in order that th^ 
line may transmit electric waves without distortion. Resistanee of 
line wires not assumed to be negligible. Ans. 809,000 o|nns. 

— In calculating the answer to this problem, the resistance of the wires Is 
calculated on the assumption that tlHt resistance of one mil-foot ” of copper is 10.4 
ohms. In all of the following problems where it is required to calculate the resistance 
of copper wires the same value, 10.4 ohms per mil-foot, is used for the specific resist- 
ance of copper. 

86. A 200-mile line with suffident leakage to make it distor- 
tionless, as specified in problem 35, has a lo,ooo-volt battery of 
negligible resistance connected to one end. Find the value of vol- 
tage and current in the front part of the wave at the instant it 
reaches the distant end of the line. Ans. 8,240 volts; 13.82 
amperes. 


Note, — The condition of distortionless transmission being satisfied, each small part 
of the long-drawn-out wave which shoots out from the battery end of the line may be 
considered independently of the adjoining parts of the wave. Consider such a short 
portion of the wave which has reached a point distant x from the battery / seconds 
after the battery is connected. During the succeeding time interval A/ this portion 
of the wave will travel the additional distance A.r, and the decrement of voltage in 
the portion of the wave during the interval dr will be given by the equation 






I ^ 

C’ A| 


• dr 


(!) 


' inaamoeh as C- dj?, the decrease of charge per unit length of the line, is equal to the 
pfodnet of the leakage current EfSi peronit length of line times the time interval 
dir. The decrement of current in the portion of the wave under consideration during 
^ hiterval dr is given by the equation 
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(U) 

hnsmttdi as the self-induced electromotive force L • A//d/ due to the decaying cur- 
rent In unit length of the line is wholly used to overcome the wire resistance and is 
therefore equal to where is the resistance of both wires in unit length of 
the line. 

. From equations (i) and (ii) we have 



(tti) 

(W) 

I 

(’) 

(Vi) 


These equations are true only whqii tlie line is distortionless, and when the line is dis- 
tortionless the coefficients of / in the exponents in equation (v) and (vi) are equal 
to each other. 

The value x\ V may be substituted^ for / in e<tuations (v) and (vi) giving the 
equation to the cums which represent the voltage and current distribution throughout 
the long-drawn-out wave which shoots out from the battery, namely 


and 




— j0 

/-4e 


(vll) 

(viil) 


‘ 87 . The distant end of the line in problem 36 is short-circuited 
so that the wave when it reaches the end of the line is reflected 
with reversal of voltage phase. Find the value of voltage and 
current at the middle point of the line when the front of the 
reflected wave reaches that point Ans. 275 volts ; 29.01 
amperes. « 

Note * — The voltage and current in the reflected wave may be treated independently 
of the voltage and current in the original advanciq^ wave when the condition of, dis- 
tortionless transmission is satisfied, and both voltage and current continue to.decay 
according to the exponential law, as explained In the note to problem 36. 

88. A 200-mile metallic-circuit telephone line has two Ma’^14 
B. & S. steel wires (91 ohms per “mil-foot**). Find its resist- 
ance. The distance between wires is 18 inches ; And, the leakage 
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resistance between wires of one mile of line for which the leakage ’ 
loss is one tenth of one per cent of the wire loss in a pure elec- 
tromagnetic wave. Ans. Wire, resistance of whole line 46,880 
ohms ; leakage resistance of one mile of line 1,952,000 ohms. 

88. In what ratio would the total loss of energy on the line ^ 
specified in problem 38 be -increased by reducing th^ leakage re-*' 
sistance of the line in the ratio of 400 : i ^ Ans. i to 1.4. 

40. Calculate the inductance per mile required to give distor- 
tionless transmission on the telephone h'ne specified in problem 
38, dnd find how much (/or given amount of energy transmitted) 
the total loss of energy on the line is reduced by increasing the 
inductance to this value. Ans. 3.632 henrys per' mile ; total en- 
ergy lost is reduced in the ratio of i.ooi to 0.06324., 

41. The leakage resistance between wires of one mile of a line 
consisting of two No. 8 B. & S. bare copper wires laid 12 inches 
apart in pure distilled water would be about 2 5 ohms, (a) Find 
the capacity per unit length of line to give distortionless trans- 
mission, and (^) find the capacity which w'ould have to be added 
qs indicated in Fig. 83, page 85 to produce this result, the induc- 
tivity of pure water being equal to 90. Ans. (a) 5.03 micro- 
farads per mile ; (^) 4.26 microfarads per mile. 

48. What part of the initial energy of a wave would be deliv- 
ered to the end of a lO-mile line like that specified in problem 
41, with sufficient capacity to give distortionless transipission ? 
Ans. 1 72.784 of the energy would be delivered. 

M/a — Calculate the time of transit of the wave. Then the fraction of the en- 
ergy lost during transit is equal to the fraction of the electrical energy which would 
be lost, during the time of transit if the whole line were charged at any assigned ini- 
tial voltage and allowed to stand. 

43. An inductance Z, of 0.016 henry (of negligible resistance) 
is connected across one end*of a 2.5-mile transmission line, of 
which the other end is open as shown in Fig. 43/. The fine 
consists of two wires, each 0.0641 inch in diameter, 18 inches 
apart Find the approximate frequencies of the first, second and 
'third simple modes of oscillation of the system, ^noting resist- 
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ance of line-wires. Ans. /, — 9,470 cycles per f-ocond, 

540 cycles per second, and 75,S50 cycles pei second. 

Noit, — A fairly accurate estimate of the frequency fy of (he fundamental mode 
may be obtained by ignoring the inductance of the line. The sysiciii then iKscomes a 
system of the first class, with concentrates! capacity, and its fre(|Uriicy is given by the 
well-known formula 





(0 


in which is the capacity of the S.S-mile line. 

■ The freqnenqr A ■Bode may be estimated very dosely by ooiiskle)^i 

(n) that a voltage antinode exists at a short distance x from Z, ; (d) that^ n* 
mainder of tlje line is eqnal to (w — 1 } half-wave-lengths, where a haUT-mveflnlil^ 
is equal to P'/{9/»), so that • " ;; 


in which !'[ =r |/i/(Z»0] Is the wave veloaty on the tranniiation line ; and (r) 
that the short portion jt of the line together with the inductance may be looked 
upon as a system of the first class whose frequency of oscillatkm Is 




Flg.4V. 

where Cjr is the capacity of the portion x of the line. Ttwi efori^ su bstituting the . 
value of /n from equation (HI) in equation (ii) and using }/lf(ZC) tar we 
have 
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from which the approximate value x may be calculated, whence the approximate 
value of fn may be found from equation (iii). 

To determine the frequency of oscillation of the system represented in Fig, 
with pret ision, consider that the line oscillation which accompanies any given mode 
of oscillntion of the system is part of a standing wave-train of wave-length equal to 
'fhis standing wave-train is represented by a portion of the clock-diagram 
model of Fig. 130, and the distance s in Fig. 43^ is given by equation (v) on page 
136, in which X is the reactance value of the inductance Con- 

sider for example the second mode which b shown in Fig. 43^. Its frequency is 
and its wave-length is Vjfy Using the approximate value of /, as above deter- 
mined, calculate the approximate value of X and Vj/^ and then calculate the 
. value, of s from equation (v) on page 136. Then, for the second mode, 2.5 ^ s u 
I df ft wave-length so that V divided by |( 2.5 + <) gives a second approsimatkm 
to the value of ^ 4 thi^ approximation may be made in the same way, and soon. 
Thus^ the successive approximations ^o the value of /,- for the system Aown in Fig, 

^ 43ear€, ist, 9,470cycles per second ; 2d, 8,770 cycles per second ; 3d, 8,614 cycles per 
second ; 4th, 8,579 cycles per second ; and 5th, 8,572 cycles per second. . The correct 
value is about 8,570 cycles per ‘‘second. The successive approximations converge 
more rapidly to the correct value in the higher modes. 

44 . A mass of 160 grams ( s Z,) hangs from a helical spring 
as shown in Fi^. 44/. Under these conditions the spring is 
1 50 centimeters long ; each centimeter of the spring has a mass 
^ of 0.5 gram and a stretching force (additional to the weight 

<^the 160-gram load) of 1 00,000 d}mes produces a two per cent 
elongation of the spring so that the^ ratio : per cent elongation 
divided by stretching force is 2. x io“*(= f). Find three suc- 
cessive approximations to the frequency of oscillation (through a 
gm^ll amplitude) of the fundamental mode of the system. 
Ana. First approximation 7.27 vibrations per second ; second 
approx. 6.85 vibrations per second; third approx. 6.67. 

Ato. The uDswers to this problem were worked out by means of a four place 
table of logarithms. To carry the approximation further a more complete logarithmic 
table would have to be used. 

Chapter V. Transmission-Line Oscillation. 

- 45 (f> A 20-mile transmission line consisting of two No. 8 B. & 
' S. wires 18 inches apart center to center and short-dreuited at 
' the disttmt end is connected to a 10,000-cycle alternator of which 
■ the' electromotive force is 560 volts effective. Find positions of 
antinodes, and And maximum voltage between the line 
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wires at the voltage antinodes when the ultimate stt ady state of 
oscillation of the line is established, line resistance beii;;^ neglected. 
Also find positions of current antinodes and find ma> itnuin value 
of current in the line at the current antinodes. A ns. Voltage 



nodes at distances of o, 9.3 and 18.6 miles from short-dr- 
cuitedend of line ; maximum voltage at voltage antinodes i,S$3 
volts. Current nodes at distances of 4.65 and 13.95 miles 
from short-circuited end of line ; maximum current at current 
antinodes 2.293 ampere.s. 

46 ^. A cbil of which the inductance is ten milliheniys and of 
which .|he resistance is negligible is connected to one end of a 
26-mile ti^nslhis.ston lin^ consisting of two No. 8 B. & S. wires 
18 inches apart center to center, and a $oo-volt (effective) 10,660- 
q^cle altemdtor is connected to the other end of the line. Find 
.' positions of' voltage and current antinodes and find maximum 
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values of voltage and current at voltage and current antinodes, 
resper Lively. Ans. Voltage antinodcs at distances of 2.434, 

* 1-73 !•# ^nd 21.034 miles from the end of line where inductance 
is connected ; maximum voltage at voltage antinodes 6,631 volts. 
Current antinodes are at distances of 7.084, 16.384 and 25.684 
miles from the end of the line where the inductance is connected ; 
maximum current at current antinodes is 9.8 amperes. 

46 . The inductance at the end of the transmission line in problem 

45 ^ ib replaced by a condenser of which the capacity is 0.02653 
microfarad and of which the resistance is negligible. Find posi- 
tions of voltage and current antinodcs and effective values of 
voltage and current at the respective antinodes. Ans. Voltage 
antinodes are at distances of 7.17, 16.47, 25.77 miles from 

the end of the line where the condenser is connected ; eflective 
voltage at voltage antinodes is 501 .6 volts. Current antinodes are 
at distances of 2.52, 1 1.82 and 21.12 miles from the end of tiie 
line where the condenser is connected ; effective current at cur- 
rent antinodes is 0.7481 amperes. 

47 . A receiving circuit of which the resistance is 571.7 ohms 
and the inductance is ten millihenrys is connected to the end of 
a transmission line consisting of two No. 8 B. & S. wires 1 8 inches 
apart center to center, and a simple tiain of electromagnetic waves 
in which the wave-length is 20 miles and in which maxihium 
voltage is 2,000 volts is reflected from the receiving circuit. Find 
the current maximum in the original advancing wave-train, find 
the voltage and current maxima in the reflected wave-train, and 
specify the phase displacements produced in voltage and current 
at reflection. Resistance of line wires neg%ible. 

. — The Rsistance and inductance of the receiving arenit have been chosen in 
this proUem to give a 45* phase difference between resultant voltage-and current at 
the end of the transmission lines so as to &ci}itate the solution c»f die problem. See 
pages 138 and 139 „ . 

48 . The tiansmission line specified in problem 47 is indefinite 
long. Find the effective values of voltage and current at a point' 
22iS tniles from the end of the line due to. the supi;rpositiQ]| of.' 
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the original advancing wave-train and the reflected wave>train, 
and specify the phase angles between each and the current which 
is assodated with the original advancing wave-train at the point. 

yofe, — The distance 22.$ miles is chosen so that the vectors and 

in Fig. 132 on page 139 will have to be turned through angle.^ which can be 
easily laid off by a draughtsman’s triangle. This problem b to be sol\ c*d graphically. 

48 . A 200-mile transmission line consisting of two copper wires 
as inch in diameter and 36 inches apart center to center delivers 
3S amperes (effective) of current at 60,000 volts (effective) and 
25 cycles per second to a receiving circuit of which' tlie power 
factor is o.fl. Find the effective value of the generator, voltage 
and find the resistance losses in the line mres, assuming , line 
leakage to be negligible. Solve^tfais problem the iqppi^)e- 
imate method as outlined in Franklin & Esty’s Ekments ef 
trical Engineering, Vol. II, pages 346-353, and also by the 
rigorous method* outlined^on pages 149-153, and compare the 
rcsulte. 


Chapter VI. Electromagnetic Theory. 

50 . A vessel one meter wide, one meter long and one meter 
deep contains a fluid of which the density is one gram per cubic 
centimeter at the top, increasing steadily to 2 grams per cutnc 
centimeter at the bottom. Find the volume integral of the 
density of the fluid. Ans. 1,500,000 grams. 

51 . The gradient of the density in problem 50 is uniform 

throughout the vessel and equal to one gram per cubic centi- 
meter per meter and it is directed vertically downwards. Sup- 
pose the do^ward gradient of the density to be a linear function 
of the distance from* the top of the vessel, changing from zero at 
the top to 2 grams per cubic centimeter per meter at the boftpm. 
Find the volume integral of the density of - the liquid throughoiit- 
the vessel, the dens^^ being one gram per cubic centimeter at 
the top. Ans. 1,333,333 g«nns. . 

58 . The value at all points in space of a distributed sealar is 
given by the equation QJr in which r is distaniie . 
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urcd from the origin of co-ordinates. Find' the x, y and z 
components of the gradient of Ans. The 4r-component is 
— Qx\(}r + «*)l. 

53 . Any one of the components of the gradient of a distributed 
scalar may be considered itself a distributed scalar. Find the x,y 
and z ccimponents of the gradient of d-^^fdx, where =» Qjr, 
as in problem 52. 

Ans. The jr-component is 

The giredient dl 4 ix( Q/r) considered as a distributed scalar (indeed the 
»«^««ooiiipq|neiit at all points of space of any distributed vector is a dbtributed scalar) is 
. ' die electric potential due to an electrical doublet placed at the origin, the moment of 
the doublet being Q» Successive derivatives of Qjr are possible electric potential 
distributions, they are called spherical harmonics, and by superpming spherical 
hartnonks (of potential) in a proper way any potential distribution whatever may 
be built op. The most instructive discussion of spherical harmonics is that which is 
given in Maxwell’s treatise on Electricity and Magnetism. Byerly’s Fourier* s Series 
and Harmonic Analysis (see preface) is the best mathematical treatise on Spherical 
Harmonics for the student of physics. 

64 . The intensity of the magnetic field at the point p in Fig. 
54pis /Ta 1,000 gausses. The magnet NS is rotated about 


niMm 


Fie. S4p. 

the dotted Une as an axis at a speed of 20 revolutions per second. 
Fiild^^an egression for the rate of change of N at the point p. 
Ans. The ^r-component of dHJdt is — 125,664 sin (409r/) and 
tlm /-component is 1 25,664 cos (407r/). 

Ah^. r-'Hie rotating magnetic field H may be expressed thus : 

//= 1000 

is which J is equal to 1/ ~ 1 and / is equal to elapsed time. See Art. 37. 
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6S. Find the diflerential . equations of the lines of force in the 
neighborhood of an isolated magnet pole of strength m and inte^ 
grate the differential equations so as to find the integral equations 

the lines oS force# 

Note^ — Let dx and dy be the components of a small element dt of a line of 
force. The ratio dyjdx is equal to the ratio of the coii.ponents of the field at the 
point, that is to say the general differentia^eqnations of a line of face is 

dy _ Y 
dx — X 

and 

— — £ 

./x'~ X 

56 . Find the differential equations of the lines of force in the 
neighborhood of a slim niagtict 10 centimeters long, its poles 
being assumed to be concctitrated at its ends ; strength of poles 
being + m and — m. 

67. A strip of steel 10 centimeters wide and 0.1 centimeter 
thick is magnetized in the direction of its breadth to an intensity 
of 1,000 units pole per square centimeter sectional area, (a) 
Find the direction and intensity bf the magnetic field at a point 
6 centimeters from one edge and 8 centimeters from the other 
edge of the.strip. (^) Derive the difibrefitial' equation of the lines 
of force of the tnagnetic field, (r) Integrate this differential equa- 
. tion and show that the lines of force arc a system of circles. 

58 . Consider a uniform electric field of which the intensity is 
1,000 volts per centimeter. A circle 100 centimeters in radius 
is drawn in this field with a diameter in the direction of the field. 
Consider one half of this circle, (a) Find the line integral of 
the electric field along this half circle. (^) Find the line integral 
of the. electric field around the entire circle. 

9 

59 . A large vessel of water is rotated at a uniform apgulai 
velocity of 2 revolutions per second about a vertical axis. Choose 
this axis as the x-axis of reference, and choose the y- and pr- 
axes in a horizontal plane, (a) Derive expressions for the three 
components of the velocity of the fluid at the point whose coor- 
dinates are x, y and z. {b) Find the line integral of this fluid 
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AWk ; (fi) 17,^66 em,* per secotnd. •> 

60. Show that the^yelocit)^of the^fluid in problem, 59 cannot 

have a potential. ^ ‘ 

* 

61. All space^ is filled with a liquid moiring paiallel to the 
^>axis of refeience at a. velocity of 10 centimeters per second. 
Find an analytical expression for the velocity potential of the 
liqdid. Ans. ^ » 10 cm. per sec. x z -i- any constant. 

62. Given a uniformly moving fluid of which the velocity com- 
ponents are everywhere the same and eqpal to- a, ^ and c re- 
spectively. Find the velocity pqjential of the fluid. Ans. 


ax + fiy-i-ae + any constant. 7 ■ / ^ 

63. Given a flnid of which the velocity^is everywhiBie*^ parallel 
to the 4i--axis<of teference and equal at each poiSt to ax. F^d 
the velocity potential* of the fluid! Ans. ^ s= -f* a constant. 


64. Given a fluid of ^hich the'^elocity' components aifc dx, 
hnd cs, resgectively. Find its velodty potential, Ans! 

«■ + 3 ^ ■fe i®®* "H; ® * *"* 

66. A viscous fluid ll&wing over a pIai;K^h9s a velocity which 
is expressed by the equation X^*aj^ a^iiidii^ts)d in F^. 
Show that no velodty potential exists in this case. 



af fdcee 'of ?a taping electric field are shdwn m 
the foteasi^ of ti!lb Md at eadi pc^t Is esapms^ 
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by tlie equation Y » ax. Show that this electric l has no 
potential. 

— - Consider that the potential at a point in an electric Held is the height at 
that point of an Imagined hill whose slope is everywhere ettual to tiie electric Held. 
// is imf&ssibie i 0 C 0 nsiru€t a hii/ shfe tines ure as skmm in Ay. C6p^ the 
dej^reiaf slsfe meptasin^ fram a eerhin vaim at ane sidt AA* af (he figure ta a 
\greatir vahu at the other side of thefijjs^e* Thu^ ifthe linttof ibim In Fig* 
6^ be thought of as lines of slope of a hill^ would have to be a hill on which OlMt 
would not go down hill at all in traveling from A* to A and theiica.Io . jB, 
one would go down hill a great deal in traveling from A' to aiiri..tlitioca 
The slopp (in thedirection of the linesof force} would increase 


B 


x^msek 


\ 


k 


I 



r-* 

aiomg t<uci$ 


Fit. 66p. 


to the aide but there would be no slope at right angles to the Kites of force. 
Such s hill is impossible. If however an additional d<^ in the directkMi of the ar>axis 
be added sndi that then dYfdje—dXldy wcmldbe equate n-.-«aso; 

the electric field of which the components ore K= ax and Xasay has a potential 

67. Liquid flows over an infinite plane towards a circular spot 
20 centfmeters in radius where the liquid leala through the plane 
at the rate of 2 cubic centimeters, per second "for each aqjuure' 
centimeter of area of the leaky portion.,. The liquid has 
form depth of ip coi&netm oy^ the entire plane.. F|nd : 
Formulas expressing the components of tiie horizontal yttiodt^ 
of the liquid in the region 'over the InlQf part of -tiie 
formulae expressing tiie componotis of tilie pf ti|6.fiqum.' 
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in tile rej’ inn outside of the leaky portion of the plane, (r) Show 
that velocity potential exists in both regions, (</) choosing the 
• edge C)l the leaky portion as the region of zero potential, derive 
a fommla for the velocity potential outside of the leaky spot and 
another, formula for the velocity potential inside the leaky spot, 
using distance from center of leaky spot as a variable in each, 
case, (e) Draw a sketch of tffe plane as seen from above, show- 
ing the contour lines of. the potential hill, the' contour, lines 
being drawn for equal potential differences. 

^ete. — In* this problem it is understood that only the borisontel part of the ve*' 
iMity of the fluid over the leaky spot is to be considered. 

Ans. (a) :r-component of velodty in r^on of leaky spot 
maxfio; {H) jr-component of velocity in region beyond leaky 

spot ™ 40:r/(:t* -f _y*) ; (c) ; (d) potential in leaky spot 

*«(;r*4-7*)/20 — 30 , potential beyond leaky spot = 20 log, 

— 20 log, 400. 

68 . A long cylinder of insulating material 20 centimeters in 
radius is uniformly charged with electrostatic units of charge 
per cubic centimeter. Find : (a) Formulas expressing the com- 
‘ ponents of the electric field in the material of the rod, inductivity- 
of the rod being equal to 2, ( 3 ) formulas expressing the electric 
field intensity at points outside of the rod, (c) shqw that the elec- 
tric field has a potential inside of the rod and outside of the rod. 
(</) Choosing the surface of the rod as the region of zero elec- 
tric potential, derive a formula for the potential outside of the 
rod and another formula for the potential inside of the rod. 

Ans. (a) jr-component of field in rod ma x f 10 ; (^) :r-component 
of fi^ld outside of rod — « 40jr/(x* ; (c) ; (rf) poten- 

tendal in rod ■» — — 20, potential outside of rod * 

20 

■» 2olog,(x* +y) — 20 log, 400. 

' — Whea. electric diafge aind dectric flux ere both exprened in units of the 

- ' t S t w lfbltUtii' syutem Gauatfa theoteiis bectmes : Total electric flux out of a region 
date the total dtnge in the region. 

...•ea; a; 20 centimeters in radius carries one abampere of 
' per square centimeter of section. Find : (a) Formulas ex- 
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pressing the components of the magnetic field intensity .it a point 
outside of the wire, and (/') formulas expressing the coin])oncnt8 
of the magnetic held intensity at a point inside of the mrc. 
Ans. (rt) 4'-component *= 2 irj’, j'-conijionent =* — iir,v ; (fi) 
.r-component »=8ooir//^.r*+y), j'-com|xjnenta«--8oc«r.! 

70 . Show that the magnetic field inside of the wire in problem 
69 does not have a potential. 

71 . Show that tiie magnetic field outside of the wire in problem 
69 docs have a {mtcntial, and derive a fonnula expressing the 
value of this potential at each point (a) in terms of rectangtilar 
cwrdinates and ( 7 ') in terms of polar coordinates. Ans. Po- 
tential = 2/^ or 2/ tan"‘j'/.i'. 

72 . Find the surface integral of fluid velocity over a plane area 
20 centimeters long and 10 centimeters high placed in a fluid 
moving as specified in problem 67 ; find tlie surface integral (a) 
for the case in which the center of the plane area is 5 centimeters 
from the* center the leaky spot and ( 6 ) for the case in which 
the center erf* the plane area is 30 centimeters from the center of 
the leaky .spot Ans. (a) too eubic centimeters per second ; (i) 
800 tmt“‘o.333 cubic centimeters per second. 

" ‘tS. Find the divergence of the fluid ^elddty in* problem 67 
^’(a) in the regfon over the leaky spot*and (^) in the r^;ion sur- 
rounding the leaky spot In this problem ignore the vertical 
velocity of the fluid over the leaky spot Ans. (a) J cubic 
] centimeter per second per cubic omtimeter ; (fl) zero. 

74 .^ Find the divergence of the electric field which is sp^fied 
t ’ in problem 68, (a) for points intide. of the insulating rod and (^) 
for points outside of the rod. Ans. (a) \ electrostatic unit of 
I electric dux per ciAnc centimeter ; {S) zero. 

‘ ' 75 . Find the curl of the fluid velocity which is specified in 

problem 59. Ans. — 8» per second. , 

76 . Find fhe curl of tiie fluid vdodty which is ^ctikd in 
problem 65. Ans. —a. 

77.. Find the curl of the electric field which. » i^iedfied in 
problem 66. Ans. +a. « . ' ■ . J 
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78. Kin<i the curl of the magnetic held which is specified in 
problem f><;. Ans. —47 units ofmagnetomotivc force per square 
centimeter inside of wire ; zero outside of wire. 


CHAKfKK VIII. HaK.MONIC AxAI.VSI.S. 


79. Find the harmonic c<iin{)oncnts of tiie periodic curve shown 
in Fig. 1 97. The answer is given by equation (82) in Art. 70. 

F'ind the harmcmic components of the curve shown in Fig. 
183. Ans. 


:[•< 


2 irt 

sin y, + 


, . fi’r/ 
Jsin ~ + 


icnrt 


14W/ 


g Sin y, + -J sin y, ' + 


] 


aVrVi*. — In this case the given function y ise<)ua 1 to : a from / to 7 / 2 , 
and it is equal to A from / . 772 to / 7 ] Therefore equation (80) becomes 


2a f 


sm 


ta r** 
' Tdtn 


. 2.TW/ 


" 8l< Find the harmonic components of the curve shown in Fig. 

,'-i84. 'Ans. » ■' 


I^^COS* 


■ Wt 


6 irt 


lOirf 


^ wavs’ , awavv ^ 

— |cos «-+icos-^ —fcos 


•i4ir/ 


] 


. . Abtlft pnblm diitcUj by rneani of equations (76), (80) and (8t ), 

A also dmve the result from the aniwer to problem 80 by sbifting^the oripn or co- 
drt^iies from the position shown in Fig. 183 to the position shown in Fig. 184. 

' In allying equation (81) in thi%case we hate: 


T T 1 Jr /4 / 


^ the humonic oimponents of the curve shown in Fig. 

the, masdmum or^nqte tX the curve being equal to ^7/4. 
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— The given function y is in this case as follows : 

y ^ kt from / o to / . . 774 

y=:^Ji7'/2 — from / ' 7/4 to / 
and 

y i kf — k7' from ( 3 7/4 to / 7* 

Thereiore e^juntion \8o) becomes 

2 k ^ . 2TW/ 2 k / 7' \ . 2ff«/ . 

/ “-r / i,-. y ■•" 




83. Find the harmonic components of the curve shown in 
Fig. 83 /^ the maximum ordinate being equal to ^774. Ans. 



^ Fl«. 83p. 

275 fcr 2irt - 6 ir/ lov/ - 1 

^ |cOS-^-+ jeos J 

A^ote, ^ Solve lliis problem directly by the use of equations (76), (80) and (8t>, 
and also derive the result from the answer to problem 8a by shining the origin of co» 
ordinates from the position shown in Fig« 185 to the position shown tit Fig. 

The given functioii y is in this case as Ibtlows : 

y:==:kTU--k/ ^ . 

and • ' 

frow/^r/atof^r 
Tfuankn 2^^ : ^V.: 

: « tk p^iT V " ^ 


, '84i Deriye tlie %t 

" toprqyem Sri;, 
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Xo(f, i t is evident that the constant is equal to aeru in tbe series whidi 
ea|iresses tfu- periodic curve shown in Fit{. 1S5. 'rberefore the constant which is in- 
troduced hy the intei^rafioii of the answer to problem 81 is equal to zero. 

A Fourit i’*s series always remains convergent after tbe various terms of the series 
have l)een integrated, but in many cases a FourierS series l)ecoines divergent after dif- 
ferentiation Thus, the scries which expresses the periodic curves in Figs. 183 and 
184 become divergent when difterentiated. 

8S. I{.-.noring all liarmonics above the 9th, that is, ignoring 
the nth and higher harmonics, determine by I'ischcr-Hinnen’s 
method the coefficients A^, A^, Aj, and A^ for the curve 

shown ill Fig. 185, and com])arc the approximate values of the 
coefficients so obtained with the correct values in the answer to 
problenl 82. An.s. 


Ify /•// Corrtit 

/fy£= d- 0.00309^7*. j - 0.0025067’ 

ir - 0.00510 “ — O.OQ413 “ 

^(#1 as -j. aotooo “ + 0.00810 “ 

: 0.0^70 -aoaij “ 

'• .....i ..+ o.aos6 “ 


off 36 eqtiidktant ordinates throughout one cyde 
of. m- curve shown in Fig. 185, 'multiply these measured ordi- 
nate the corresponding values of sin TitHtfT, where » » 5, 
add these products together, and determine the value of A^ as 
ejqthuned in the first part of Art. 7 1 . Compare die ^proximate 
value of so obtained with die correct value found in the 
answer to problem 82. Ans. 0.008644 kT ; correct value 

■*0.00810 

CHAPtER IX. NoK-HaRMONIC Et.ECTROMOTtVE FORCES 
AND Currents. 

87 . Each winding of a three-phase alternator develops 1,000 
' v^li effective. The winding are Y-conn^ted to a three-wire 
'^tnuiani^ion line, and the electroniodve force betwMn any two 
lidres of line is diserycd to be 1,640 volts. Assumii^ that 
^ch armatare windh^ only a triple 

to the fundUtwfi^l, and assuming that the 
a^^^ au^ dxaedy i2otRia'rt>in phi^, edcu- 
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ate the effective value of the triple harmonic in the voltage <>f 
»ch armature winding^ Ans. 53.2 volts. 

88 . The alternator which is described in problem 87 deliver-s 
iurrent over a three*wirc line to three similar nnn-ind^ictive re* 
ceiving circuits. Find the power factor of the system due to the 
elimination of triple harmonic currents by the three- wire line. 
Ans. 94.68. 

— Find the product of ]geiieraior voltage tiiiiesi any a&suiuetl i urrent / in 
each generator winding. The current in each receiving circuit is the same as 
/ but the voltage across each receiving circuit is less than the generator voltage ac- 
cording to problem 87. The de«ired value of the power factor is ei)UAl to recerver 
voltage times receiver current divided by generator voltage times generati>r current. 
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Marconi’s work, 205 
Mechanical conceptions of magnetic and 
electric fields, 57 

Moving charges, wave motion associated 
with, 196 

Node, definition of, 48 : 

Non-charmoiik concnti, ctuies 0^ : 
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Surface mtegrai of a distributed vector, 
170^ 

taper^i ekdstc tic]d». migtietic action 
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alectric oscUlalion of. 93 
voltage drop on, 148 
wave pulses on, 88 
oicillatioii, ti6 

lines, mdttctance and capacity of, 269 
Tfinsverse wavesand longit^inal waves, 
aS »* 

Tubeofflow,j74 

Unit tube, 174 

Units, electromagnetic and electrostatic 
systems of, 279 

Vector and scalar fields, 158 

fields, rotational and inotational, 180 
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